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HE Occaſion of my being engaged in a 
Work of this Kind was as follows. 
Upon the Death of Mr. Maguire, I was ap- 
inted, being then a Junior Fellow, to ſucceed 
im as Teacher of the Mathematicks to the Under- 
graduates of the Univerſity. And the many and 
obvious Advantages attending an early Initiation 
into this Study, having ſome Time ſince deter- 
mined the Right Honourable the Provoſt, and 
the Senior Fellows, to order Euclid's Elements to 
be taught by the Tutors in their private Lectures, 
and to be made a Part of the quarterly Examina- 
tions; the Munificence alſo of the Governors of 
the Schools founded by Eraſmus Smith, Eſq; 
having added to the Salary of the Donegal Lecturer 
of the Graduates, and made a Profeſſor of Mathe- 
maticks; I conſented to the putting down my 
Office, and to the converting its Emoluments to 
the eſtabliſhing of proper Aſſiſtants to the Profeſſor, 
for the Inſtrution of the Under-graduates. 

In the Courſe of my Attendance upon the Duty 
of that Employment, I experienced the Neceſſity 
which there was of illuſtrating this Work of the 
Author; and drew up molt of the following Notes. 

In doing this I conſulted the moſt celebrated 
Writers, and transferred from them what ſeemed 
moſt to conduce to this Deſign. I found many 
who had illuſtrated ſome particular Parts of this 
Work, as *sGraveſende, Reyneau, Bernoulli, Mac- 
laurin, Colſon, Campbell, &c. &c. but none 
whom I know of, except Caſtilioneus, who had 
written a regular and continued Comment upon it. 
3 I had 


vi „„ 

I had alſo the Uſe of three Manuſcripts of the 
late Mr. Maguire. | 

he firſt is an unfiniſhed Treatiſe upon Arith- 
metick; containing Remarks and Criticiſms, col- 
lected from different Authors, particularly from 
Wells (whom he ſometimes juſtly cenſures) from 
Jones's Synopſis Palmariorum Matheſeos, from 
Kerſey, Wallis, Dodſon upon Wingate, &c. &c. 
Many Things alſo are his own, particularly the 
roof of the Rules of finding compound Diviſors 
(Art. L. of this Work) from the Nature of the 
algebraical Operations. And | prefer this Method 
of Proof in that Place to thoſe of Bernoulli and 
Maclaurin, becauſe it does not conſider the Di- 
vidend as an Equation : Yet that of Maclaurin 
(Art. CXL. 4.) has a peculiar Elegance and Pro- 
priety, when the Dividend is an Equation. 

The ſecond is an unfiniſhed Treatiſe of Equa- 
tions, drawn up, ſo far as it goes, in a moſt ele- 
gant and clear, though conciſe Method. It con- 
raias among other Things, ſome Strictures upon 
our Author (Art. CXXX VI. /.); ſome Objections 
alſo which other Writers had made (Art. CLIII. 
CLIV) ; and the Proofs of Art. CXXXIII. IV. V. 
and of Numb. 257, 258. It appears that he kept 
his Eye conſtantly upon our Author, and perhaps de- 
figned cheſe two Treatiſes as a Comment upon him, 

The third is a complete Treatiſe upqn the 
Meaſures of Ratios ; in which the Reader will 
find the whole Doctrine of Logarithms moſt ac- 
curately laid open, together with ſome very cu- 
rious Strictures upon Wallis, Briggs, and Halley, 
This may very properly be added to a Treatiſe 
» of Univerſal Arithmetick, and was probably fo 
deſigned to be, if Mr. Maguire had lived to have 
finiſhed the two former Parts. 

1hceſe Treatiſes are in Latin: They are now 


in the Preſs, under the Care of the Profeſſor of 
Mathe, 


o 


RU vil 
Mathematicks. The Uſe of them was given to 
me by John and Bridget, the Brother and Siſter 
of the Author James Maguire: And to the Uſe 
of his Repreſentatives, the Profits (if any) of this 
Work are by Deed conveyed; the Loſſes, if any, 
are to be ſuſtained ſolely by me. 

As to Caſtilioneus, I diſlike chiefly three Things 
in his Book. | 
Firſt, beſide the great Errors of the Prefs, and 


which (Tome I. Page 54. Tome II. Page 18, 


29, 32, 33, 34, 106, 180, 204, &c. &c.) are in- 


- ſuperable to young Students, he is unneceſſarily 


prolix. 

Secondly, he does not pay-a proper Regard to 
the Method of Notation -uſed by his Author : 
For altho' a Perſon may put what Symbols he 
pleaſes, provided he is conſtant in their Uſe, to 
denote particular Coefficients, Quantities, Ope- 
rations, &c. &c. yet it will occaſion much un- 
neceſſary Trouble to the Student, if the Com- 
mentator uſes a Method of Notation different 
from that of his Author. 

Laſtly, the Price and Bulk of his Book is too 
great in Reſpect of its Utility. This is occaſioned, 
not only by the Additions from other Authors, 
although the Subſtance of them is moſtly thrown 
into his foregoing Notes, but alſo by his in- 
creaſing the Number of Schemes to two Thirds 
more than it originally was. Our Author gave 
geometrical Queſtions as Exerciſes for the Stu- 
dent, ſuppoſing him already well verſed in Geo- 
metry, and in thoſe other Sciences upon which 
their Solutions depend: It ſeems, therefore, a 
ſuperfluous Undertaking in the Commenrator, to 
draw Solutions and Conſtructions from Principles 
different from thoſe which the Author uſed; and 


to explain not ſo much what the Author has done, 
as what he might have done. 


I have 


viii Ae. 

I have endeavoured to avoid theſe Inconve- 
niencies: and whenever I have been obliged, by 
adhering to the Order of the Author, to cite any 
Thing in Proof of another, although the Thing 
cited is itſelf afterwards to be proved; Care 1s 
taken, that it ſhall not depend upon that, in whofe 
Support it had been cited. 

I have every where ſuppoſed the Student to 
be well verſed in Euclid's Elements, and to be 
Maſter of common Arithmetick, ſo far at leaſt as 
it is generally taught in Schools: If he is not, 
I would recommend to his Study, antecedent to 
this, Wingate's Arithmetick, as it has been 
altered and improved by Kerſey, Shelly, and 
Dodſon. : 

Having determined to publiſh theſe Notes in 
Engliſh, that they might be of more univerſal 
Uſe to ſuch as want Aſſiſtances of this Kind, I 
connected them with the Tranſlation which 
under the Name of Mr. Ralphſon : And g 
that there has been generally annexed to this 
Tranſlation, the Method of reſolving Equations 
by Dr. Halley, 1 ſubſtituted in its Place the 
Methods of Approximation by Mr. Maclaurin 
| becauſe theſe contain the Method of deducing 
Halley's, and all other Theorems for that Pur- 
poſe. To this there is added a Tranſlation of 
the beforementioned Treatiſe of the Meaſures of 
Ratios, ſo that the whole Collection ſeems to ap- 

roach to the Idea of an univerſal Arithmetick. 


Si m 4 65 its, 


| Candidus imperti; fi non, his utere mecum. 


Trinity-College, Dublin, 
September 1, 1768. 
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as in Vulgar Arithmetic, or by Species, as uſual 

I among Algebraiſis. They are both built on the 
fame Foundations, and aim at the ſame End, vi. 
Arithmetic Definitely and Particularly, Algebra Indefinitely 
and Univerſally ; (a) ſo that almoſt all Expreſſions that are 
found out by this Computation, and particularly Conclu- 
fions, may be called Theorems. But Algebra is particularly 
excellent in this, that whereas in Arithmetic Queſtions are 
only reſolved by proceeding from given Quantities to the 
Quantities ſought, Algebra proceeds in a retrograde Order, 
from the Quantities ſought, as if they were given, to the 

Quantities given, as if they were ſought, to the End that 

| - we 


02 UTATION is either performed by Nuthbers, 


th. * a 4.5 3. y et. A SAL 


(a) In numeral Operations, the Figures ate changed 
and diſplaced for others, leaving no Veſtige of the Opera- 
tions; but in Algebra, the Symbols or Species remain 
unchanged, and exhibit yy to the Eye, 


1 . A . — * 
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2 NOTATION 


we may ſome Way or other came to a Concluſion gr 
Equation, from which one may bring out the Quantity 
ſought. ' And after this Way the moſt difficult Problems 
are reſolved, the Reſolutions whereof Would be ſought in 
vain from only common Arithmetic. Yet Arithmetic in 
all its Operations is ſo ſubſervient to Algebra, as that they 


ſeem both but to make one perfed? Science of Computing; and 


therefore I will explain them both together. 

Whoever goes upon this Science, muſt firſt underſtand 
the Signification of the Terms and Notes, and learn the 
fundamental Operations, viz. Addition, Subtraction, 
Multiplication, and Divifkon 3 Extraction of Roots, 
Reduction of Fractions, and of Radical Quantities, 
and the Methods of Ordering the Terms of Equations, 
and exterminating the unknown RH where there are 
more than one. Then let the Learner proceed to exerciſe 
himſelf in theſe Operations, by bringing Problems to 


uations ; and, laſtly, let him conſider the Nature and 


Reſolution of Equations. 


Of the Signifcation of ſome IWards and Notes, 


Article I. By Number we under/tand, not ſo much a 
Multitude of Unities, as the abfiracted Ratio of any 


tity, to another Quantity of the ſame Kind, which we take 
for Unity, And this ts threefold; integer, fratted, and ſurd: 


Integer, is what is meaſured by Unity; a Fraction, that 
which a ſubmultiple Part of Unity meaſures ; and a Surd, 
to which Unity is incommenſurable. (b) a 


II. Every 


* — * Urn 


I. (5) See Eucl. V. Def. 1. 2. VII. Def. 3. 4. 5. X. Def. 2. 
Quantities having a common Meaſure are called commenſurable, 
or as Number to Number; Quantities which have not a 


common Meaſure are incommenſurable, and are not as Num- 


ber to Number; that is, their Magnitude is not to be 


_ Expreſſed in common numeral Notation. For, if any one 


it are rational; and all thoſe which are incommenſurable 
with it muſt be irrational. Now Unity being either a Mul- 
tiple or Submultiple of all Numbers, every Quantity, which is 
neither a Multiple or Submultiple of Unity, ſuch as the Roots 
of Integers, which are not Integers, (Ne 161.) muft be incom- 
menſurate to Unity, and irrational. 
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NOTATION. 4 


II. Every one underſtands the Notes of whole Numbers, 
(o, 1, 2, 3, 4, 5, 6, 7, 8, 9) and the Values of thoſe 
Notes when more than 6ne are ſet together. But as 
Numbers placed on the left Hand, next before Unity, 
denote Tens of Units, in the ſecond Place Hundreds, in 
the third Place Thouſands, &c. ſo Numbers ſet in the firſt 


Place after Unity, denote tenth Parts of an Unit, in the 


ſecond Place hundredth Parts, in the third Placethouſandth 
Parts, c. and theſe are called Decimal Fraftons, becauſe 
they always decreaſe ina Decimal Ratio; and to dri/tingurſh 
the Integers from the Decimals, we place a Comma, or a 
Point, or a ſeparating Line. Thus the Number 732 4 569 
denotes ſeven hundred thirty-two Units, together with five 
tenth Parts, fix centeſimal, or hundredth Parts, and nine 
milleſimal, or thouſandth Parts of Unity; which are alſo 
written thus, 732, 569; or thus, 732.569; and ſo the 
Number 57 104, 2083 fifty ſeven thouſand one hundred 
and four Units, together with two tenth Parts, eight 
thouſandth Parts, and three ten thouſandth Parts of Unity; 
and the Number 0,064 denotes ſix centeſimal and four 
milleſimal Parts. The Notes of Surds and fracted Num- 


III. When 


bers are ſet down in the following Pages, (c) 


— — * " * lat. 


II. (c) Notation teaches how to expreſs in Characteyg. 
any Number propoſed in Words; and, converſely, how 
to enunciate any Number propoſed in Characters. 

i. Every Number conſiſts of a Numerator and a Denomi- 
nator ; and the Value of any Number is the Product of its 
Numerator multiphed by its Denominator. The Numerator 
denotes the Multitude or Quantity, and the Denominator the 
diſtinguiſhing Name, of what is numbered. 

2. The Numerators are dillinguiſhed by their Shape in In- 
tegers, and are called Figures. The Denominators are known 
from the Claſs or Place of the Numerator or Figure. For, 

3. In Integers, the Denominator of each Figure encreaſes 
in a decuple Ratio from the right Hand to the left ; the greateſt + 
Denominator beingalways firſt enunciated in reading from 
the left Hand to the right. The fir/t Claſs or Place is that 
; Arad, the ſecond, that of Tens; and the third, that of 

eas. : 


undr | 
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III. Ven the Quantity of any Thing is unknown, or 
looked upon as indeterminate, ſo that we cannot expreſs it iu 
Numbers, we denote it by ſome Species, or by ſome Letter. 
| And 


* 2 1 


— as 


4. To avoid the Trouble of inventing new Names for 
every Claſs or Place, the Claſſes were diſtributed into Ter- 
naries, and a proper Name given to the two firſt Ternaries; 
and in enunciating a Number, the three firft Names of 
the Claſſes are jointly repeated with that of the Ternary. 


The firſt Ternary is that of Units; the ſecond, that f 


Thouſands. , 
his Diſtribution, and theſe Names, were ſufficient for 

Civil Uſe; as moſt Numbers which are of Uſe in com- 
mon Buſineſs are generally confined within fix Places. 
But, when the Sciences began to extend themſelves, and 
Mathematical Calculations were applied in every Inquiry 
in which they could have Place, the Confuſion which 
neceſſarily muſt ariſe, in Numbers containing a long Se- 
ries of Places, from the frequent Repetition of the Names 
of the two firſt Ternaries, became evident. | 

5. Then a new Di/tribution of the Places was introduced 
into Senaries, called Periods ; containing fix Places each, or 
two Ternaries, which were thence called Semiperiods. 
The Name of the firſt Period is that of Units; of the ſecond, 
that of Millions; of the third, that of Billions ; and ſo on; 
each Period being denominated from the Number of preceding 
Periods ; fo the fixth Period is that of Quintillions. In 
enunciating any Number, the three Names of the Claſſes, 
and the two Names of the Semiperiods, are jointly re- 
peated before that of the Period. 

6. In Integers, becauſe the Denominators increaſe in a 
conſtant decuple Ratio from right to left; therefore the 
Denominator of any Figure muſt be Ten, fo often multiplied 
into itſelf, as the Figure is excluſively diſtant from the 
Place of Units; that is, that Power of Ten, whoſe Index is 
the Number of Places to the left Hand of the Place of Units ex- 
clufrve : It can therefore be always known from the Place 
of the Figure, and there 1s no need of writing it down. 
Hence the Value of any Figure is its Product into ſuch a 
Power of Ten as its Diſtance from the Place of Units 
indicates (N®, 1.) 7. A 
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And if we conſider known Quantities: as indeterminate, 
we denote them, for Diſtinction ſake, with OIL 
; etters 


7. A Submultiple of Unity being the Meafure of a 
Fraction, (Art. I.) the Fraction - muſt be denominated 
from that Submultiple ; therefore the Denominator of a 


7 Fraction muſt be Unity divided into a certain Number of equal 


Parts. Ii ben there is a conſtant Ratio of this Diviſion, the 
Denominators of the Fractions will be in a conſtant Ratiq ; 
and thus Decimals are Fractions whoſe Numerators increaſe 
in a decuple Ratio: Sexageſimals are Fractions whoſe De- 
nominators increaſe in a ſixty- fold Ratio: But when there 
is na. conflant Ratio of the Diviſion, the Fractions are called 
vulgar, their Denominators having no conflant Ratio. 

8. Hence, there being no conſtant Ratio of the Denomi- 
nators in vulgar Fractions, the Denominators muſt be con- 
ſtantly wrote ' down' along \ with the Numerators. Alſo in 
Sexageſimals, the Ratio of the Denominators, tho' con- 
ſtant, being not diſcoverable from the Diſtance of the 
Numerator from the Place of Units, the Denominator;, if 
not wrote down, muſt yet be denoted by ſome Symbels of a 
ſexageſimal —_— annexed to each Numerator. But in 
Decimals, the Ratio of the Denominators being diſcoverable 
from their Diſtance from the Place of Units, the Denominators 
need not be wrote. For, 

9. In Decimals, the Denominators encreaſe in a decuple 
Ratio from 117 to right; and the Denominator of an 
Decimal is Unity divided by a Power of Ten, whoſe 
Index is the Number of Places from that of Units. The- 
Value alſo of a Decimal is the Figure divided by that 
Power of Ten; (N* 1. 7.) and conſequently the Values of 
Decimals are in a ſubdecuple Ratio from left to right, For, 

10. To multiply any Figure into Unity divided by any 
Number, being the fame Thing as to divide the Pu 
by that Number, (N* 145.) and the Value of a Fraction 
being the Product of its Numerator into its Denominator, 
(N*:1.) that is, into Unity divided by ſome Number, 
(Ne 7.) it follows univerſally, that the Value of any Fraction 
rs the Quote of the Numerator divided by the Denominator. 
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Letters of the Alphabet, as a, b, c, d, and the unknown 
ones by the final ones, x, y, z, &c. Some ſubſtitute 
Conſonants 


— gy" 
—ê — 


TI. The Value of Decimals, as well as of Integers, increaſes 
wnformly in a decuple Ratio from right ta left. For the 
Value of each being the Quote of the Numerator divided 
by the Power of Ten, whole Index is the Number of 


—_—_— 


Places from that of Units towards the right, (Ne g.) this 


Value muſt decreaſe (Eucl. VII. 19. c. 1.) as the Deno- 
minators increaſe ; that is, towards the right; (N* g.) 
therefore it increaſes towards the left; that is, in the ſame 
Manner and Ratio as the Value of Integers. (Ne 3.) 

12. Decimals, and Numbers mixed of Integers and Deci- 
mals, may be enunciated after the Manner of Integers, by 
giving them all one common Denomination, viz. that of the 
aft Figure an the right. For thus every Numerator and 

nominator is multiplied into the fame Power of Ten, 
viz. that whoſe Index is the Number of Places on the 
right of the Place of Units : Therefore the Value-of each 
Figure continues unchanged. (Eucl. VII. x7.) 

13. The Diſtance of any Figure from the Place of Units 

laſiue is called its Index, or Exponent. It determines the 
CD of Cyphers in its Denominator ; that is, the 
Number of continued Multiplications of Unity into Ten, 
or the Number of continued Diviſions of Unity by Ten, 
in order to produce its Nenominator, Now as the Place 
of Units muſt belong to Integers, the Audix in Iutegers wil! 
be the whole Number of Places of Integers leſs ons; that is, 
the Number of Places to the left of the Place of Units; that is, 
the Number of Places to the right of the Figure itfelf. But 
i Decimals the Index will always be equal to the whole Num-- 
ber of Places of Decimali. 

14. Becauſe the Denominators of Integers are produced 
by Multiplication, (6.) but thoſe of Decimals.by Diviſton, 
„) and that Multiplication is contrary to Di 


Diviſion ; it 
follows, that if an Integer and Deeimal, having the fame. 
Numerator, and being equidiftant from the Place of Units, 
be multiplied into each other, the Place and Denominator 


of tha Product will' be that of Units; and * hs 
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Conſonants or great Letters for known Quantities, and 
Vowels 


EY 


Index or Diſtance of the Product from the Place of Units 
can be nothing. Whence putting o (Cypher ) the Exponent 


Y Fe Place of Units, as the Indices of lutegers are uſually 
i up 


poſed to be affirmative, the Indices of Decimals muft be 
negative, Thus | 
413 2 1 0— 1—2—43—4 
„ 6+ 74-9 
. a ao ne we 
15. The Value of every Figure in any Rank of Num- 
bers, how large ſoever, is readily found by the following 
R. le. Set à Point under the Figure in the Place of Units, 
and under every fixth Figure on each Hand of the Place of 
Units ercluſvus; fo ſhall the 1/1, ad, 3d, &c. Point flind 
under Units, Millions, Billians, Trillons, &c. reſpettively ; 
that is, diſtinguiſh the Periods ; (5. 9.) then a Commay 
omt incluſfue, will 
diſtinguiſb the Semiperiods : (4. 9.) As is evident from the 
following Example. 


| Suppoſe the Number given is | 12 
ene 
when diſtributæd according to the above Rule, it will be 
12 3455678 912, 345467,890 123,456 78; 


and is to. be enunciated, 12 Billions, 345,678 Millions, 
912:R05. Vans z 67,890 hundred thoufandth Parts, 123, 
456 millioneth- Parts, and 78 billionech Parts. * 


16. In Integers and Decimals there can be but nine diſtinci 
Numerators, or fignificant Figures, For each Figure of 2 
Number being multiplied or divided by ſome Power of 
Ten, the greateſt Figure muſt be leſs than Ten, left the 
Number of Places in the Product or Quote ſhould exceed 
thoſe in the Power of Ten, by which it is multiplied or 
divided; which if it came to paſs, the decuple Ratio could 
not be preſerved in the Places, nor any Denominator diſ- 
covered from the Diſtance of the Figure from the Place of 


Units. 
B 4 17. In 
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Vowels or little Letters for the unknown ones. (d) 

IV. Quantities are either Affirmative, or greater than 
than nothing ; or Negative, or leſs than nothing. Thus in 
human Affairs, Poſſeſſions or Stock may be called affirm- 
ative Goods, and Debts negative ones. And ſo in local 
Motion, Progreſſion may be called affirmative Motion, 
and Regreſſion negative Motion; becauſe the firſt aug- 
ments, and the other diminiſhes the Length of the Way 
made. And after the ſame Manner in Geometry, if a 


Line drawn any certain Way be reckoned for Affirmative, 


then 


r * - * = * ——_ * — — 


17. In vulgar Fraftions the Number of different Numera- 
tors will be unlimited, becauſe Unity can be divided by .1 
infinite Variety of Numbers: The nine ſignificant Figures 
however, with the Cypher, by being eſtimated in a decuple 
Ratio, are capable of expreſſing every one of that unli- 
mited Number. | | 

18, Becauſe a Number may conſiſt of Figures, whoſe 
Denominators are Terms of the. decuple Ratio taken at 
different Intervals, and not in Succeſſion, therefore that 
the Denominators may always be expounded by the Diſtances of 
the Figures from the Place of Units, there will be Occaſion for 
an rh wy" Moy Symbol or Cypher, that the Places void of 
Numerators being filled up by it, the Progreſſion of the 
8 may be indicated by the Diſtances from the 


ace of Units. Hence Cyphers to the left of Integers, and 
alue 


la the right of Decimals, cannot alter their „and are 
wſeleſs : But, being placed to the right of Integers, increaſe 
their Value, and to the left of Decimals, diminiſh their Value, 
each in a decuple Ratio, 

III. (4) The Method of ſtating Law Queſtions under 
general Names, was by Civilians ſtiled Species; Vieta 
transferred this Title to his Invention of denoting known 
Quantities by Conſonants, and unknown Quantities by 
Vowels. The known Quantities are now uſually repreſented 

the former, and the unknown by the latter Letters of the 
Alphabet: Alſo like Quantities are repreſented by the ſame 
Letters, and under the ſame Power ;, and unlike Quantities 
by different Letters ; or, if by the ſame Letters, they muſt be 
under different Powers, | | , 
xy. IV. (#) In 
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then a Line drawn the contrary Way may be taken for 
Negative. As if A B [See Fig. 1.] be drawn to the right, 
and BC to the left; and A B be reckoned Affirmative, 
then B C will be Negative ; becauſe in the drawing it 
diminiſhes A B, and reduces it either to a ſhorter, as A C, 
or to none, if C chances to fall upon the Point A, or to 
leſs than none, if B C be longer than A B from which it 
is taken. A negative Quantity is denoted by the Sign — 
the Sign + is prefixed to an affirmative one ; and + denotes 
an uncertain Sign, and + a contrary uncertain one. (x) 

V. In an Aggregate of Quantities, the Note + ſignifies, 
that the Duantity it is prefixed to, is to be added ; and the 
Note —, that it is to be ſubtracted. And we uſually ex- 
preſs theſe Notes by the Words Plus (or more) and Minus 
(or ob) Thus 273, or 2 more 3, denotes the Sum of 
the Numbers 2 and 3, that is, 5.. And 5—3, or 5 leſs 3, 
denotes the Difference which ariſes by ſubducting 3 from 
5, that is, 2. And —5+3 lignities the Difference which 
ariſes from ſubducting 5 from 3, that is — 2; and 
6—1+3 makes 8. Allo a+6b denotes the Sum of the 
Quantities @ and b, and a—b the Difference which ariſes 


by ſubducting i from 4; and a—b+c ſignifies the Sum of 
| that 


* — T” — 


IV. () In Geometry, Lines are repreſented by a Line; 
Triangles by a Triangle; and other Figures by 1 of 
the ſame Kind; But, in Algebra, Quantities are repreſented 
by the ſame Letters of the Alphabet; and various Signs have 
been imagined for repreſenting their Relations, Affections, 
and Dependencies. In Geometry the Repreſentations are more 
natural; in Algebra more arbitrary. The former are like 
the firſt Attempts towards the Expreſſion of Objects, 
which was by drawing their Reſemblances; the latter 
correſpond more to the preſent Uſe of Languages and 
Writing. Thus the Evidence of Geometry is ſometimes more 
fumple and obvious; but the uf. of Algebra more extenſroe, 
and often more ready; eſpecially ſince the mathematical 
Sciences have acquired fo vaſt an Extent, and have been 
applied to ſo many Inquiries, 
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that Difference and of the Quantity c. Suppoſe if a be 5, 
6. 2, and c 8, then a+6 will be 7, and a—b 3, and 
a—b+c will be 11. Alſo 2 a+3 @4 is 5 a, and 
35—2 a—b+3a is2b+a; for 3 bb makes 2 b, and 
—2 a +3 @ makes a, whoſe Aggregate, or Jum, is 2 b + ag 
and fo in others. Theſe Notes + and — are called Signs; 
and when neither is prefixed, the Sign + is always to be 
underſtood. (e) | 

VI. Multiplication, properly ſo called, is that which is 
made by Integers, as ſeeking a new Quantity, fo many Times 
greater than the Multiplicand, as the Multiplier is greater 
than Unity. But, for want of a better Word, that is alſo 
called Multiplication, which is made uje of in As and 

| | urds, 


In thoſe Sciences, it is not barely Magnitude that is the 
Object of Contemplation : But there are many Affections and 
Properties of Duantities, and Operations to be per formed upon 
them, that are neceſſary to be conſidered. In eſtimating the 
Ratio or Proportion of Quantities, Magnitude only is con- 
fidered : But the Nature and Properties of Figures depend 
on the Poſition of the Lines that bound them, as well as 
on their Magnitude. In treating of Motion, the Direction 
of Motion, as well as its Velocity, and the Direction of 
Powers which generate or deſtroy Motion, as well as 
thein Forces, muſt be regarded. In Optics, the Poſition, 
Brightneſs, and Diſtinctneſs of Images, are of no leſs 
Importance than their Bigneſs ; and the like is to be ſaid 
of other Sciences. It is neceſſary therefore that other Symbols 
be admitted into Algebra, beſide the Letters and Numbers 
rohicir reprefent the Magnitude of Duantities. | 

V. (e) Quantities connected by the Signs + or — make 
one cunpound Quantity, whoſe Terms are the ſingle or 
fimple Quantities ſo connected. A compound Quantity 
of two Ferms is called a Binome, whether it be the Sum 
or the Difference of two Quantities : When it is neceſſar 
to diſtinguiſh: them, the Sum ſhall be called a Binominal,. 
and the Difference a Reſidual, A compound Quantity of 
more Ferms than two is called a Multinome; ſuch are 
Trinomes, Duadrinomes, &c. If the Number of Terms 
be indefinite, the compound Quantity is an [nfinztinome, 

| | | VI, (J) 19. Hence 
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Surdt, to a new Quantity in the ſame Ratio (whatever 
it be ) to the Tee as the Multiplier has to Unity. (F) 
Nor is Multiplication made only by abſtract Numbers, but 
alſo by concrete Quantities, as by Lines, Surfaces, Local 
Motion, Weights, &c. as far as theſe being related to ſome 
hnown Quantity of their Kind, as to Unity, may expreſs the 
Ratros IP Number, and ſupply their Place. As if the Quan- 
tity A be to be multiplied by a Line of 12 Foot, ſuppoſing 
2 Line of 2 Foot to be Unity, there will be produced by 
that Multiplication 6 A, or fix Times A, in the ſame 
Manner as if A were to be multiplied by the abſtract 
Number 6; for 6 A is in the ſame Ratio to A, as a Line 
of 12 Foot has to a Line of 2 Foot. And ſo if you were 
to multiply any two Lines, A C See Fig. 2.] and AD 
by one another, take A B for Unity, and draw B C, and 

Hel to it D E, and A E will be the Product of this 
Mulciptieatio; becauſe it is to A D as A C to the Unity 
AB. Moreover, Cu/tom has obtained, that the Geneſis or 
Deſcription of a Surface, by a Line moving at right Angles 
upan another Line, ſhould be called the Multiplication of thoſe 
two Lines. For though a Line, however multiplied, can- 
not become a Surface, and conſequently this Generation 
of a Surface by Lines is. very different from Multiplication, 
yet agree in this, that the Number of Unities in 
either Line, multiplied by the Number of Unities in the 
other, produces an abſtracted Number of Unities in the 
Surface comprehended under thoſe Lines, if the ſuperficial 
Unity be detined as it is uſed to be, viz. a Square whoſe 
Sides are linear Unities. As if the right Line [Fig. 3] 

A 


— 1 
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VI. (/) 19. Hence it follows, that as Unity is to the 
Multiplier, ſo is the Multiplicand to the Product. (Eucl. VII. 
Def. 15.) The Product is the Aggregate of the Multi- 
plicand alone, whence the Multiplier is an abſolute Number, 
or Multiple of Unity: Hence the Operation in Surds and 
in Fractions is not properly Multiplication. And in Frae- 
trons, becauſe the Multiplier is 4 Submaltiple of Unity, the 
Product is ſo far from being a Multiple of the Multiplicand, 
that it muſt be a Submultiple of, that is, /e/s than, the Mul- 
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A B conſiſt of four Unities, and A C of three, then the 
Rectangle A D will conſiſt of four times three, or 12 
ſquare Unities, as from the Scheme will appear. And there 
is the like Analogy of a Solid and a Product made by the con- 
rinual Multiplication of three Quantities, And hence it is, 
that the Words to multiply into, the Content, a Rectangle, 
a Square, a Cube, a Dimenſion, a Side, and the like, which 
are Geometrical Terms, are applied to Arithmetical Operations. 
For by a Square, or Rectangle, or a Quantity of two Dimen- 
ſions, we do not always underſtand a Surface, but moſt 
commonly a Quantity of ſome other Kind, which is pro- 
duced by the Multiplication of two other Quantities, and 
very often a Line which is produced by the Multiplication 
of two other Lines. And ſo we call a Cube, or a Paral- 
lelopiped, or a Quantity of three Dimenſions, that which is 
produced by two Multiplications. e ſay likewiſe the 
Side for a Reet, and uſe Draw into inſtead of Multiply ; 
and ſo in others. { n 

VII. 4 Number prefixed immediately before any Species, 
denotes that Species to be ſo often to be taken, Thus 2 4 
denotes two @'s, 3 b three b's, 15 x fifteen-x's. (g) 

VIII. Two or more Species immediately connected together, 
denote a Product or Quantity made by the Multiplication of all 
the Species together. Thus ab denotes a Quantity made by 
multiplying a by ; and a b x denotes a Quantity made by 
multiplying @ by &, and the Product again by x. As ſup- 
poſe, if @ were 2, and b 3, and x 5, then @ “ would be 6, 
and @ b x would be 30. (Y) | 30401 


IX. Among 


* 


— _— 


VII. (g) The Number prefixed is called the Coefficient, 
or Cofactor: And if a Quantity is without one, it is implied 
_ that Unity is its Coefficient 3; which cauſing no Alteration, 
is therefore generally omitted. „ | 
VIII. () When the Factors are ſingle Letters, or 
Figures and ſingle Letters, every Sign of Multiplication 
is generally omitted, and the Product is any Combination 
of the Letters, | 


IX. (i) Beſides 
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IX. Among Quantities multiplying one another, the Sign , 
or the Word by or into, is made uſe of to denote the Product 
metimes, Thus 3X5, or 3 by or into 5, denotes 153 
but the chief Uſe of theſe Notes is when compound Quantities 
are multiplied together. As if y—2 b were to multimy y+6, 
the Way is to draw a Line over each Quantity, and then 
write them thus, y—2 h into y +6, or y—2 b xy +6. (i) 
X. Diviſion is properly that which is made uſe of for inte- 
ger or whole Numbers, 2 a new Quantity ſo much leſs 
than the Dividend, as Unity is than the Diviſor. But by 
Analogy, the Word may alſo be uſed when a new Quantity 
is ſought, that ſhall be in any ſuch Ratio to the Dividend, as 
Unity has to the Diviſor ; whether that Diviſar be a Frattion 
or ſurd Number, or other Quantity of any other Kind. 
Thus to divide the Line [ See Fig. 4.] AE by the Line AC, 
A B being Unity, you are to draw E D parallel to C B, 
and A D will be the Quotient. Moreover, it is called 
Diviſion, by reaſon of a certain Similitude, when 4 Rectangle 
is applied to a given Line as a Baſe, in order thereby to know 
the Heighth. (k) 


XI. One 


—_— 


„ 


IX. (i) Beſides the oblique Croſs x, and the Words by, 
and inte; a full Point is alſo interpoſed between the Factors; 
to denote their Product. Sometimes alſo compound Factors, 
inſtead of having Lines continued over their Terms, are 
included within Ebel and ſome Mark of Multiplication 
interpoſed. But in all Caſes 

20. The Product is the * whatever the Order of the 
Factors may be. (Eucl. VII. 16.) 
X. (+) 21. Hence, as the Diviſor is to the Dividend, ſo 
is Unity to the Quote. The Dividend is an Aggregate of the 
Diviſor alone; the Quote therefore is an abſolute Number, 
or Multiple of Unity. In the Operation of Surds and 
Fractions, it is not, ſtrictly ſpeaking, Diviſion ; and in 
the Caſe of Fra#tons, as the Diviſor is a Submultiple of 
Unity, ſo the Dividend is a Submultiple of, that is, is Jes 
than, the Quote. * | 


XI. (1) See 
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XI. One Quantity below another, with a Line interpoſed; 
denotes a e or Quantity ariſing by the Dink of 
the upper Quantity by the lower. Thus $ denotes a Quan- 
tity ariſing by dividing 6 by 2, that is 3; and 4 a Quan- 
tity ariſing by the Diviſion of 5 by 8, that is one eighth 


Part of the Number 5. And = denotes a Quantity which 
ariſes by dividing @ by ; as ſuppoſe a was 15, and þ 3, 
then = wpuld denote 5. Likewiſe thus 22 denotes 


a+x 

a Quantity ariſing by dividing a- by a+x. And ſo 
in — Theſe Sorts of — are 9 Fractions; 
and the upper Part is called by the Name of the Numerator, 
and the lower is called the Denominator, ( 

XII. Sometimes the Diviſor yrs the diuided Ouan- 
tity, and ſeparated from it by a Mark reſembling an Arch of 
a Circle, Thus to denote the Quantity which ariſes by 


the Diviſion of — by a—b, it may be wrote thus, 
— | 


d Xx X 


—% C= (n) 


XIII. Although we commonly denote Multiplication by 
the immediate Conjunction of the Quantities, yet an Inte- 
ger before a Fraction, denotes the Sum of both, Thus 3 + 
denotes three and a balf. (#) 7 
XIV. V4 Quantity be multiphed by itſelf, the Number e 
Facts or Produtts is, for Shortneſs ſake, ſet at the Top of 
Letter. Thus, for aa a, we write 45; for aaaa, 4; 


for aaaaa, as; and for aa we write a bb, or a : 
| As 


"XY © * 


. 4A td N _— — — — — — 


XI. (I) See Article XXXVII. No 143, &c. x 

XII. () The Dividend is alſo ſometimes ſet before the 
Diviſor, with the Mark — interpoſed, 

XIII. (2) And is called @ mixed Number. 


XIV. (o) The 
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As ſuppoſe, if a were 5, and 6 be 2, then @* will be 
5$X5X5 or 125, and a+ will be 5X5X5 x5 or 625, and 
a* h will be 5 X5X 5X 2X2 or Sco. Where note, that 
if a Number be written immediately between two Species, 
it always belongs to the former ; thus the Number 3 in 
the Quantity a* bb, does not denote that % is to be taken 
thrice, but that @ is to be thrice multiplied by itſelf. (o 
Note, moreover, that theſe * are _ to be of ſo 
many Dimenſions, or of /o high a Power or Dignity, as they 
conſiſt of Factors or Quantities multiplying one another; and 
the Number ſet on 2 wards at the Top of the Letter, is called 
the Index of thoſe Powers or Dimenſions ; thus aa is of two 
Dimenſions, or of the 2d Power; and as of three, as the 
Number z at the Top denotes. aa is alſo called a Square, 
a5 a Cube, a* a Biquadrate, or ſquared Square, as a Quadrato- 
Cube, as a Cubo Cube, a a Quadrato- Quadrato- Cube or 
Squared-Squared-Cube, and ſo on: And the Quantity a, 
whoſe Multiplication by itſelf theſe Powers are generated, 
is called their Root, vix. it is the Square Root of the Square 
a a, the Cube Root of the Cube aa a, &c. (p) 

XV. But 


—— 


—— 


XIV. (o) The Multiplication of a Quantity by itſelf, is 
called [nvolution. The Sign of Involution is G When a 
compound Quantity is ſignified to be involved, the Index 

the Power 1s ſet at the End of a Line continued over all its 

erms. In all Caſes, becauſe Unity (VII. g) is fuppoſed 
to be continually a Cofactor, the Index is equal to the 
Number 4 MAultiplications by which the Power is produced, 
and equal to the Number of Factors, excluding Unity, 

() 4 fingle Quantity is ſaid to be of one Dimenſion. 
A jumple Product of Fattors of one Dimenſion is of ſo many 
Dimenſions as there are literal Factors. The Factors are 
called the Roots of the Product; and if the Factors are 
equal, the Product is uſually called a Power. A fimple 
Produtt of Factors of different Dimenſions is of ſo many 
Dimenſions as there are Units in the Sum of the 'Expo- 
nents of the Factors. A compound Product, which contains 
Quantities all known, is of ſo many Dimenſions as its 
higheſt Term. And acompound Product which contains an un- 
known Quantity is of fo many Dimenſions, as there are Units 


in the higheſt Index of the unknown in any of its Terms. 
XVI. (2) The 
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XV. But when a Root multiplied by itſelf, produces a 
Square, and that Square, multiples again 4740 Root, pro- 
duces a Cube, &c. it will be (by the Definition of Multi- 
plication) as Unity to the Root, ſo that Root to the Square, 
and that Syuare to the Cube, &c. And conſequently the 
ſquare Rot of any, Quantity will be a mean A pig be- 
tween Unity and that Quantity, and the Cube Root the fir/? 
of two mean Proportionals, and the 1 Root the 

Nef three, and fo on, Wherefore Roots are. known by 
eſe two Properties, or Affections; fir/t, that iy multiplying 
themſelves they produce the ſuperior Powers ; 2dly, that they 
are mean Proportionals between thoſe Powers and Unity, 
Thus 8 is the Square Root of the Number 64; and 4, the 
Cube Root of it, is hence evident, becauſe 8 xx 8 and 

X 4 X A make 64 or becauſeas 1 is to 8, ſo is 8 to 64 ; 
| 100 1 is to 4, as 4 to 16, and as 16 to 64. And hence, 
if the Square Root of any Line as AB [See Fig. 5. ] is to 
be extracted, produce it to C, and let BC be Unity; 
then upon A C deſcribe a Semicirele, and at B — A 
Perpendicular, meeting the Circle in D; then will BD be 
the Root, becauſe it is a mean Proportional between AB 
and Unity BC. 

XVI. To denote the Root of any Quantity, we uſe to prefix 
this Note / for a Square Root; andithis / 3: if it be a Cube 
Reat ; and this / 4: for @ Biquadratic Root, &c, Thus 
y 64 denotes 8; and / 3: 64 denotes 4; and / aa 

enotes a; and / a x denotes the Square Root of a; 
and / 3: 4a & the Cube Root of 4axx. As if a be 3, 
and x 12; then / a x will be / 36, or6; and / 3: 4axx 
will be / 3: 1728, or 12. And when theſe Roots cannot 


be extracted, the Quantities are called Surds ; as J ax: or 


Surd Numbers, as 12. (2) 
There 


E 0 * — * 5 


XVI. (2) The Extraction of a Root is called Evolution. 
The Sign of Evolution is uu. The Sign of Irrationalty is / 
with the Index of the Root ſet over it. A ſimple Surd 
conliſts of one irrational Term. A compound or univerſal 
Surd contains more irrational Terms than one. 
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There are ſome, that, to denote the Square or firſt 


4 Power, make uſe of 9, and of c for the Cube, 9 4 for the 
Biquadrate, and g c for the Quadrato-Cube, &c. Aſter 
ö this Manner for the W Cube, and Biquadrate of A, 


they write Ag, Ac, Aggq, &c. And for the Cube Root 


of a b b—x?, they write Ye: a b b—x*, Others make 


uſe of other Sorts of Notes, but they are now almoſt out 
of Faſhion. (7) | * 

XVII. The Mark = ſignifies, that the Quantities on each 

Side of it are equal. Thus x=b denotes x to be equal 


De Note:: ſignifies, that the Quantities on both Sides of 
it are proportional. Thus 4.50: : c.d ſignifies, that à is 
to b as ce to d; and a.b.e : : c. df ſigniſies, that a, b, and e, 


dare to one another re as c, d, and f, are among 
themſelves; or that à to c, 


7 to d, and e to /, are in the 
ſame Rat. 
4 Laſtly, the Interpretation of any Marks or Signs that may 


2, compounded ont of theſe, will rafil be known by Analogy, 

oA q Thus 2 a* b b denotes three quarters of 43 b, and 3 — 

44 4 ſignifies thrice &, and 7 Va x ſeven times / a x. Alſo 
| c 


47 x denotes the Product of x by =; and . z3 denotes 
44 


the Product made by multiplying 2? by * . „that is 
1279 „ 


the Quotient ariſing by the Diviſion of 5 e e by 4 a+9 e; 


1 and 


P * 4 — . — . f A. A. 


(7) The Notation by the Sign of Irrationality called the 

Vinculum, with the Index ſet above it, is chiefly followed: 
But the Form of Surds beſt ſuited to. the ſeveral Operations, is 
that, where the Index of the Surd is a Fraction, whoſe Nume- 


Trator denotes the Power to which the Quantity is ſuppoſed to be 


raiſed, and whoſe Denominator denotes the Root to be extracted 
from the ſaid Power of that Quantity, Thus x V; and 
Ta a b. m_ 78, 
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and 72 a x, that which is made by multiplying / a x 


by 2 = and 1) 4X the Quotient ariſing by the Diviſion 


9 c c 


of 7 ax by c; and TRAD the Quotient ariſing by | 


a+ y/cx | 
the Diviſion of 8 a / c x by the Sum of the Quantities 


224 © x, And thus — — denotes the Quotient 
a ＋ | 


ariſing by the Diviſion of the Difference 3 a a x—x* by the 


Sum a+x, and 2 — denotes the Root of that 
a+x | 


Quotient, and 2 a+3 — denotes the Product 
a 


of the Multiplication of that Root by the Sum -2 a+ c. 
Thus alſo // a a+ b b denotes the Root of the Sum of 


the Quantities aa and bb, and Vαπτ a+wv 4 £03 


denotes the Root of the Sum of the Quantities 2 a and 


2 43 p | 
i:a+vy caa+bb denotes 


v jaa+bb, and. - 


the Root multiplied by -. And fo in other Caſes. 
a—Z 2 

But Note, that in complex Quantities of this Nature, 
there 1s no Neeeſfay of giving a. particular Attention to, or 
bearing in your Mind, the Signification of each Letter ; 
it will ſuffice in general to underſtand, e. g. that 
VAN i aa+bb ſignifies the Root of the Aggregate 
or Sum of 2 a+ + aa+bb; whatever that Aggregate 
may chance to be, when Numbers or Lines are ſubſti- 
tuted in the room of Letters. And thus it is as ſufficient 


ens 
te underſtand, that EET —_— ſignifies the 
; 4— 4 


Quotient 


+ -@ — A. loa 1 


an Unit to the next 


ADDITION, t9 
Quotient ariſing by the Diviſion of the Quantity 


/ ta++y/ + aa+b b by the Quantity a—y/ @ b, 
as much as if thoſe Quantities were ſimple and known, 
though at preſent one may be ignorant what uy are, and 
not give any particular Attention to the Conſtitution or 
Signification of each of their Parts ; which I thought I 
ought here to admoniſh, leſt young Beginners ſhould be 
deterred in the very Beginning, by the Complexneſs of the 
Terms. 


Of Addition. 


XVIII. HE Addition of Numbers, where they are not 
very compounded, is manifeſt of itſelf. Thus 
it is at firſt Sight evident, that 7 and 9 or 7 +9 make 16, 
and that 11+15 make 26. But in more compounded Num- 
bers, the Buſineſs is performed by writing the Numbers in a 
Row dawnwards, or one under another, and ingly collecting 
the Sums of the Columns. (a) As if the Numbers 1357 and 
172 are to be added, write either of them (ſuppoſe 172) 
under the other 1357, fo that the Units of the one, 
viz. 2, may exactly ſtand under the Units of the 1357 
other, viz. 7, and the other Numbers of the one 172 
exactly under the correſpondent ones of the other, —— 
viz, the Place of Tens under Tens, viz. 7 under 5, 1529 
and that of Hundreds, viz. 1, under the Place of 
Hundreds of the other, viz. 3. Then beginning at the 
right hand, ſay 2 and 7 make , which write underneath, 
Alſo 7 and 5 make 12, the laſt of which. two Numbers, 
vix. 2, write underneath, and reſerve in your Mind the 
other, viz. 1, to be added to the two next Numbers, viz. 
I and 3. 


* * no 8 — — — 1 


— 


XVIII. (a) Begin with the Column of Units, and if their 
Sum is under Ten, ſet it underneath : But if equal to Ten, 
or Tens, ſet a Cypher underneath : And 47 greater than Ten, 
or Tens, ſet the Exceſs underneath : And for every Ten carry 
m. Proceed thus through all. 


C 2 (% Quantities 


1 and 3. Then fay 1 and 1 make 2, which being added 
to 3 they make 5, which write underneath, and there will 
remain only 1, the firſt Figure of the upper Row of Num- 
bers, which alſo muſt be writ underneath ; and then you 
have the whole Sum, viz. 1529. 
Thus, to add the Numbers 87899 + 13403 + 885 + 1920 
into.one Sum, write them one under another, ſo that all 
the Units may make one Column, the Tens another, the 
Hundreds a third, and the Places of Thouſands a fourth, 
and ſo on. Then ſay 5 and 3 make 8, and 8+9 make 
17; then write 7 underneath, and the 1 add to the next 
Rank, ſaying 1 and 8 make 9, 9+2 make 11, and 1149 
make 20; and having writ the o underneath, ſay again, 
as before, 2 and 8 make 10, and 1049 make | 
19, and 19 +4 make 23, and 23+8 make 31; 87899 
then reſerving 3 in your Memory, write down 1 13403 
as before, and ſay again 3+1 make 4, 4+3 x 5 
make 7, and 7 +7 make 14, wherefore write 8 
underneath 4; and laſtly ſay 1 +1 make 2, and 
248 make 10, which in the laſt Place write 104107 
down, and you will have the Sum of them all, 
—_ (5) 

XIX. Afier the ſame Manner we alſo add Decimals, as 
in the following Example may be ſeen : 


630,953 
51,0807 


55 
987, 2837 (c) 


XX. Addition 


* 1 a * — 


ad 


= 5 uantities If different Denominations, whether they 
be Numbers or Species, whether Integers or Fractions, 
whether Powers or Roots, whether rational or irrational, 
cannot properly be added, that is, united into one Sum ; becauſe 
the Aggregate cannot be of any certain Denomination : They 
can therefore be only connected with their Signs. 
XIX. (c) Numbers whoſe Denominators are in. any other 
Ratio may be added after the Manner of thoſe, by ſubſtituting 
in the Place of Ten the Number by which the Denominators 


increaſe. 
A XXI. (*) That 
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XX. Addition is performed in Algebraic Terms or Species, 
by connecting the Quantities to be added with their proper 
Signs, and moreover by uniting into one Sum thoſe that can be 
fo united. Thus à and b make 445 a and —b make 
Amb; —a and —b make —@a —b; 7 a and 9 a make 
7a+9a; -, and by/ac make —ay/acÞHbyac, 
or by/a c- Vi; for it is all one, in what Order ſoever 
they are written. 

XXI. 4 we Quantities, which agree in Species, are 
united together, by adding the prefixed Numbers that are mul- 
tiplied into thoſe Species. Thus 7 a+9 a make 16 43. And 


11 5 c+15 6b c make 26 5c. Alſo 327252 make 8 2, 
c c 


and 2 % ee make 94/2 c, and by/a b x+ 
7 a b==x x make 13% bx x, And, in like Manner, 
6/3+7»3 make 13/3. Moreover ay/a c+by/a c 
make a+bya c, by adding together @ and þ as Numbers 


multiplying / a c. And ſo 2 a+3c 3 — 


3a Un make g 4 T3 c 3LXXDD becauſe 
d ＋ & a ＋ 
2443 and 3a make 5 443 c. (X) 
XXII. Afirmative Fractions, that have the ſame Denomi- 
nator, are united by adding their Numerators. Thus 4 +2. 


| make 35 and make _ and thus 8avcs 


2a+MCX 
S$ATELEE make 2 L., and a9 HE make 2. 
24 T Ven c c c 


24 ＋ ex 
. XXIII. Negative 


9 


XXI. (*) That is, Surds are united by uniting their 
rational Coefficients, when being reduced to their loweſt 
Terms, they agree in their radical Part, or have the ſame 
Denomination ; for in this Caſe they are commenſurable to 
each other, having the Ratio of their rational Coefficients. 


(Eucl, VII. 18. or.) : 
C 3 XXIV. (d) The 
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XXIII. Negative Quantities are added after the ſame Way 


as Affirmative, Thus — 2 and — 3 make —5; — . 


and ——.— make — =; —ar/axand—by 


a x make — 4 — by a x. | ; ; 
XXIV. But when a Negative Quantity is to be added to 
an Affirmative one, the Affirmative muſt be diminiſhed by the 


| Negative one. Thus 3 and — 2 make 13 * — and 


— i: make —— - Vc and b Vac make b—a 


Vac. And note, That when the Negative Quantity is 
greater than the Affirmative, the Aggregate or Stem will be 


I14 x 


Negative. (d) Thus 2 and-— 3 make _ 


and = make — Lz; and 2/ac and — Vac make 
Vase. In 


— 0 


XXIV. (4) The Sum of 2 Duantities, affected by 
contrary 7 muſt be the Exceſs of the greater : For, if 
_—_ are ſimple, it is their Difference which we ſeek ; 
and, if they are compound, it is the Sum of the Dif- 
ferences of their Terms, 

Again, To add a Negative is to take away an Equal 
Poſitive ; therefore to add a Negative to a Poſitive is to 
make one, and deſtroy the other, fo far as they are equal; 
and conſequently the Sum-muſt be nothing when they are 
.. equal, and affected by the Sign of the greater when they 

are unequal, 

22. Hence it follows univerſally, that the Sum of two 
| Quantities added to their Difference is equal to double the 
94 For the leſs is deſtroyed in the Addition by the 
Signs being contrary; and the greater is doubled by their 

being the ſame. Thus let @ be the greater, and ô the leſs, 
then their Sum is 24, and their Difference is a-; but 


7+b+g=b=2 4. See No 36, 
r (e) When 


5 * -U e 
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In the Addition of a greater Number of Quantities, or 
more compound ones, it will be convenient to obſetve the 
Method or Form of Operation we have laid down above 
in the Addition of Numbers. As if 17 a x=-14 a+ 3, and 
4a+2—8 ax, and 7 ay a x, were to be added toge- 
ther, diſpoſe them ſo in umns, that the Terms that 
contain the ſame Species may ſtand in a Row one under 
another, viz. the Numbers 3 and 2 in one Column, the 
Species — 14 a, and 4 a, and 7 a, in another Column, 
and the Species 17 @ x, and — & ax, and — 9 a x, in a 
third. Then I add the Terms of each Column by them- 
ſelves, ſaying 2 and 3 make 5, which I write underneath ; 
then 7 @ and 4 4 make 11 a, and 

moreover — 14 @ make — 3 a, which 6 TIS a+3 
I alſo write underneath ; laſtly, =qax —8ax+ 4472 
and —8 a x make —17 4 x, to which —qgax+ 74 

17 a * added make o. And ſo the 7 2045 
Sum comes out — 3475. 902 
Aſter the ſame Manner the Buſineſs is done in the fol- 
lowing Examples : 


w 


754 22 1 e 2 
19 _ 16 4 1 — 
1 

* NEG 2 


_” 455 —442425— 43 
2 ＋2 22 —2 229 


6 2 
b ENF 257 
* 5 


1305 When there are many Quantities, both affirmative 
negative, of the ſame Species, to be added, it will be 


| moſt convenient to find ſeparately the Sums of thoſe which 


are like effected, and then to find the Exceſs of thoſe Sums. 
C 4 | (f) It 
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S WTA 
—3 x*—2 4x3 D & 
—2 x* +5 K 20 . -M x | 
3 —4 b x*—] 3404/4 a+xx 
* N Cats x—2004/aa—xx (J) 


(f) It will be of Uſe to explain the Generation and 
Properties of Figurate Numbers, ſo far as we may have 
Occaſion hereafter to make Uſe of them. 

. 3. A Series of Numbers which ariſes from adding a 


Units or Figurates of the iſt Ordery,, Fad y © 
Figurates of the 2d Order - - {#,| 3d | 
of J Figurates of the 3d Order - - g 4 4th = 
Figurates of the 4th Order 7 5th O 
Figurates of the 5th Order, &c, bth 
Whence the Figurates 
iſ Order rn n 
2d Order I 2 ; $ 5 6, K. 
or th 3d Order 4 1. . 
or the J ith Order f *e 1 4 10 20 35 56, &c. 
I 5th Order 1 5 15 35 70 126, &c, 
6th Order 1 6 21 56 126 252, &c. 


And conſequently a figurate Number of any Order is the 
Sum of all the Figurates of the next preceding Order ſo far ; or 
it is the Sum of the preceding Figurate of the ſame Order, and 
of the correſponding Term or Figurate of the preceding Order. 
Note, that Figurates of the 2d Order are called Laterals. 

24. Let m and n be any two Integers, then the mth Term 
of the nth Order is the nth Term of the mth Order: For 
they are the Sums of the ſame Numbers. (23.) Thus the 
fixth Term of the fourth Order is 56 ; which is the fourth 
Term of the ſixth Order. Thus alſo the 2d, 3d, 4th, &c, 
Terms of the ſecond Order are the ſecond Terms of the 
2d, 3d, 4th, &c. Orders reſpectively. Now the Terms of 

the 7 Order being the Laterals, and the ſecond Term of 
each Order being called the Exponent of that Order; conſe- 
quently the Laterals are the Exponents of the Orders, 


25, In 
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25. In any Order, the Sum of any given Number f Terms 
is equal to the Product of the ſubſequent Term into the given 
Number, divided by the Exponent of that Order ; For the 
Exponent being the Sum of Unity and of the Exponent 
of the preceding Order, (23.) and each ſubſequent Term 
being the Sum of its antecedent and of the corteſponding 
Term of the preceding Order, (23.) if any Term be taken 
ſo often as there have been Additions, that is, if it is 
multiplied into the given Number of antecedent Terms, 
the Product and the . will be Equimultiples of the 
Sum of the antecedent Terms, and of Unity; therefore 
(Eucl. V. Def. 5.) the Sum of the antecedent Terms is to 
this Product, as Unity to the Exponent; and conſe- 
_ the Sum of the antecedent Terms is equal to the 
roduct of the ſubſequent Term into the Number of the 
antecedent, divided by the Exponent, (Eucl. VII. tg.) 
Thus the Sum of the firſt five Terms of the third Order, 
viz. 1+ 3+6+10+ 15 will be the ſixth Tetm multi- 
plied by five, and divided by three, viz. = 21X5= 35 
and univerſally putting S forthe Sum, e for the Le é 
and z for the Term ſubſequent to the laſt of the given 
T N 


Number, which call à, we have 8 = or S & * 


e 
26. In any Order, the Sum of any given Number of Terms 
10 _ to the Produdt of the laſt of the giuen Number of Terms 
multiplied into the Quote, which ariſes by dividing the Sum 0 
the Exponent, and of the given Number of Terms leſs one, 
the Exponent: For putting the laft of the given Number of 
Terms, I, the Sum of the given Number of Terms leſs 


this laſt will be S— 1, and S- IK ; (No. 25.) 
2 * 

wherefore, (Se—le=1Xn—1; whence Se=l x n—1+e; 

whence) we have SI — 2. ( Art.EXVIL.&c.) So 


1+3+6+10+75 [=> (Ne. 25.) ] —— . —— 
= 22 N = 35. 
3 27. If 


26 ADDITION. 


27. 1 n be put fer any Number of Terms, then the nth Figu- 
rate in every Order, proceeding uniformly from the firft, will be 
Unity and the following Products; viz. thoſe, which will ariſe 

fromthe continual Multiplication of Fratitons,whoſe Numerators 
are the given Number, and the given Number increaſed uniformly 
by the aſcending Laterals; and whoſe Denominators are the ſame 
aſcending Laterals beginning from Unity : For the Sum in 


every Series is / x —=- + 5 3 (26.) but this Sum is the 
nth Term of the next ſubſequent Order; (24.) wherefore, 
by ſubſtituting ſucceſſively in the general Expreſſion 


Ik - — the given Number for u, and the Laterals 


for e, 8 24.) we ſhall have the nth Sums and Terms ſuc- 
ceſſively throughout the Orders. Now in the firſt Order, 


—1 


by this Subſtitution, we have 1 * = An the Sum 
of n Terms in the firſt, and the nth Term of the ſecond 


Order, (or /, in the general Expreſſion Ix - =", h | 


2 j—⁊» 3 6Y 


the ſecond Order, therefore by ſubſtitutin g—for Land 2 for 


e, we ſhall have — a ax the Sum of x 


Terms! in the ſecond, and the nth Term of the third Order; 5 


and ſubſtituting— x A for I, and 3 fore; the general Ex. 


preſſion / oor mide: of —.—— will become = : **. 1 +3 


the Sum of u Terms in the 3d, and 


ä berge 
1 2 


the th Term of Fes 4th Order; and ſo on. Thus the 6th 
| F Term 


2 
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: 6 6 7 6: 7598 
Term is 13 — =6; XT IX TXT * 


I 
6 


=56; 1 Tx x 2 —126; Sc. in the iſt, 2d, 
I 


WF. 
3d, 4th, 5th, c. Orders. 


28. If n be put the Exponent of any Order, the Terms 


of that Order will be uniformly, Unity, = 1 * = 


LANA AI 2." Mts bo nba gt Web i A Sc. For 
1 2 3 1 2 3 4 | 

the nth Terms thioughout the Orders are theſe Products; 
(Ne 27.) but the mth Term throughout each Order is the 

Iſt, 2d, 3d, &c. Terms of the nth Order; (24.) therefore 

theſe Products are the Terms of the nth Order. 

29. If there be taken three figurate Numbers, being ſuc- 
ceſſrve Terms of any nth Order, or the nth Figurate in three 
yy Orders, (24.) the Square of the middle Term exceeds 
the Product of the adjacent Terms : For the Terms of the 
2d Order being generated from the continued Addition of 
Units, thoſe of the 3d Order from the continued Addition 
of thoſe of the 2d Order or the Laterals, thoſe of the 
Ath Order from the continued Addition of the Terms of 
the 3d Order, and fo on, the Extremes of three will 
differ more and more from an Equality with each other 
in each ſucceeding Order; and conſequently will differ 
more and more from an Equality with half their Sum 
in each ſucceeding Order : Now the middle Term will 
be equal to their half Sum in the ſecond Order, 
being generated from the continued Addition of Equals, 
or Units: In the 3d Order the middle Term will be 
leſs than half their Sum, but cannot deviate ſo much 
from an Equality with it, as each Extreme differs from 
it, becauſe they are generated from the continued Ad- 
dition of Laterals. And fo on, in the ſuperior Orders; 
the middle Term will deviate more and more from an 
Equality with half the Sum of the Extremes ; but always 
. deviate leſs from an Equality with it, than either Extreme 
deviates from an Equality with it : But the Square of the 
half Sum has the greateſt Ratio to the Square of the — 

um; 


— —B— — — 
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Sum; and the more unequal the Parts are, the leſs is the 
Ratio which their Product has to the Square of the Sum; 


and the nearer any Part is to an Equality with the half Sum, 
the greater is the Ratio which its Square has to the Square 
of the Sum: (Eucl. II. 4.) Therefore the Square of the 
middle Term (which deviates leſs from the half Sum) will 
have a greater Ratio to the Square of the Sum, than the 
Product of the Extremes (which deviate more from an 


Equality with the half Sum) has to it ; and therefore the 


Square of the middle Term is greater than the Product of 
the Extremes. (Eucl. V. 10.) Hence the Square of any 
Lateral exceeds the Product of any adjacent ones by Unity. 

30. It follows alſo, that the Ratio of the middle Term to 
either Extreme, is greater than the Ratio 14 the other Extreme 
to the middle Term; (Eucl. VII. 10.) and conſequently, that 
if each ſubſequent Figurate of the nth Order be divided by the 
antecedent, or if in the nth Figurate throughout the Orders, 
(24.) the ſubſequent be divided by the antecedent, the Quotes 
or Fractions will continually decreaſe. 

31. If throughout the Orders, beginning at the firſt, there 
be taken Figurates, ſo as n, the Number of Terms in the firſt, 
ſhall continually decreaſe by Unity, thoſe Figurates will be 
generated by the continued Multiplication of Fractions, whoſe 
Numerators are the Laterals continually decreaſing from n, 
and whoſe Denominators are the ſame Laterals continually 
increaſing from Unity; that is, Unity, and the Products 


nm n MN—_ 1 _t%#—I 1-2 1 1 1 2 
15 "4 2 I 2 3 I 2 | 

— . Sc. For, as when u was a conſtant Quantity, 
4 


Unity only, and that once only, was to be ſubducted 
from , and the Laterals were to be ſucceflively added (27.) 


in the general Expreſſion S=1x .,; fo here (by 
e 


Suppoſition) a ſecond Unit is to be ſucceſſively ſubducted, 
and the Laterals to be ſucceſſively added; whence it comes 
to paſs, that the odd Laterals are ſucceſſively ſubducted, 
VIZ. I, 3, 5, 7, Sc. but the Laterals in the natural Pro- 
greſſion only are added, viz. 1, 2, 3, 4, Cc. whence the 

| 48 | Numerators 


4 (( --. S 


Numerators are u, —1, —2, Cc. (for n= g—1+1, 
U—I =n—3+2, H—2Z=R—STF 3 7 Sc.) 


and the Denominators continue as bee in No 27. 


2 


Thus in the general Expreſſion S=/ Wo we have 


8 1 * +: Sn, the nth Figurate of the 2d Order: 


Then for the z—1th Term of the 3d we are to 
. — 4 oy + r—=1+2 
6 


ſubſtitute for 7, . and for LES 
I 


but *Z3F2 =2=Z.: whence we have — * = for 


2 2 1 2 


the —ith Term of the 3d Order: and ſubſtituting for 


* and for .. not — — but 


HT 5 2 — 2 


2, we have = X X ————»- for 
3 | 


1 Sr 2 
the z—2th Term of the fourth Order; and ſo on. Thuss 


if we would know what the Figurates are in the ſeveral 
Orders, beginning at the 6th Term, ſo as 6 ſhould con- 


tinually decreaſe by Unity, they will be 1 : L — =6: E 


1 1 
x2=15: 6 xSxt=20: *x3xE£x3=15; 
"20 1 
1 . 
—X* — X = 3 =6: NSN EI 
11 293 3 „„ E 
=1 : that is, 1. 6. 15. 20. 15. 6. I. 


a Mee] „I 
32. In the W a” —X r 


— „Sc. the Figurates will increaſe, while the exceſs of n 


F.2 the odd Laterals to be ſubducted i is poſitive : For the 


Numerators being the Aggregates of this Exceſs and the 
Laterals 
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Laterals, and the Denominators being the ſame Laterals: 
while this Exceſs is poſitive, the Numerators will exceed 
the Denominators : And conſequently the Products will 
increaſe. But when this Exceſs becomes negative, it will di- 
miniſh the Exponents of the Orders : Their Aggregates 
therefore, the Numerators, will become leſs than the De- 
nominators: And therefore the Products will N 
Now becauſe thoſe Aggregates are the Numerators de- 
creaſing from x, that is, the Laterals decreaſing from n,( 31.) 
and becauſe the Denominators are the ſame Laterals in- 
creaſing to n, the Values of the Numerators and Denomi- 
nators will be interchanged when that Exceſs becomes 
negative; and therefore the decreaſing Products will be 


the ſame as before, that is, the Figurates egquidiſſant from 


Unity in each Extreme will be equal, And becauſe when n 
is an odd Number, the middle Fraction muſt have its Nu- 
merator and Denominator the ſame, it will make no Dif- 
ference in the Products : And therefore there will then be 
two middle Produtts equal, and greatsfh and adjacent. But 
when nis an even Number, there will be two Fractions in 
the middle, whoſe Numerators and Denominators will be 
reciprocally the ſame : There will be a Difference there- 
fore in every Product: And conſequently but one greate/ 
Product; and that in the middle. Now becauſe thoſe 
Figurates are generated by Addition, in the ſame Man- 
ner as thoſe in N* 29. the Square of the middle one of any 
three in Succeſſion ſhall be greater than the Product of the Ex- 
tremes. And laſtly, the Ratio of the middle one to one 
Extreme is greater than the Ratio of the other Extreme to 
the middle one: And therefore, i each ſubſequent Figurate 
be divided by its antecedent, the Quotes or Fractions will con- 


tinually decreaſe, Thus orSctcickt. 
8 
33. F the Series of Figurates 1, =, = XD, —=X 


f—I,, —2 1, Hom | 
i Ln „, E. be continued ton 


1 


Terms, and iſ the generating Fraftions Z , 22 —2, 


Fact 7 * 3 7 
Ec. 
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Efc. be divided, each ſubſequent one by its antecedent, and the 
Quotes be placed over the r 
reſpectively; then the Square of any Figurate multiplied into 
its correſponding Quote, placed over it, will be equal to the 
Produtt of the two Figurates which are adjacent to it on each 
Side: For the Figurates being generated from the continual 
Multiplication, but the Quotes from the Diviſion, as above, 
of the fame Fractions, the Ratio of the Numerator to the 
Denominator, in each Quote, will be the Reciprocal of 
the Ratio of the Square of the Figurate underneath to the 
Product of the adjacent Figurates ; and therefore thoſe 
Ratios will together compound the Ratio of Equality. 
(Eucl. V. Def. 20.) Let the generating Fractions be 


— 4, 2 5 2, then will the Figurates be 1, £., 
„% a 


| d 
Ly = > I, and the Quotes will be —, _ 1 45 


and the Quotes placed over the Figurates will ſtand thus, 
ad b b ad 
77 F 27 


* 2. Li LA , 1: Now the Ratio of the Square of 
ab ab a | 


eeab 


ed 


. 2 2 eb . . * | 
bo =—T b —— (149) =p Warc i the eciprocal 


of 24 alſo the Ratio of the Square of 4 to 2x £ is 
eb ab ab a 


d 1 : b 
—=7 (49 } 7 the Reciprocal of the Quote 7 
4. Hence, if different Numbers are ſubſtituted for n, 
old ee . of Figurates wil reſult 22 the 
different Series of generating Fractions, and each ſubſequent 
generating Fraction be divided by the antecedent, the Quotes 
in every Series will be ſo many Theorems, for ſhewing the 
Ratio of the Square of the correſponding Figurate, to the 
Produtt of the adjacent Extremes: For theſe Ratios are the 
Reciprocals 
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Reciprocals of the Ratios of the Numerators to the Denoz 


minators in the correſponding Quotes, Thus, put n=2, 
the Fractions are 2, 2, the Figurates 1, 2, 1, and the 
Quote 2; therefore à of the Square of the middle Term 
is equal to the Product of the adjacent Figurates ; or the 
Square is equal to quadruple the Product, If n=3, the 
Fractions being , 2, 2, and the Figurates 1, 3, 3, Is 


and the Quotes +, ; therefore 4 the Square of the 2d or 


3d Figurate is equal to the Product of the adjacent ones; 
or the Square is triple the Product, Put n=4, then the 
Fractions are +, 2, 4, 2 the Figurates 1, 4, 6, 4, 1, 


and the Quotes 3, 4, ; whence + the Square of the 2d 


and 4th Figurate is equal to the Product of the adjacent 
ones; and £ the Square of the 3d is equal to the Product 
of the 2d and 4th, &c. Cc. 

35. The Series of Figurates or Products 1, L x, 
| N. 


„ zi 


.. neg oor Det 

I 2 ONE. 2 3 4 

to n Terms, exhibits the Number 24 Combinations of which n 
Number of Things is capable : For in two 2 there is 
but 1 Binary; Add a third, this is to be combined with the 
former 2; the Binaries therefore in 3 Things ate 14 2: 
Add a fourth, this is to be combined with the former 33 
the Binaries therefore of 4 Things are 1 +2+3: Add a 
fifth, this is to be combined with the former 4 ; the Binaries 
therefore of 5 Things are 1424344 and ſo on; that 
is, putting n for the Number of Things, the Number of 
Binaries will be the Sum of n—171 Laterals, or the »—tth 
Term of the 3d Order of Figurates ; that is, (24. 31.) 


n 21 
T 


In three Things there is but 1 Ternaty : Add a fourth, 
this is to be combined with the 3 Binaries of the former 3 
the Ternaries therefore of 4 Things are 14+ 3: Add a 
this is'to be combined with the 6 Binaries of the former 4 ; 
the Ternaries therefore of 5 Things are 1 +3+6: Add a 


fixth, this is to be combined with the 10 Binaries of 


the former 5 ; the Ternaries therefore of 6 Things are 
I+3 


= pa 


Fi 


k 4a 


* 4 }V*< = * Om. 


* 
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4346 + 10, and ſo on; that is, putting u for the 
Naber of Things, the Number of Ternaries will be 
the Sum of 1 2 Figurates of the 3d; or the n — 2th 


Figurate of the fourth Order; that is, =X _— 


= After the ſame Manner, the Number of Qua- 
ternaries are > X _ * x — of Quina= 


ies = Xe IX DEE X SEX ; and ſoon 


I 

continually, ſtill increafing the We of Combina- 
tions by all thoſe of the next inferior Order; becauſe as 
the Number of Things increaſes, the laſt can be com- 
bined with all the next inferior Combinations of the 
former Things: and ſtill leſſening the Number of Things 
by Os as the Exponent of the Combination in- 
Creates, i 8 


Of SUBTRACTION, 


XXV. 32 E Invention of the Difference of Numbers 
that are not tos much compounded, is of "ſelf 

evident; as if you take 9 from 17, there will remain 8. 
But in more compounded Numbers, Subtraction is performed 
by ſubſcribing or ſetting underneath the Subtrahend, and ſub- 
tracting row + of the lower Figures from each of the upper 
ones. Thus to ſubtract 63543 from 782579, having 
ſubſcribed 63543, ſay 3 from q and there remains 6, 
which write underneath; and 4 from 7, and there 
remains 3, which write likewiſe underneath ; then 5 from 
5 and there remains nothing, which in like manner ſet 
underneath ; then 3 comes to be taken from 2 ; but be- 
cauſe 3 is greater than 2, you muſt borrow 1 from the 
next Figure 8, which together with 2, make 12, from 
which 3 may be taken and there will remain 9, which 
write likewiſe underneath; and then when befides 6 
there is alſo x to be taken from 8, add the 1 to the 
6, and the Sum 7 being 2 from 8, there will 
, be 
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be left 1, which in like Manner write under- 782579 
neath (a). Laſtly, when in the lower Rank 63543 
of Numbers there remains nothing to be taken 
from 7, write underneath the 7, and ſo you 719036 
have the Difference 719036. | 

But efpecial Care is to be taken, that the Figures of the 
Subtrahend be placed or ſubſcribed in their proper or homo- 
genecus Places; viz. the Units of the one under the Units 
of the other, and the Tens under ens, and likewiſe 
the Decimals under the Decimals, &c. as we have ſhewn 
in Addition (5). Thus to take the Decimal 0,63 from 


the Integer 547, they are not to be diſpoſed thus 97 


but thus 947 635 ſo that the o, which ſupplies the Place 


of Units in the Decimal, muſt be placed under the 
Units of the other Number. Then o being underſtood 
to ſtand in the empty Places of the upper Number, ſay, 
3 from o, which ſince it cannot be, 1 ought to be bor- 
rowed from the foregoing Place, which will make 10, 
from which 3 is to be taken, and there remains 7, which 
write underneath. Then that 1 which was borrowed 
added to 6 make 7, and this is to be taken from o above 
it; but fince that cannot be, you muſt again borrow 1 
from the foregoing Place to make 10, then 7 from 
10 leaves 3, which in like Manner is to be _ 

under- 


Mi. „„ 


—  —_— — — —— 4 — —_—— — 


XXV. (a) For it is manifeſt, that by increaſing the 
Minuend in the right-hand Place by Ten, and the Sub- 
trahend in the left-hand Place by an Unit, that an equal 
Addition is made to each (3); and that therefore the 
Reſidue is not changed. The ſame Thing is alſo done, 
if inſtead of adding the borrowed Unit to the Subtra- 
hend in the left-hand Place, the minuend Figure in the 
left-hand Place is diminiſhed by an Unit before Subduc- 
tion, as in reality it is, by the borrowing from it the 
Ten added to its right-hand Figure. | 

(b) Quantities of Different Denominations cannot be Foot 
ducted from each other, becauſe the Refidue could not be of 
any one certain Denomination. Their Difference therefore 
ean only be ſhewn by the Sign of the Subducend. 


1 
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underneath ; then that 1 being added to o, 547 
makes 1, which 1 being taken from 7 leaves 6, 0,63 


. Whieh again write underneath. Laſtly, write — 


the two Figures 54 (ſince nothing remains to 546,37 
be taken Een them) underneath, and you will ; 
have the Remainder 546,37 (c). 

For Exetciſe fake, we here ſet down ſome more Ex- 
amples, both in Integers and Decimals, . 
1673 1673 458074 35,72 46,5003 308,7 
1541 1580 9205 14,32 3078 25,74 
„F — — — 

132 93 448869 21,4 43,4223 282, 96 

XXVI. If a greater Number is to be taken from a 45 | 
you muſt firſt ſubtract the leſs from the greater, and t 
prefix a negative Sign to the inder. As if from 1541 
you are to ſubtract 1673, on the contrary, I ſubtract 
1541 from 1673, and to the Remainder 132 I prefix the 


ION — 5 


XXVII. J. e, Terme, Subtraction is performed 


by connecting the Quantities, after having changed all the 

Signs of the Subtrahend ; and by uniting thoſe together which 

can be united, as we have done in Addition (e). Thus 
\ | +7 


* 
—_ 2 — 8 


„„ 


(e Numbers whoſe Denominators increaſe in any other 
Ratio may be ſubdutted after the Manner of thoſe in the De- 
cußle, by ſubſlituting the Number by which the Denomina- 
tors mereaſe in the Place of Ten. 

XXVI. (a) For this Reſidue thus affected with a ne- 
gative Sign — 132, being added to the Subducend + 
1973 will reſtore the Minuend + 1541. 

XVII. (e) The Sign of the Subducend is always to be 
changed intd its contrary. For if the Subducend be poſi- 
tive and ſimple, it ought to have the Sign of Subduc- 
tion, that is, its Sign is changed into Negative; and if 
the Subducend be compounded of an Affirmative and 
Negative, their Difference only ought to be ſubducted; 
Wherefore, having ſubducted the affirmative Term; too 
much, by the Quantity of the negative Term, has been 
ſubducted, and the Reſidue is too ſmall by that Quan | 

D 2 rity 3 
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+ 7 a from + 9 a leaves ga — 7 4 or 24; — 7 aftom 


++ 9 a leaves + ga+7 a, or 164; + 72 from 94 
leaves — 94 — 74, or — 16 a; and — 7 a from — 94 


leaves —9 a + 74, or — 24; ſo 3 © from 5 - leaves 
223 7 Vac from 2% a c leaves — 5 Vac (f); 


2. from L leaves L; — 4. from 3. leaves ED 
9 9 _ Babs, 7 7 4 
from leaves =; n 
b b 2a-þy/ cx 2a 4 UV cx 
ws” LES . from da leaves 23 
2a+Fy/ cx c 


c c 
2 - from 2 h leaves 2a+b —a+b, ora+26b; 
342 — z Z Tac from 3 a z leaves 342 — 34a x ＋ 2 2 


C 


leaves 


— a4 or 2z 2 — 43 leaves 


aa ＋ 4-2 441446 r — 2 +206 

* EO | | 
from a + x / ax leavesa+x—a+xy/ a x, or 
2x4 a x, and ſo in others. But where Quantities * 


z and a - x V ax 


* 


tity; therefore, to reſtore the Reſidue to its juſt Mag- 
nitude, the negative Term ought to be added to it, that 
is, the negative Term muſt become Affirmative. 

36. Hence, the Difference of two Quantities, ſubducted 
from their Sum, is equal to double the leſs ; for the greater 
is deſtroyed, and the leſs doubled in adding them after 
the Change of their Signs. Thus if @ be the greater, 
and 5 the leſs, then their Difference is a — b, and their 


Sum a + b; but a+b—a—b=2b, See Noe 22. 

(f) Surds are ſubducted by ſubducting their rational Co- 
efficients, when being reduced to their loweſt Terms they 
agree in their radical Part ; for they are then as Num- 
ber to Number, and their Ratio is that of the Co- 
2 which Coefficients the Subduction can be 
Made. | 
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ſiſt of more Terms, the Operation may be managed as in 
Numbers, as in the following Examples (g): 

| 12 X 


— 9 —_— 


37. 0 g) Four Quantities are in arithmetical Proportion, 
when the Difference between the two former 1s equal to the 
Difference between the two latter. Hamidi are ſaid to be 
in arithmetical Progreſſion, when they increaſe or decreaſe 
continually by equal Differences, | Ga 19 
38. In arithmetical Progreſſion, when the Number of 
Terms is even, the Sum of the Extremes is equal to the Sum of 
every two mean Terms 1 from them; and when the. 
Number of Terms is odd, the Sum of the Extremes is double 
the middle Term. For ſince the Terms are equidifferent 
(37), the Second will exceed, or be deficient from, the 
rſt, as much as the laſt excecds, or is deficient from, 
the Penultimate; therefore the Sum of the Extremes 
equals the Sum of the Second and Penultimate, the Ex- 
ceſs of the one making up the Defect of the other. The 
ſame Reaſoning holds good in every Pair of Terms equi- 
diſtant from the Extremes ; and therefore in thoſe alfo 
which are adjacent to the middle Term, when their 
Number is odd. Now one of theſe exceeds the middle 
Term as much as the other is deficient of it (37); if 
therefore, the Defe& of one be compenſated by the Ex- 
ceſs of the other, the three Terms will be equal: and 
conſeqWint! „ the Sum of the adjacent Terms, and 
therefore of every other equidiſtant Pair, will be double 
the middle Term, g | - 
» The . laſt Term is equal to the „ Increaſed if t 
Progreſſion 2 but Kalles if Fon deſcends, 
by the Product of the common Difference multiplied into, 
either the Number of Terms leſs one, or the Number of 
Means more one. For the laſt Term exceeds, or is 
exceeded, by the firſt, by the common Difference 
ſo often taken, as there are Terms after the firſt ; that 
is, ſo often as there are Terms leſs one, or Means more 
one. | 
40. Hence, the common Difference is equal to the Diffe- 
rence of the Extremes divided by, either the Number of Terms 
leſs one, or the Number of —_ mare one. CC 
| | 2 i 
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I2x+7 a i5be+24/ ac S* +53 x 
 7*+9a —1bc+7Ty/ ac bY —3x 
Sx—2a 26bc—5y/ ac SN —bax+ 3x 
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the Extremes being e any Number of Means may be 
fauud; For by dividing their Difference by the Number 
of Means ſought more one, the common Difference is 
found, and this continually added to the leſs Extreme 
exhibits the Means. wy \ 
41. The Sum of any Series is equal to the Quote, which is 
had by dividing the Product of the Sum of the Extremes inta 
the * of Terms, by Tuo. For the Sum of the Series 
contains the equa} Sums of the Pairs of equidiſtant 
Terms only half ſo many Times as there are Terms (38). 
42. In the Progreſſion of Laterals, or Figurates of the 
fecond Order, the Sum of any Series is equal to half the 
Product ariſing from multiplying the laſt Term into the next 
greater. For both firſt Term and common Difference 
being Unity, the laſt Term is the Number of Terms, 
and the next greater is the Sum of the Extremes, 
r 
. in t rogre of odd Laterais, whoſe common 
Dis ence is 7 3 Sum of the Series is always a ſquare 
Number ; to wit, the Square of the Number of Terms. For 
Unity being the firſt Ferm, and Two the common Dif- 
ference, the Sum of the Extremes is double the Number 
of Terms; whence their Product would be the Product 
of the Number of Terms into double itſelf; conſe- 
quently, half this Product, which is the Sum of the 
Series (41), is the Product of the Number of Terms 
into itſelf, and therefore a Square. 5 
pO | 
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If a given Quantity is added to, or ſubdued. from, 
5 — erm ow; an. arithmetical jig Praglaſtos 
will continue unaltered, with the ſame common Difference. 
For an equal Addition, or Subduction, although it alters 
the Magnitude of the Terms, will not alter their Rela- 
tion as to Difference. be muliplied + 
« If the ſame Quantity be multiplied ints every Term o 
an Dae. rag the Produfts will be in Abende 
Progreſſion ; and the common Difference of the Terms will be 
the Produt of the given Quantity into the former common 
Difference, For as each 'Term conſiſted of the preced- 
ing Term and of the common Difference, any given 
ultiple of any Term muſt be the ſame Multiple of the 
preceding Term and of the common Difference; there- 
fore the common Difference of the Products will be that 
Multiple of the former common Difference, After the 
fame Manner, if the Terms of an arithmetical Series be 
divided by a given Quantity, the Quotes will be in arith- 
metical Progreſſion, whoſe common Difference will be 
the Quote of the former Differeace divided by that 
Quantity. | | x 
46. If in the Binome nx +a the Terms 3, 2, 1, o, 
— I — 2 — 3, &c. viz. of the. deſcending lateral Pro- 
greſſun, be ſuhſlituted for the tnknown Quantity x: the re- 
ſulting Numbers will be in aruthmetical Pregreſſon, whoſe 
common Difference will be n, the Caefficient of x in the 
former Member of the Binome. For the Products ariſing, 
from the ſucceſſive Subſtitution of the Laterals for x, 
that is, from the ſucceſſive Multiplication of n into the 
Laterals, will be be in a Progreſſion, whoſe common 
Difference is X 1 (45); that is, 2; and the ſecond 
Member ＋ a of the Binome cannot alter the Progreffion 


(44)- 
Of MULTIPLICATION, 


XXVII. N UMBERS which ariſe or ars produced by 

the Multiplication of any two Numbers, not 

greater than ꝙ, are to be learnt and retained in the Memory: 
As that 5 into 7 makes 35, and that 8 by g make 72, 

Sc. and then the Multiplication of greater Numbers is to bg 

performed after the Rule of _ Examples, 1 
4 | 
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If 795 is to be multiplied by 4, write 4 underneath, as 
you fee here. Then ſay, 4 into 5 makes 20, 
whoſe laſt Figure, viz. o, ſet under the 4, and 795 
reſerve the former 2 for the next Operation. Say 4 
moreover, -4 into 9 makes 36, to which add the —— 
former 2, and there is made 38, whoſe latter Fi- 3180 
gure 8 write underneath as before, and reſerve . 
the former 3. Laſtly, ſay, 4 into 7 makes 28, to which 
add the former 3, and there is made 31, which being 
alſo ſet underneath, you will have the Number 3180, 
which comes out by TON the whole 795 by 4. 

Moreover, if 9043 be to be multiplied by 2305, write 
either of them, viz. 2305 under the other 9043 as be- 
fore, and multiply the upper 904.3 firſt by 5, after the 
Mannner ſhewn, and there will come out | 


45215 ; then by o, and there will come out 9043 
000: Thirdly, by 3, and there will come 2305 
out 27129: Laſtly, by 2, and there will — 
come out 18086. Then diſpoſe theſe Numbers 45215 
fo coming out in a deſcending Series, or under ©000 


one another, ſo that the = Figure of every lower 27129 
Roto ſhall fland one Place nearer to the Left- 18086 
hand than the laſt of the next ſuperior Row. —— 
Then add all theſe together, and there will ariſe 20844115 
20844115, the Number that is made by multi- 
plying the whole 9043 by the whole 2305. 
XXIX. In the ſame manner Decimals are multiplied by 
Integers or other Dectmals, or both, as you may ſee in the 
following Examples: 1 | 


29 8 9,0132 
— 3 —— 
6516 25060 78050 
1448 35126 117075 
— 10036 39025 
2099, 6 | —— — 
5 13759950 0,0515 1300 


But Note, in the Number coming ont, or the Product, fo 
many Figures muſt be cut off to the 1 Decimals, 
a there are decimal. Figures both in the Multiplier and the 
40 . Multi- 
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Multiplicand. And if by Chance there are not fo many Fi- 
gures in the Product, the deficient Places muſt be filled up to 
the Left-hand with o', as here in the third Example (a). 


—_ — 


XXIX. (a) 47. In the Multiplication of Integers, of 
Decimals, and of mixed Numbers, the Sum of the Indices of 
the Factors is the local Index of the right-hand Figure of the 
Product. For the Index of each Factor being the Num- 
ber of Multiplications, or of Diviſions of Unity by 
Ten, in its Denominator (13, 1 * to multiply, or 
to divide the Denominator of the Multiplicand by Ten, 
is to add Unity to, or to take Unity from, its Index; 
and to multiply, or to divide the Denominator of the 
Multiplicand by any other Number as a Denominator, 
is to add the Index of the Multiplier to, or to ſubduct it 
from, the Index of the Multiplicand : But in the Mul- 
tiplication of Integers by Integers, and of Decimals by 
Decimals, the Denominator of the Multiplicand is mul- 
tiplied by the Denominator of the Multiplier ; and in 
the Multiplication of Integers by Decimals, the Deno- 
minator of the former is divided by the Denominator of 
latter: Therefore in the former Caſe, the Sum of the 
Exponents is the Exponent of the Product; and in the 
latter Caſe, their Difference. Now the Index of a de- 
cimal Multiplier being Negative (14) it muſt be changed 
in Subduction into Affirmative, and added (XXVIT ; 
therefore, in all Caſes, the Sum of the Exponents of 


\ 


the Factors, when made both of the ſame Affection, is 


the Exponent of the Product. — 
48. Derimals are conſidered in Mulliplication as Intepers, 
the only Difference being that in the former the Nume- 
rators are divided, and in the latter multiplied, by that 
Power of Ten, whoſe Index is the Number of Places 
from Unity (6. 9. 13); wherefore the Numerators are 
to be multiplied as Integers : and as to the Multiplication of 
the Denominators, in all Produtts, of Decimals by Decimalt, 
or by mixed Numbers, ſo many Places are to be allotted on the 
Right-hand for Decimals, as there are decimal Places in 
both Factors taken together. For the Index of the right- 
hand Figure in Decimals, is always their whole Number 
of Places (13); and the Exponent of the right-hand 
| 8 Figure 
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XXX. Simple Algebraic Terms are multiplied by multi- 
plying 


Figure of an Integer Factor, is always Cypher (14) : 
Therefore the Index of the right-hand Figure of the 
Product, to wit, the Sum of the Indices of the right- 
hand Figures in both Factors (47); that is to fay, the 
Number of decimal Places in the Product, is the Sum 
of the decimal Places in both Factors. 

49. Hence, if the Number of Places in the Product is 
befs than the Number 2 Decimals in both Factors, which will 
be the Caſe when the Cyphers on the Left-hand of a 755 de- 
cimal Multiplier are neglected in the Operation, the Defect 
muf? be 1 by Cyphers added on the Leſt- hand. 

50. Right-hand Figure of every particular Product 
ought to be ſet direftly under the multiplying Figure, and 
then the Place of every ſucceeding Figure will follow in 
Order. For the Index of the right-hand Figure of the 
Multiplicand, is either Cypher (14) or is conſidered as 
ſuch during the Operation (48) ; conſequently the Index 
of the right-hand Figure of each particular Product will 
be the Index of the multiplying Figure (47, 48). The 

rticular Products, being thus ranged, will have their 
Ho of the ſame Claſs in the ſame perpendicular Series 
ready for Addition (XVIII). 1 

51. 1f there are Cyphers between the ſignificant Figures 
of the Multiplier, they may be entirely neglected, for their 
ſole Uſe being to determine the Places of the ſignificant 
Figures to the Left (18); this End will be anſwered 
1 br the right-hand Figure of each particular Pro- 
duct by the fignificant Figures directly under the Multi- 

ier (50). | 
1 — Cyphers on the Right-Hand of either Factor are neg- 
lected in the Operation. In Decimals they are to be tata 
expunged, as being uſeleſs (1 8), but they are to be reſtored 
to the Produ#t of Integers ;, becauſe they ſerve to determine 
the Place. of the Right-band fignificant Figure of the 
Product, whoſe Exponent being always the = of the 
Indices of the right-hand Figures of both Factors (47); 
will be in this Cafe the Number of Cyphers. 

53. Hence, an Integer is multiplied by any Power of Ten, 


by- annexing the Cyphers of the Power to the Integer ( 52), 
ut 
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phing the Numbers into the Numbers, and the Species into the 


Species, 


But a Decimel ar mixed Number is multiplied by any Power 
4 by moving the * fa many Places to the Right- 
at there are Cypbers in tbe Pawer, or as there ara 
Units in the Exponent of the Power. For the Multiplica- 
tian is performed at length by annexing the Cyphers of 
the Power of Ten on the Right-hand of the Multipli- 
cand, and then cutting off b many Places for Deci- 
mals, as there were Places before in the Multiplicand 
(48), and laſtly, by expunging the added Cyphers, be- 
ing uſeleſs in Decimals (18); but this is equivalent to 
giving ſo many Places from the Decimals ta the Integers, 
or, to moving the Seperatrix ſo many Places to the Right, 
as there are Units in the Index of the Power of Ten; 
and the Trouble of expunging is avoided. | | 
Now, though the Number of Places in the Decimals 
is diminiſhed, yet their Value is ſo many times mare De- 
cuple of their former, by being raiſed ſo. many Places 
higher to the Left (31); and the negative Expanent 
of the right-hand Figure of the Decimal Factor bein 
diminiſhed by the Addition of the affirmative Index of 
the Power (XXIV), is the Index of the right-hand Fi- 
gure of the Product, which being negatively leſs, is 
affirmatively. greater (47). | 
From this, the common Rule for reducing Decimals into 
Sexage/imals, is deduced, to wit, Multiply the Decimals 
by ſixty; becauſe this Multiplication not only multiplies 
bySix, but alſo moves the Seperatrix onePlace to the Right. 
54. If the Praduft of the left-hand Figures of two In- 
tegers, either alone ar augmented by an Increment from the 
Produft of the adjacent Figures, conſiſts of twa Places; or 
F the left-hand Figure of this Praduc? is leſs than the left. 
and Figure of either Factor, then the whale Praduft will 
confe/t of as many Places as there are Places in both. Factors, 
otherwiſe of one Place leſs. For the Exponent of the leſt-hand 
Figure in each Faq being the Number of Places in each 
leſs One (13), the Exponent of the _—_— Figure of 
their Product will be the Number of Places in both Fac- 


tors leſs Two, (48); to which muſt be added the Place 
of Units, whoſe Exponent is Cypher in each Factor; 


whence 
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Species, and by making the Product: Affirmative, if the 
| actors 


„% 


whence the Exponent of the Product of the left-hand 


Figures, when this Product is a ſingle Figure, is the 
Number of Places in both Factors leſs One; and when 
it conſiſts of two Figures, the Exponent of the left- 
hand Figure is the Sum of the Places in both Factors: 
Now when this Product is a ſingle Figure, it muſt be 
| grow than either Factor; and when it conſiſts of two 
igures, the Figure to the Left muſt be leſs than either 
Factor; wherefore the Number of Places will fall One 
ſhort, when it is greater than either Factor. | 
55. Becauſe it may be ſufficient, eſpecially in Decimals, to 
find only an aſſigned Part of a Product. 1. Set the Place of 
Units of the 775 Number (which make the Multiplier ) under 
that Place of the 23 whoſe Index is equal to the Index of 


_ the deſigned right-hand Figure of the aſſigned Part of the Pro- 


duct; that is, to the Number of Figures to be cut off in In- 
tegers, or to be retained in Decimals, 2. Set the Reſt of the 
Figures of the Multiplier in a contrary Order. 3. Begin 
every r at that Figure of the greater, whith 
Hands over the multiphing Figure; baving Regard to the In- 
crement, which would have ariſen from the foregoing Figures of 
the Multiplicand. Laftly, Set the right-hand Figures of every 
particular Product under one another; and then the Sum © 
theſe particular Produtts, will be the required Part of the Pro- 
duct. For the Index of the right-hand Figure of every 
Product, is the Sum of the Indices of the Factors; and 
by inverting the Order of the Figures of the Multiplier, 
the Sums of the Indices of the correſponding Place of 
the Factors will be equal among themſelves ; and there- 
fore equal to the Index of the right-hand Figure of the 
required Part of the Product: But Products whoſe In- 
dices are equal belong to the ſame Place; _ there- 
fore, muſt be ſet under each other: And their Sum muſt 
be the required Part of the Product. | 
56. In every Multiplication, whether by Figures or by 
Species, every Part of the Multiplicand muſt be multiplied by 
every Part of the Multiplier, For if Equals be multiplied 
into Equals, the Products are equal (Eucl. I. Def. b.); but 
every whole is equal to all its Parts taken together 5 1 
i ; . Ci, 


8 


eee. 
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if otherwiſe (b). 


_ when the 


that it is the Di 
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Fattors are bothAffirmative, or both Negative; and Negative 


Thus 


— 4 


— 


W 


Def. 9); therefore the Product ariſing from multiplying 
the Whole by the Whole is equal to the Product ariſing 
from the Multiplication of all the Parts of one by all 
the Parts of the _ F _ Xo 

XXX. (6b) 57. When the Sign of the Multiplier is Affir- 
mative wh t 4 Signs of the A are the ſame — 
thoſe of the Multiplicand. For the Multiplicand is then 
ſo often added to itſelf as there are Units in the Multi- 
plier (VI); if therefore all the Signs of the Multipli- 
cand are Affirmative, the Sum of its Terms is ſo often 
added to itſelf, by preſerving the Signs of the Multipli- 
cand * and if any of its Terms are Negative, 
their Differences are ſo often added to themſelves, b 

reſerving the Signs of the Multiplicand (XXIII). 
ow the Signs of the Multiplicand being to be preſerved, 
Mahl- is Affirmative ; it follnus, that + into 

＋ makes + : and that — oy makes —. 

58. When the Sign of the Multiplier is Negative (—), 
the Signs of the Produ#t are contrary to thoſe of the Multi- 
Plicand. For a —_ Term in the Multiplier ſhews 

erence between two Quantities by 
which the Multiplicand is to be added to itſelf (XXIV) ; 
that therefore, _—_ made the Product by an affirma- 
tive Term in the Multiplier, this Product is too great, 
and is to be diminiſhed by the Product of the fume — 
tiplicand by this negative Term of the Multiplier; that 
is, that the latter Product is to be ſubducted ſrom the 
former; and that therefore this latter Product muſt have 
its Sign changed (XXVII); but the Sign of this latter 
Product when produced by an affirmative Multiplier was 
the ſame. with that of the Multiplicand (57); there- 
fore, when changed, . it muſt be contrary. Now the 
Signs of the Multiplicand being to be changed in the Product 
by a negative Multiplier, it 22 that ＋ into — makes 
; and that — into — makes ＋. 
$9. Becauſe, that + into + makes + (57): and 
that — into — makes alſo + (58): and becauſe — 
into 


1 
1 
þ 


— 1 — — 
— —— — - — — — 


— — 


— — 
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Thus 2 2 into 3b, or — 24 into — 33 make 6 4 þ, 
or 6 ba For it is no Matter in wha? Order they are 
placed“. Thus alſo 24 by — 36, or — 2@ by 36 
make — 6 ab. And thus, 24 into 8b cc make 16abcee, 
or 16 abc; and 5 axx into — 12 aaxx make — 
84 a and — 16cy into 31 a y9 make w« 496 ac y*;z 
and — 4 Zinto—34/ azmake1t2z4/az. And ſo 3 into 


 — 4 make — 12, and — Jinto — 4 make 12. 


XXXI. Fradiiont are multiplied, by multiplying their Nu- 
merators by their Numerators, and their Denominaters by their 
Denominators. Thus 2. into 3 make? : and 2 into a 

7 ae, 


make 22; and a f into 37 make 6 x f. X 7 6755 | 


74 
2 into — . Z make — 214 C and 4.2 
and Into 4 2⁵ m 5 and —.— 
into I. 2 make L; ind © into £ 2's 
c ce b 4 


". 2 6 F 
mike . Gr BE es, Cans Bed if 3 


be reduced to the Form of a Fraction, viz. 1 by making 
uſe of Unity ſor the Denominator. And thus 2209 


| ce 
20 a3 2 


into 2 a make =——, Whence note by the Way, that 


cc 
2 and 2 h are the ſame; as alſo 2 oo x, and Un, 


C c c 


Ao — *.. 42 - þ 57 cu; and ſo in others (d. 
XXII. Ra- 


i 


8 r _ tho — *r 4. AAA A rnd. ett th. At... oi 


into + makes — (s7): and, that + into — makes 

alſo — (58): I. fellows univerſally, that femiler Signs in 

the Fattors make an vr Sign; that difſimilar 

Signs in the Factors make a negative Sign in the Prout. 

* See No 20. a 

XXXI. (4) 60. Fractiam, whoſe Numerators are equal, 

are to each other inverſely as thair nators, For — 
| | equ 


= — 1 n 
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XXXII. Radical Quantities of the ſame Denomination (that 
is, if they are both Square Roots, or both Cube Roots, 


or both Biquadratic Roots, &c.) are multiplied by mul- 


tiplying 


„ — — — 


8 


— 


equal Number of Parts muſt be to each other as the 
Magnitudes of thoſe Parts; but the Magnitudes are in- 
verſely as the Denominators. (Eucl. VII. 19.) 

61. Fractions, whoſe Denominators are equal, are to each 
other as their Numerators, For Parts whoſe Magnitude is 
the ſame muſt be to each other as their Number. 

62. Therefore, univerſally, Fractions are to each other as 
their Numerators directiy, 2 their Denominators inverſely. 

63. As Unity is to the Multiplier, ſo is the Multi- 
plicand to the Product (19); but as Unity is to a Frac- 
tion, ſo is its Denominator to its Numerator (XXI); 
therefore, as the Denominator of the multiplying Frac- . 
tion is to its Numerator, ſo is the Multiplicand, whether 
Integer or Fraction, to the Product; and conſequent! 
in all Caſes of Multiplication by a Frafion, the Multipli- 
cand is to be multiplied by its Numerator, and divided by its 
Denominator (Eucl. VI. 12.) as before in the Multiplica- 
tion of Decimals (48). 

64. A Fraction is multiplied by an Integer by multiplying 
the Integer into the Numerator, and by ſubſcribing the De- 
nominator under the Product (XI); or by dividing the De- 
nominator by the Integer, and by ſubſcribing the Quote under 
the Numerator (XI). For it is the ſame Thing to in- 
creaſe a given Number of Parts in a given Ratio, the 
Magnitude of the Parts being unchanged, as to increaſe 
the Magnitude of the Parts in that Ratio, their Number 
being unchanged ; and their Magnitude is always in- 
creaſed in any Ratio, by diminiſhing the Diviſor or De- 
nominator in that Ratio (60): But by multiplying the 
Integer into the Numerator, their Numher is increaſed 
in the Ratio of the Integer to Unity, their Magnitude 
being the ſame (VI); and by dividing the Denominator 
by it, the Magnitude of the Parts is increaſed in the 
ſame Ratio, their Number being unchanged. | 

65. The Product of two Fractions is found [there being 
always a Multiplication of both Numerators and Deno- 
minators 


% 
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riplying the Terms together under the ſame radical Sign. Thus 

Z into / 5 make / 15; and / ab into HV make 

/ abed;andy* 5ayyintoy/37ayz make d 35,00)3%. 
4+ 


and _ into D e make / 2 
c c 


that is“ . And 
CC C 


2ay/azino3Zby/azmakebaby/ aazz, that is 
baabz; 


— | 


minators (47), but that by the Denominators being 
equivalent to a Diviſion (64. 63) ] Firſt, By multiphing 


the Numerators, for a new Numerator ; and the Denomina- 


tors, for a new Denominator. For thus the Multiplicand 
is multiplied by the Numerator of the Multiplier, and 
divided by its Denominator, becauſe the Product of the 
Denominators is ſubſcribed (XI). | 

66. Secondly, By dividing theNumerator and Denominator 
of the Multiplicand reſpectively, by the Numerator and Deno- 
minator of the Reciprocal of the Multiplier. For thus the 
Multiplicand is multiplied by the Numerator of the Mul- 
tiplier, becauſe its Denominator is divided by it (64); 
and it is divided by the Denominator of the Multiplier, 
See Ne 145. 

67. Thirdly, By dividing the Product of the Denominators 
by the Numerator of the Multiplier, and ubſcribing this Quote 
to the Numerator of the Multiplicand. For thus the Multi- 
plicand is multiplied into the Numerator of the Multi- 


plier ; becauſe its Denominator (in the Product of both 


Denominators) is divided by it; and it is divided by the 
Denominator of the Multiplier, becauſe the Product of 
both Denominators (reduced by the foregoing Diviſion) 
is ſubſcribed to its Numerator, o 

68. Laſtly, By dividing the Product of the Numerators 
by the Denominator of the Multiplier, and ſubſcribing the 

enominator of the Multiplicand io the Quote. For thus 
the Multiplicand is multiplied into the Numerator of 
the Multiplier, and divided by its Denominator, becauſe 
the Product of the Numerators is divided by it. 


Note, that the fir/? Method is the belt, being not liable 
to compound Fractions, | 


* See the Chapter of Notation. 
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XXXII. (.) Powers and Radicals are either of the 


| ſame Quantity, or of different Quantities £ and they are 


either of the ſame, or of different Exponents, or Denomi- 
nations. In all Caſes they muft be brought to the ſame E 
fr before they can be multiplied or divided; otherwiſe the 
rodu& or Quote could have no certain Exponent. 
69. The Product of Powers and of Radicals of the ſame 
Exponent, but of different Quantities, has the fame H- 
t with the Factors: ſo that the Product of ſuch 
owers is the ſame Power of the Product of their Roots: 
and the Product of ſuch Roots is the ſame Root of their 


Product. Thus c Xb =a I abe ab. 

As to the Multiplication and Involution of Powers 
and Radicals of the ſame Quantity ; it will be nece 
to attend more diſtinctly to their Generation, and alſo | 
to ſome Properties of geometrical Progreſſion. 

70. Four Quantities are in geometrical Proportion when 
the Ratio of the Firſt to the Cond is equal to the Ratio of 
the Third to the Fourth ; and Quantities are in geometrical 
Progreflion, when they incregſe, or decreaſe, by equal Ra- 
ties; and conſequently, the Terms increaſe by a com- 
mon Multiplier, if the Pro reſſion aſcends ; and decreaſe 
by a common Diviſor, if the Progreſſion deſcends. 

71. In a geometrical Progreſſion, when the Number 7 
Terms is even, the Product of the Extremes is equal to the 
Progutt of every two mean Terms equidiſtant from them; and 
when the Number of Terms is add, it is equal to the Square of 
the middle Term. For the Ratio of the firſt to the ſecond 
Term being equal to the Ratio of the Penultimate to 
the laſt, theſe four Terms will be proportional (70) ; 
ang therefore the Product 7 the Extremes is er” = = 

* | | 4 
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XXXIII. Qantities that confift of ſeveral Paris, are mul 
* | plied 
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Product of the ſecond and penultimate (Eucl. VII. 19). 
The ſame Reaſoning holds good in every Pair of 
Terms equidiſtant from the Extremes; and therefore in 
thoſe alſo which are adjacent to the middle Term, when 
their Number is odd: But the Square of the Middle is 
equal to the Product of the adjacent Terms (Eucl. VII. 
20); and therefore to that of every Pair of Terms 
equidiſtant from it. „ 

72. The laſt Term is equal to the Product (if the Progreſ- 
fron aſcends) and to the Quote (if the Progreſſion deſcends ) 
which ariſes; by multiplying in the former Caſe, and by divid- 
ing in the latter Caſe, the firſt Term by that Power of the 
common Ratio, whoſe Exponent is the Number of Terms leſs 
One, or the Number of Means more One. For it exceeds 
the firft Term, or is exceeded by it, by the common 
Ratio ſo often multiplied into. itſelf, as there are Terms 
after the Firſt ; that is, as there are Terms leſs One, or 
Means more One. | 3 h 
73. Hence, the common Ratio is equal to that Root of the 
975 of the Extremes, whoſe Exponent is either the Number 


of Terms leſs One, or the Number of Means more One : 
hence the Extremes being given, any Number of mean 
Proportionals will be found. F or by extracting from the 
Quote of the Extremes, the Root, whoſe Index is the 
Number of Means ſought more One, the common Ratio 
is found; and thence any Number of Means. Fa 
4. F two deſcending Progreſſuns, conſiſting of three 
7 4 have 7 md Ce the N 3 as 
the firſt Term of the former is greater or leſs than the firſt 
Term of the latter, 4 the laſt Term of the latter ſhall be 
reater or leſs r:/peftrvely., than the laſt Term of the former. 
For the Products of the Extremes in each being equal to 
the ſame Square, fhall be equal to each other : and there- 
oy the Extremes ſhall be reciprocally proportional (Euct. 
19). | « SB = 
75. The fame Progreſſſans bein gſed, the Difference 
4 * firft lan, ſhall 15 je. 17955 Di nds "The 
loft. For in the reciprocal Proportion in Ne 7, as An- 
"Re | tecedent 


a . © r ame Ok am ao _w©@ uoasn a a<_St r TZ«£«c* ok #2 a. 


PY „ a 


MULTIPLICATION, 51 
tiplied by multiplying all the Parts of the one into all the "I 
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tecedent is to Conſequent, ſo is the Difference of the 
Antecedents to the Difference of the Conſequents (Eucl. 
V. 19); but the Antecedent wag greater than the 
middle Term, is greater than the Conſequent; where- 
fore the Difference of the Antecedents is greater than 
the Difference of the Conſequents. | 

76. Unity, the Root, the Square, the Cube, &c. of the 
ſame Duantity are in geometrical Progreſſion (XV) : But 
each Term of this Progreſſion conſiſts of the Number 
of Factors in the laſt antecedent Term, and of One 
more; therefore the Exponents of theſe Terms, which indi- 
cate the Number of Factors in each ( IV), differ by Unity, 
are equidifferent, and in arithmetical Progreſſion { 37). Now 
the Square, Cube, &c. are produced by the continued 
Multiplication of Unity into the Root ; wherefore put- 
ting Cypher, the Exponent of Unity; then Unity muſt 
be the Exponent of the Root, and 2, 3, &c. the Ex- 
ponents of the Square, Cube, &c. reſpectively; that is, 
the aſcending Laterals will be the Indices of the Powers aſ- 
cending. Now the Powers below Unity are the Recipro - 
cals of .thoſe above Unity, and conſequently are Unity 
divided by thoſe Powers ; their Denominators will there- 
fore have the ſame Exponents as their Reciprocals ; that 
is, the ſame Laterals : But the Value of any Quantity in 
the Denominater of a Fraction being the Reciprocal of 4t in 
the Numerator, it may be tranſpoſed above the Line if the 
Sign M its Exponent be changed; conſequently the Powers 
of any Quantity below Unity may be expreſſed as Integers, with 


the negative Laterals for their Exponents, Thus the Series 


r U * x T 


355 5 a 3 ny I, , , xt, x, a, may be ex- 
preſſed by , „ , , „ , 1, , xt, af, 
& , x*, | 
7. If between the Terms of any geometrical Series any 
Wille of mean Proportionals be found (73), and alſo the 
ame Number of arithmetical Means be found between the 
E xponents of thoſe Terms (40); the arithmetical Means ſhall 
be Exponents reſpectively of the geometrical Means. Thus, 
if two mean Proportionals be found between the 
E 2 Term 
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of the other, as is ſhewn in the Multiplication of Num- 
| IS. 


3 3 — 3 
Terms of the above Series, and interpolated, it will be 


3 i =9: wy 2227, = 
x,x#%, x3, x, „ , x 3, „„ «I, xi, x, «„ 
e INV JOINT @ 36.5 
* % #, #73, #*, 1, a, xt; , „ , ͤ 4 4% dt 

— 2 7 38... 46 \ 


x', x 3, x3, „, xi, x 3, x5, &c. 

8. Surds therefore are mean Proportionals, (XV) or Powers 
with fractional Exponents, whether Affirmative or Negative, 
whoſe Numerators denote the Power to which the Quantity is 
raiſed, and whoſe Denominators denote the Root to be extracted 
from that Power. Wherefore they may be expreſſed 
either fraftionwiſe, or by the Note of Irrationality with 
integer Exponents. Thus the laſt Series may be expreſſed 


by theVinculum, or Note of Irrationality, x—5, * **» 
3 3 8 3 _ MER 
VJ , , CEE CS Vr „ , 
2 9 di * r 1, 1, Vx, V, 
| | F . N 

= , VX, X, V, V, x, Ve, Van, , HVxiz, 


, & 5, &c. 


79. The Product of Powers or Radicals of the ſame © 


Duantity is found by adding their Exponents ; but their 
fractional Exponents muſt be reduced to the ſame Deno- 
minator, before they can be added. For as the Ratios 
of thoſe Terms to Unity make, if added together, the 
Ratio of the Product to Unity, ſo the Exponents of 


thoſe Ratios added together, make the Exponent of the 


compound Ratio. | WI . 

80. Whence, 1 the Sum of the Exponents is nothing, the 
Produtt of the Radicals is Unity ; and if when they are frac- 
tional their Sum is an Integer, the Product of the Radicals is 
rational. 0 

8r. Powers and Radicalt of the ſame Quantity are divided 
by ſubducting their Exponents, For the Ratio of the 
Quote to Unity is the Exceſs of the Ratio of the Divi- 


dend to Unity above the Ratio of the Diviſor to Unity, 


therefore 
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bers. Thus, c—x into à make a c—ax, and 42 


aa + 
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therefore the Exponent of the Ratio of the Quote to 
Unity will be the Exceſs of the Exponent of the Ratio 
of the Dividend to Unity, above the Exponent of the 
Ratio of the Diviſor to Unity. | 

82. Hence if the Difference of the Exponents is o, or an 
Integer; the Quote will be Unity, or Rational, reſpectively. 

83. Powers and Radicals of the ſame Duantity are in- 
volved by multip.ying their Exponents by the Exponent of the 
Power required, For as the Ratio of the Power or Radical 
to be involved to Unity ggultiplied into itſelf ſo often as 
there are Units in the EMonent of the Power required, 
makes the Ratio of the Power required to Unity; ſo the 
Exponent of the Ratio of the Power or Radical to be 
involved to Unity, ſo often added to itſelf as there are 
Units in the Exponent of the Power required, (that is, 
multiplied by it) will give the Exponent of the Ratio of 
the Power required to U nity. 
84. Hence, if the Exponent of the Power required is 


equal to, or a Multiple 75 the Denominator or Name of the 
e 


Surd, the Produft of the Exponents being an Integer, ' the 
Power of the Surd will become rational. | 
85. Powers and Radicals of the ſame Quantity are e- 


volved by dividing their Exponents by the Name, or Exponent 
of the Root er For the Ratio of the Root to Unity 


is that ſubmultiple of the Ratio of the Power to be evoly- 
ed to Unity, which the Index of the Root denotes: Con- 
ſequently, the Index of the Power to be evolved, divided 
by the Index of the Root required, gives the Index of the 
Ratio of the Root to Unity, OE 
86. Hence, if the Name of the Root required is 4 Di- 
viſor of the Exponent of the Duantity to be evolved, the 
Ducte being Integer the Root will be rational, that is, a lower 
perfect Power in the ſame Series, but i it be not a Diviſor, 
the Quote being fractional, the Root will be a Surd, or mean 
Proportional between ſome perfect Powers in the Series. 
7. The Product of an odd Number of negative Factors is 


Negative: and the Product of an even Number of negative 
Fattors is Affirmative. F 3 the negative Sign of the 
3 


Multi- 
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+ 24 - be into a—b make a3 + 2@4ac—aab— 


3b ac 
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| l 4 
Multiplicand is changed into Affirmatiye in the firſt Mul- 
tiplication (58), and the affirmative Sign of the firſt 


Product is changed into Negative in the ſecond Multipli- 
cation, and ſo on; that is, the Product is poſitive and ne- 


gative, as the Number of negative Factors is even and odd. 


88. The Powers of a negative Quantity, whoſe Exponents 


are odd, are Negative; and theſe whoſe Exponents are even, 


are Affirmative, Fer the Exponent being odd, the Num- 


ber of Factors is odd (XIV), and the Power negative 


(87); and the Exponent being, even, the Number of 
actors is even, and the Por Affirmative. Conſe- 
quently, the Powers of a negative Quantity beginning with 
Be Square, are alternately Affirmative and Negative. Hence 

89. A negative Square, or any negative Power whoſe Ex- 
Ponent is even, is an impoſſible ned ond therefore its 
Koot is imaginary: but a negative Pewer whoſe Index is edd 
is poſſible, and its Root real (88). | <2 

90. The Powers of a quadratic Radical, whoſe Exponents 
are even, are rational (84), and Affirmative, whether the 
Radical be Afirmative, or Negative (88); but the Powers, 
_ wwhoſe Expenents are odd, are Irraticnal ; and Affirmative if 
the Radical is Affirmatrve, but Negative if it is Negative (88). 
91. If an imaginary Radical (89) be futpoſed to be in- 
volved, the Powers whoſe E xponents are even are all rational 
(84) ; and Negative and Affirmative alternately : and the 
Powers whoſe Hæpenents are odd, are all Irrational ; but 
Affirmative and Negative alternately. For the Root bein 
imaginary, the Square muſt be Negative; otherwiſe, a 
rea] Product would arife from imaginary Factors, which 
is abſurd ; and if the Root has any Cocfficient, whether 
Afirmative or Negative, its Square will be Affirmative 
(88); and conſequently the Product of thoſe Squares 
wiil be Negative (58) : Now the Square being Negative, 
the Biquadrate will be Affirmative (88); and the Square 
being Negative and the Biquadrate Affirmative, the 
Cubocube will be Negative (88). And ſo on, alternately, 
Negative and Afirmative. Again, the Square and the 
Root being both Negative, the Cube will be AD 
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3bac+bbc.(f) Fora a ＋ 24 be into - make 
- 424 - 24 t , and into a make a 2a 
- 4 c, (g) the Sum whereof is 43 T2440“ —446— 
3abc + bbc. A Specimen of this Sort of Multiplica- 
tion, together with other like Examples, you have un- 
derneath (Y): | | 
| ; aa +2ac—bc 
a—b 
—aab—2abc+bbec 
 OÞ2aac— abc | 


a+ 2aac— aab—zabe-+bbc(:) 


a6 


(88); and the Root being Negative and the Cube Affir- 
mative, the Quadratocube will be Negative: And 
ſo on, Affirmative and Negative alternately. Thus 
—I/ XI -—-@=Ix—-@#==—a; 
and —I/—&fX—&®=a/—a; and — I 
/ — Xx — a? = - Xx — a* = a*; 
and — IV- XA = — & — 42; and—1 
X- - K — = ==, &c. 
92. F an affirmative Square is ſuppoſed to have an 
imaginary Root, or a negative Square any Root, they muſt 
each have two Roots, whoſe Coefficients have contrary Signs, 
For if the Roots of the former were both Negative, the 
Square would have been Negative (91): And if thoſe 
of the latter were both Affirmative, the Square would 
have been Affirmative (88): But ſuppoling the Signs of 
the Roots to be contrary, in each Caſe the Product of 
the Coefficients with contrary Signs will be Negative ; 
therefore the whole Product inthe former Caſe will beAffir- 


mative, and in the latter, Negative. Thus — 1 / —@* 
XIV - &f=—=IX=—@&=d: And — 19% 


X 1/ &f =—1I Xa =— &, 


XXXIII. (/) See Number 56. (g) See Numb. 58. 
93. (hb) Becauſe every Term of one Factor is multi- 
plied into every Term of the other, the Number of Terms 


in the Product, before the ſimilar Terms are united, will be 


the Product of. the Number of Terms in each; and if the 
Terms in each Factor are of the ſame Dimenſions, that is, homo- 
geneous, the Terms alſo of the Product will be homogeneous. 


ie => 
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LAY — 


— 


(i) The Learner ought to conſider attentively the 
Multiplication of Binomes; and the Generation of Powers 
dy the Involution of any Binomial, or Reſidual Root. 
8. n Number 5 Binomes be multiplied into each other, 
and the Terms of the Product be ranged, and aggregated to- 
gether, according 10 the Number of the firſt Members com- 
bined in each; then the Number of firſi Members combined 
in each Term will be, from firſt to laſt Term, in arithmeti- 
cal Progreſſion, whoſe common Difference is Unity, deſcendin 


fromn; viz. n, n—1, n— 2, &c. n—n=0; and the 


Number of ſecond Members will be in the ſame Progreſſion, 
aſcending from o to n; and the Number of the ſame Combi- 
tations in the err er will be 1, n, EN , Dt 


1 2 
— - &c. entinued to n Terms; and the whole Num- 
ber of Terms will be n 1. For let the two Binomes 
A4 and B be multiplied the one into the other; 
jt is manifeſt that A + @ into B, makes AB+ zB; and 
into h, makes Y A+ 4b: theſe being ranged, and aggre- 
＋ according to the Number of firſt Members, will 
e AB+aB 4 

+bA+abz in which the Number of firſt 
Members combined in the Terms is 2, 1, o; that is, 
n, h—1, -, =6: but the Terms muſt be homo- 
geneous, becauſe the Bindmes are homogeneous (93.); 
therefore the Number of ſecond Members combined are 
d, t, 2. Alſo the fecond Term of the firſt Series is a 
ſimilar Combination with the firſt of the ſecond Series, 
they are therefore to be aggregated, and their Number 
js 2, or n; to wit, the Number of Times which two 
Things can be taken fingly (35); and as there are ne 
other fifkilar Combinations, there muſt be three Terms, 

| viz. 


PP ˙ Ou -. > &X 24 . Li w an — of Que. E. F 
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77 + 


viz. 2+ 1. Now let this Product be multiplied into 
C+c; it is plain that the Series of Terms from the 
Multiplication by C will be ABC TAB W © 
| | +bAC+abC; and 
that the Series of Terms from the Multiplication by e 
will be c ABT 23 | 
c +':bA+ abc: ſo that the ſecond Term of 
the firſt is a ſimilar Combination with the firſt of the 
ſecond Series, and the laſt of the firft a ſimilar Combi- 
nation with the Penultimate of the ſecond, whence they 
are to be reſpectively aggregated after this Manner, 
ABC+aB | 

+ bAC+abC 

＋ AB+taB 60 

Te ANI. Now the firſt Term 


of the firſt, and laſt of the ſecond Series cannot be 


gated, being diſſimilar to each other, and to every 
other Term; fo that the Number of Terms is 4; to wit, 
„ +1; and the Number of ſimilar Combinations in 


n 2 1 
* aggregated Terms * Th PROD 1 2 


75 * 
. ty: 8s '— 3 m_ ; (35): and the 
Number of firſt Members combined are 3, 2, 1, o; viz. 
„, t—1T, t—2, - and conſequently the Number of 
ſecond Members are o, 1, 2, 3 (93). After the ſame 
Manner, if there are more Binomes, becauſe in every ſub- 
ſequent Multiplication of a foregoing Product by a Bi- 
nome, the ſecond and following Terms of the Gr Se- 
ries of Products, viz. by the firſt Member of the Mul- 
tiplier, are always ſimilar Combinations with the firſt 


and following (except the laſt) of the ſecond Series re- 


ctively, they are to be aggregated; and the whole 
ſpe * y ggregated ; 5 
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Jy ＋245— 444 

Jy — 2425 ＋ aa 

aayy +243 you; as 
2493 — 444 ＋ 4 

E22 — 124222 ; 

1 * 223% „„ — ad 


24 * 


* — _ —— A * 2 
mn. 


Number of Terms will always be # + 1; the Number 


of firſt Members will be n in the firſt Term, and de- 


creaſe by Unity, and none in the laſt; and conſequently, 
thece will be no ſecond Member in the firſt Term, and 
the ſecond Members will be combined, one-by one, two 
by two, 3 by 3, &c. in the 2d, 3d, 4th, &c. Terms reſpec- 
tively; and their Number in the laſt Term will be n; and 
the Number of ſimilar Combinations. in the Terms will be 


4 Me. 3: NT. Hs | 
* $n®  Srpr - - X - | &c. (35) con- 


tinued to n Terms. 38 OF: 
95. Let the firſt Members of the Binomes, whoſe Num- 
ber is n, become equal to each other, vix. let A=B=C 
c. x; and let the Terms of the Produtt be ranged ac- 
cording to the Dimenſions of x; it ic manifeſt, that, the Terms 
of the Product will become the Powers of x, combined with 


the Combinations, that is, multiplied into the Produtts, of 


the ſecond Members, one by one, two by two, 3 by 3, &c, 


in the 2d, zd, 4th, &c. Terms reſpetiively ; that, the In- 


aces vf x will be n, n—1, n—2, Cc. n—n; and 
that, the Dimenſions of the Product will be denominated from 
x*. The Combinations of the ſecond Members are called the li- 
teral Coefficients of the Powers of x; the Number of ſimilar 
Combinations in theTerms are called the numeral Coefficients, or 
> 4 n #4 Mn GE NT NM-—2 
Uncie ; to wit, 1, CCS TInS 1 * * 
c; the Uncia of the ſecond Term being always n, the Di- 
menſions of the Product. Thus putting AB C x; the 
+2 425 8 
foregoing Product will become x3 + b x, + - x+abc. 
| 14 ＋ 5 THE 
96. Hence, if x the firft Member, which is common to the 
Binome Factors, is found in the laſt Term of a "—— 
| 5 | whoſe 


—_ _ a 1 ti «__  ___ " —"Y _— — 
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2ax a3 
— — x — 
c c 
3a ＋ 
24x ,,46b aa 
C C Cc 
baax _ a3 
7.3667 
baax © 43 24 K aab 'aab 
r A oe 8 


* 


whoſe Terms are ranged according to the Dimenſions of x; 


then, the ſecond Member of one Binome is nothing: and jo 
often as x is found in the laſt Term, ſo many Binomes there 
are, whoſe fecond Members are So, and the Product of 
the Dimenſions of x in the higheſt Term wants ſo many 
of its laſt Terms, as there are Units in the loweſt Index of 
x. For if the Product was compleat, the Index of x 
would have decreaſed by Unity to nothing, that is, there 
would have been ſo many more Terms as there are Units 
in the loweſt Index of x. , 
97. Let the firſt Member of the Binome Factors be x, as 
jedi. and the ſecond Members be unequal Numbers ; the 
Terms of the Product (ranged always by the Dimenſions f 
x) will be its Powers nel Indices decreaſe by Unity, mul- 
tiplied, into the fecond Members, one by one in the ſecond ; 
into the Products of two in the third; into the Products 


of three in the fourth; and ſo on; the laſt Term being 


the Product of all the ſecond Members, and into which x 
does not enter: But the ſecond Members being Numbers, 
the ſimilar Combinations of them will be united into one Sum, 


fo that the Unciæ, and the Coefficients of the Terms which 


were heretofore called literal, are now the Sum of the ſecond 
Members in the ſecond Term, the Sum of their Produtts by 
two in the third, the Sum 1 their Producis by three in the 


fourth; and fo en; and conjequently grow greater and _ 


in the ſubſequent Terms : and the laft Term will be the Product 
of them all, purely numeral. Thus ifa=2,b= 3, c=4, 
the above Product will be #3 +9 x* 26x + 24; in 
which & =2x* + 34 + 4, the Sum of 1. wr 

oOmol- 
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Combinations of 2, 3, and 4, ſingly with x*; and 26 x 
=(bx=) 2X3Xxx + (8x =) 2x4Xx + (12x=) 
3X4X x, the Sum of the three Products of 2, 3, and 4, 
viz. two Factors in each Product combined with x; and 
the laſt Term is 24 = 2X 3x 4, the Product of them 
all together. Now if any of the ſecond Members have 
contrary Signs, the ſimilar Combinations are to be 
ſummed by Art. xxiv. ſo that the Sums may not increaſe 
in the ſubſequent Terms, 

98. Let now both firſt and ſecond Members of the Bi- 
nomes, whoſe Number is n, be equal, and being expreſſed by 
Species, be multiplied ; that is, let the Binome x + a be in- 


volved to the Power, whoſe Index is n: the Terms of the 


Power will conff of the Powers of x, whoſe Indices decreaſe 
from n to o combined with the Powers of a, whoſe Indices increaſe 
hem o in n and alſo with the Unice 1, =, = x =, 
2 An 

1 3» N 
tively. For the ſecond Members having become equal, 
as well as the firſt, their Combinations will become alſo 
the Powers of one Member; that is, the Indices of 
4 will increaſe as thoſe of x decreaſe, fo that their Sum 
in each Term will be equal to = (93), ſo that what were 
heretofore called the literal Coefficients of the Terms 
are now become the Powers of a, and the Unciz, or 
numeral Coefficients (which could not be expreſſed in 
Numbers when the ſecond Members were all different 
(95) and their ſimilar Combinations were particularly 
wrote down in the Aggregates ; nor, when the ſecond 
(97) Members being numeral, their ſimilar Combina- 
tions were united,) may now be expreſſed in Numbers, 
to abbreviate the Expreſſion; and it is manifeſt, that 
theſe Undae will fit increaſe and then decreaſe, and be the 
fame when they decreaſe, as when they increaſed (32). Thus 
if a b = c = &, the above Product will be the Cube of 


| | +a + 24 
x +@; and will be xxx +a xx + @ax Þ+ aaa, or writ- 
| + a aa 


ing the Unciæ ærr + 3axx + 3aax+eaa:. or 43 + 


34a +£3a* x +&@* (Art, XIV. 59. 88). 


99. Let 


* , &c. continued to n Terms, reſpec- 


1 
' 


E tas Bs I — — we 
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99. Let the above Binome x +a have its ſecond, Member 
changed into ſome Number, and be raiſed ty the Power n. it 
is manifeſt that the Terms will conſiſt of the Powers of x de- 
creaſing from n to o, combined with the Powers of the Num- 
ber increaſing from o to n; and which are multiplied reſpec- 


tively into the Uncie, 1, = F 7 * — &c. for (97) the 


Sums of the Products are now the Sums of Powers, aud 
thoſe Powers being equal to each other in every Term, 
their Sum will be equal to the Product of one into their 
Number: and the Sums will grow greater and greater, as 
the Powers grow greater; though their Number the Uncia 


grows leſs. C 
| 4 
Thus, if a = 4, the Cube of x +4 will be x* + 4 x* 
44 
+ 16 


+ 16 x £ 4X4 X 4 (59, 88.) ; now it is plain that 
, | 


the Sum +4 + 4 + 4 = to the Uncia 3 multiplied into 
the 2d Member + 4, and that the Sum 16 + 16 + 16 = 
to the Uncia 3 into the Square -þ 16 of + 4; wherefore 
the cube is & +12x* + 48x + 64 (59. 

100, Wherefore univerſally putting x + a indefinitely 
for any Binome to be raiſed to any Power whoſe Index is any A ir- 
mative Integer n, the following Invention of our Author, and 


' which is called the BINOMTAL "THEOREM, is an univer 


Module for raiſing it to that Power without the Labour of 


Multiplication ; x* + = XX a + * 22 


nN—T n—2_ 2-3 n | 
5 X X Ka : * < X 


+ = x 
Pl 


— N — 2—4 x — 
: 2„ —3 * x a* Ce. — *. 42 * 


— n— NN n—a 
n—2 ung; Xx 4˙ 


F 


X 


, 4AM n 
101. Becauſe in the Series , 1* „ - 
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4 8 1 = * E een ef ; 4 
X — Sec. of Fractions for finding the Uneiæ, the 
Numerators are the ſame decreaſing Laterals with the 


Indices of x, yet ſo that the Index of æ in any Term is 
by One leſs than the correſponding Numerator (for 


= is the Fraction, which multiplied into Unity, gives the 


Coefficient of the ſecond Term, in which Term the In- 
dex of x is only u — 1, and ſo on) and becauſe the De- 
nominators are exactly the ſame increaſing Laterals with 
the Indices of @; therefore the ſame Series may be enun- 
ciated thus, in any Term, if the Uncia of the preceding Term 
be multiplied by the Index of x more Unity, and the Product 
be divided by the Index of a, the Quate will be the Uncia of 
that Term. And becauſe in any Term the Index of a 1s 
equal to the Number of preceding Terms, and the Index 
of x is equal to the Number of ſubſequent Terms ; the 
ſame Series is alſo thus enunciated, in any Term, if the preced- 
ing. Uncia be multiplied into the Number of Terms following 
more One, and the Product be divided by the Number of pre- 
ceding Terms, the Quote will he the, Uncia of that Term. 
And becauſe. the Index of a may be called the Index of 
the Coefficient, as it marks its Place, whether it be 1ſt, 
2d, &c, and becauſe the Index of x is called the Index of 
the Term ; the ſame Series is alſo enunciated thus, in any 
Term, if the preceding Uncia is multiplied into the Index of 
the Term more One, and divided by the Index of the Coefficient, 
the Quote is the Uncia of that Term. Now becaule theſe 
Unciæ muſt decreaſe and be the ſame as before, when the 
Numerators and Denominators of the generating Frac- 
tions become equal, or change their Value (32) ; there- 
fore the fame Thing will happen; when, the Indices of. x 
and a become equal or change their Value in the ſame Term; 
whence it will be ſufficient to find the Uncie for half the 
Number of Terms: Now the Number of Terms is given, 
being always n+ 1 (94); and the Series muſt terminate, 
n being by Suppoſition finite, and affirmative, , the 
Terms of the Power be numbered from the other End of the 
Series, viz. frem a to x; it is evident that the ſame Things 
will be demonſtrable by ſubſtituting a for x, and x for a. 
\ © 102, Let the Power to which the Binome x 4- @ is to be 


raiſed be an affirmative mean Proportional, or one which is 
** above 


e 
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ebove Unity ; that is, a Power whoſe Index is the affirmative 


Fraftion = (78); then the Module for the Uncie of Number 
n 


(100) will be changed into 1, D EXE 1. 2 * 1 
| 9 8 
X = — 2, &c. that is, by reducing the Fraftions 


g : mm m—n in 
to a more ſimple Form, into 1, u, FX , T 
1m— m— 28 m m— n m — 2 mM 
Tu Xn A N 2 n * zun * 42 ? &c. [ For 
m m--n m m——2Nn 


. 1 u', and 2 — 2 =7”"7, &c. (Art, 
LIX )J] and therefore the whole Module qwill become 
m m un m- an 
n m 2n 9 m—n 3 u m m — 
x TL 7x 1 2n X n 28 

Mm— 43 un 

Xm—2n 4n FOR m - n m - 2 n Ren 
3-—n X a3 17 7 3n X 4 n 
m-—4n 
5 n 
x af, &c. 


103. Let the Power, to which the Binome x + a is to be 
raiſed, be a mean Proportional below Unity, that is, a Power 


whoſe Index. is a negative Fraction _— (78) ; the Expreſ- 
my the Unciæ will be the ſame, but the Module will become 


— M-—n — 1 — e n 
| m m m - n 3 — 
N n Wy Mx =. Z X a 7 
—— 


.m m—y m— 2 m X Mn 
ry X 2n X 3u X a3 27 2 1 X 


m2N X m- Zn 5 
Tg W a 

104. Let the Power, to which the Binome x + a ts to be 
raiſed, be a Diviſor, or the Denominator of a F ration ; that 
is, Let the Index be the negative Integer — 2 ( 76); ; 25 


the Expreſſion of the Unciæ will be * 


” #+1 . = "=.  . 
IX 2 * X 7” '3 


= . (28) Cc. 15 
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4 —1 n n 1 - 
* 7X7”; &c. and the Module becomes 
— 1 — 1 e eee ee 12 9 
Xx þ+7* HN Xx 4 Xx 


—4 
2+ nx ix xx at, &c. 


105g. Becauſe that to extract any Root from any given 
Quantity is the ſame Thing, as to raiſe that Quantity to 
a Power, whoſe Index is a Fraction, the Denominator of 
which is the Name of the Root (76) ; and becauſe that 
to divide any Quantity by an Infinitinome, is the ſame as 
to multiply it by the Reciprocal of the Diviſor ( 145); 
the Theorems of Numbers 102, 103, 104, are 3 


the Operations of raiſing Iuſinitinomes to Powers, and f 


extratiing infinite Roots, in which the Expreſſion will always 
be an infinite Series. For the Denominator (102, 103.) 
of the fractional Index being greater than the Numera- 
tor, the Exponents of the Terms muſt become Negative, 
and increaſe continually; and neither the Denominator 
nor any multiple of it can ever meaſure the Difference 
between the Numerator and Denominator, nor the Dif- 
ference between the Numeiator and a leſs Multiple of 
the Denominator ; whence the Unciz muſt increaſe con- 
tinually : And when the Index is a negative Integer — x 
(104), the continual Subduction of the Laterals from it, 
increaſes the Indices of the Terms negatively ; whence 
the Operation for the Unciz (104) becomes equivalent to 
the Generation of Figurates of the nth Order; and the 
Unciz being thoſe Figurates (28) will increaſe fine fine. 

106. When the Index of the Power is an affirmative 
Fraction, all the Indices of x, except the Firſt, are Negative; 
and when the Index 4 the Pawer is Negative, whether it be 
Integer or Fractional, all the Indices of x are Negative; but 
in all Caſes the Indices of a are Affirmative. If the Power 

m 


ze x Tal The Terms in all the odd Places after the Fir/t 
will be Negative, and the Terms in all even Places Affirma- 
tive : For all the generating Fractions except the Firſt 
being Negative (105), the Unciz beginning at" the ſe- 
cond Term (101) will be alternately Affirmative and 
Negative (59); that is, Affirmative in the even, and 

Negative 
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Negative in the odd Places. If the Power be x — ala 
all the Terms after the Fir/t, will be Negative: For the 
Terms exclufive of the Unciz are Affirmative and Ne- 

ative alternately beginning at the Firſt (59) ; but the 
Uncis-arc Affirmative and Negative alternately begin- 
ning at the Second (105, 59); wherefore all the Terms 
after the . Firſt (59) are Negative. F the Power be 

— m 


X T ala, or x Tal- the Terms in the odd Places will be 

Afrrmative, and in the even Places Negative ; for all the 

Indices of x being Negative, the generating FraQions 

are all Negative ; wherefore the Unciz beginning at the 

firſt Term are Affirmative and Negative alternately, If 
| > i + * 


the Power be x — An or x = a all the Terms will be Ar- 
mative, For as well the Terms excluſive of the Unciz, 
as the Unciæ, beginning from the firſt Term, will be 
Affirmative and Negative alternately ; Wherefore all their 
Products, the Terms, are Affirmative (59). 

107. Becauſe * * (XVI), and 2 = a 


x 4 
and x" 3 ='*; Kc. the form of x + a' in Number 
x3 ; a 
100 may be changed into * +=a + - * © _ 
g | 4 - * b y 
x + n XP—I xn—2 x as, &c. if then we put 
** 1 2 3 a? 


P , and Q 2, ſo that Q =©, G, &c. 
* * * 


and 4 42 P + PQ: the form of x + 2 will be 
T =P + FCE 


2 
—X — * = PO, &c, Laſtly, if we put 


PA ; and the 2d, 3d, &c. Terms of this laſt Ex- 
F preſſion 
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preſſion = to B, C, D, reſpeQively; then x + - — 
| 1 — 2 


—— b n 4 n — 1 d 
AT f CA N 
CC+2=3QD+Z=4QE, &c. an Expreffon 


comprehending all Caſes. F 

108. Any Polynome may be involved to any Power 1 
tinguiſbing it into two Parts, conſidering it as a , 
and raiſig it to the Power required, by Number roy; and 
chen, 2 ſame in the Place of the Prberref thiſt c ! 
Paris, bJlituting their Values, Thus a 


arts, by N 
a+ b: + 


W S aT + 3c X a + |= + 3c X 
a+b + 4 ＋ 34 ＋- 3a +6 + 3a. + 
Ge 36h + 34d + 3b0 + & , 
109\- In the Power x + aV the Square of any Term is 
greater than the Produtt of the tiuo Terms whith' are adjacent 
on each Side. For the Square of the Species Part of it is 
equal to the Product of the adjacent Species (XIV. yr) ; 
but the Square of the middle Uncia is greater than the 
Product of the adjacent ones (32); ſo that the Square 
of the whole middle Term is greater than the Product of 
the adjacent Terms: Alſo Fg each ſubſeguent Term be di- 
vided by the next antecedent Term, the Quotes will grow leſs 
continually (32) Alſo in the Square of x a the Square of 
the middle Term is quadruple the Product of the Extremes 
(33) - And in the Cube of it, the Square of either middle 
Term is triple the Product of the adjacent Terms And in 
the Biquattrate of it, the Squares of the ſecond and fourth 
Terms, are + of the Product of the Terms adjacent to them; 
and the Square of the Third is S of the Product of the Se- 
cond and Fourth, &c. | 2 
110. In the Power x — zl, n be odd, the laſt Term 
will be Negative; if even, Affirmative.' For n is the Num- 
ber of negative Factors, and according as that Number 
is odd, or even (87, 88), ſo the Power a 5 or laſt T erm, 
is Negative or Affirmative. 824 
111. The Terms of every Product by binomial Factor: 
being all Affirmative ; and thoſe of every Product ri- 
fidual Factors being alternately Affirmative and _ 
5915 


”» 
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(59); and the Number of Terms in each being » + x, 
One more than the Number of Factors (94): It follows 
that the Number of Succeſjions in the former Product, and of 
Alternations in the latter, ſhall be equal to n, the Number of 
Factors. 

112. Let any Product of Binomes, having their ſecond 
Members numeral, be multiplied by a Binome _ ſecond 
Member ts alſo numeral ; then 1. if the ſecond Member of 
the Multiplier is leſs than the Quote, which ariſes by di- 
viding any erm of the Multiplicand by its next antecedent Term, 
the correſponding Term of the Product and all its Terms ſub- 


ſequent will have their Signs the ſame with the Signs of the 


reſpective Terms of the Multiplicand ; 2. If the ſecond Mem- 
ber of the Multiplier is equal to that Quote, the correſponding 
Term of the Product will vaniſh, and the Signs of the Terms 
adjacent on each Side will be contrary ; 3. If the 2 Mem- 
ber of the Multiplier is greater than that Quote, the cor- 
reſponding Term of the Product and all its Terms ſubſequent 
will have their Signs contrary to thoſe of the reſpective — 
of the Multiplicand. | | 

Let the Multiplier be a Binomial ; The Signs of the 
Terms in both Series of Products by the Members of 
the Multiplier being ſucceſſively the ſame with thoſe of 


the Muitiplicand (57); and the ſecond Term and all the 


ſubſequent Terms of the former Series being to be added 
reſpectively to the firſt and ſubſequent Terms (except 
the laſt) of the ſecond Series (94), to make the Sums 
or Terms of the Product; in thoſe Sums the Sign of 
the greater Term in either Series muft prevail, when 
they are contrary (XXIV); and they mult be contrary, 
when there is an Alternation of Signs in the Terms of 
the Multiplicand (94): An Alternation therefore in this 
Caſe is always ſuppoſed. Putting then the ſecond Term 
of the binomial Multiplier } — c than that Term 
of the Multiplicand to which the Alteration is made, di- 
yided by its immediate Antecedent from which the Al- 
teration begins, it ſhall alſo be a s = 
ſucceeding Term of thg Multiplicand divided by its im- 
mediate Antecedent (109); therefore its Products into 

4 that 


[ than every 
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that Term from which the Alternation begins, and into 

_ ſucceeding Term of the Multiplicand, will be 
— than the fimilar Terms of the firſt Series, 

to which they are reſpectively to be added (94); there- 

. | , ſame 

fore the gs of the Sums will be the j contrary J ſuc- 

ceſſively with thoſe of the Terms of the firſt Series 


(XXIV), that is, with thoſe of the Terms of the Mul- 


tiplicand (57). Putting the ſecond Member of the 
binomial Multiplier equal to that Term of the Multi- 
plicand to which the Alternation is made, divided by its 
immediate Antecedent from which the Alternation be- 
gins, its Product into that antecedent Term will be 
equal to the ſimilar Term of the firſt Series, to which it 
is added (94): Therefore their Sum, that is the cor- 
reſponding Term of the Product, vaniſhes (XXIV): 
Now the ſecond Member, being equal to any Terni di- 
vided by the preceding, muſt be leſs than every one 
of the preceding Terms divided by its immediate Antece- 
dent (109); wherefore as before the Signs of the prece- 
ding Terms of the Product are the ſame reſpectively with 
thoſe of the Multiplicand; alſo it muſt be greater than 
every one of the ſucceeding Terms of the Multiplicand 
divided by its immediate Antecedent (109); therefore 
as before the Signs of the Sums or Terms of the Pro- 
duct will be the ſame with thoſe of the ſecond Series 
(XXIV); that is, contrary to thoſe of the Multipli- 
cand (59). Now becauſe when a Term vaniſhes, the 
Signs of the Terms antecedent to it are the fame with 
' thoſe of the Multiplicand, and the Signs of the Terms 
ſubſequent to it are the contrary ; and that there is an Al- 
ternation in the Signs of the Terms of the Multiplicand 
(94); it follows, that the Signs of the adjacent Terms 
muſt be contrary. Now let the Multiplier be a Reſidual : 
The Signs of the Terms in the firſt Series are the ſame 
(57), and thoſe in the Second the contrary reſpeRively, 
to the Signs of the Terms of the Multiplicand ( 5805 
therefore when there is a Succeſſion of Signs in the Mul- 
tiplicand, the correſponding Terms in each Series, which 
being fimilar are to be added, have contrary Signs, 2 

BE 8 
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the Sign of the Sum will be that of the greater ; ſup- 
poſing therefore a Succeſſion of Signs in the Multipli- 
cand, and putting the ſecond Member of the reſidual 
Multiplier equal to any Term of the Multiplicand to 
which the Succeſſion of Signs is made divided by its An- 
tecedent from which the Succeſſion of Signs begins, its 
Product into that Antecedent will be equal to the Term 
of the firſt Series to which it is added; therefore the Sum 
is = o; and being equal to one Quote, it will be leſs 
than all the antecedent Quotes, and greater than all 
the ſubſequent Quotes (109) ; therefore the Signs of the 
former Series will prevail in all theTerms antecedent, and 
in all the ſubſequent, the Signs of the latter ; therefore 
when there is a Succeſſion of Signs in the Multiplicand, 
and conſequently in the former Series, the Signs of the 
reſpective Terms of the Product will be contrary to thoſe 
of the Multiplicand ; and conſequently the Signs of the 
Terms adjacent to that which vaniſhes muſt be contrary, 
the Sign of the ſubſequent Term being contrary to that 
of the ſubſequent Term of the Multiplicand; and the 
Signs in the Multiplicand being in Succeſſion (94, 59). 
113. F any given Product: of Binomes, whoſe ſecond 
Members are Numeral, is multiplied into a Binomial, whoſe 
ſecond Member is alſo Numeral, one Succeſſion of Signs, and 
one only, will be added io the Terms of the Product, the Num- 
ber of Alternations remaining the ſame as in the Multiplicand ; 
and if the given Produft 1s multiplied into a Reſidual, one 
Alternation of Signs, and one only, will be added in the Pro- 
duct; and the Number of Succeſfions will remain the ſame as 
in the Multiplicand, Suppoſe the Multiplier a Binomial, 
the Signs of each Series are the ſame reſpectively with 
thoſe of the Mutliplicand (57) ; and the laſt Term of 
the Product has the ſame Sign with the laſt of the Mul- 
tiplicand, and by this Term alone the Number of Terms 
is increaſed (94); now if the Signs of the firſt Series, or 
Multiplicand, prevail throughout, there is one Succeſſion, 
and one only, added (the Number of Alternations remain- 
ing as in the Multiplicand) to wit, from the Penultimate 
to the laſt Term. But if the Signs of the ſecond Series 
prevail in any Sum,. they muſt prevail in. all the ſubſe- 
quent Terms, except the laſt (2229s and an Alternation 
in the Multiplicand has become a Succeſſion in the Pra- 
1-38 F 3 duct 
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duct (112), whereby the Succeſſions are increaſed by 
One only, and the Alternations diminiſhed by One only 
but the Loſs of this Alternation is reſtored by, an Alter- 
nation from the Penultimate to the Ultimate, which al- 
ways retains the Sign of the Multiplicand : And if any 
Term of the Product vaniſhes, becauſe the Signs of the ad- 
joining Terms muſt be contrary (112), by putting either 
Sign for it, there will be one Succeſſion and one Alterna- 
tion, and conſequently one Succeſſion only, added to the 
Number in the M uktiplicand, the Number of Alternations 
being the ſame. Suppoſe the Multiplier to be a Reſidual : 
The Sign of the laſt Term of the ſecond Series, that is, of 
the Product remains unalterably the contrary to that of the 
laft Term of the Multiplicand (94, 58), and this Term 


only increaſes the Number of "Terms in the Product ; - 


Now the Signs of the firſt Series being the ſame, and 
thoſe of the ſecond reſpectively contrary to thoſe of the 
Multiplicand, if the Signs of the firſt Series prevail, 
there is an Alternation, and one only from the Penulti- 
mate to the laſt of the Product added, the Succeſſions 
remaining as in the Multiplicand : If the Signs of the 
ſecond Series prevail in any Sum, a Succeſſion in the 
Multiplicand is become an Alternation in the Product, 
and the Signs of the ſecond Series prevail in all the ſubſe- 


quent Terms of the Product; the Alternations therefore 


are increaſed, and the Succeſſions diminiſhed by one only, 
but the Loſs of this Sucoeſſion is compenſated by a Suc- 
cofkon from the Penultimate to the laſt, And if any 
Term of the Product vaniſhes, becauſe the adjacent 
Terms muſt have contrary Signs, if the vaniſhed Term 
be ſuppoſed to be affected with either Sign, it will 


add both an Alternation and a Succeſſion ; conſequently 


one Alternation, and one only, is added to the Number 
in the Multiplicand, the Number of Succeſſions being 
the fame. | 

114. Hence, univerſally. in every Product of Binames, 
zvhofe fecond Adembers are numeral, there are as many Alter- 
nations of Signs as there are Refidual Fattors, and as many 

 Bucceſſions asBinomial Fattirs ; aud converſely. Suppoſing that, 
when any Term vaniſes, that Term is affefted with either 
Sign. Thus, to:illuftrate Ne. 112 and 113 together, if 
the Binome x ＋ 3 be multiplied into & + 2, there will 


emerge 
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emerge the Products ＋ 5x + 6 (59); and if theſe 
be multiplied by x + a, making a leſs than =, the Signs 
in the Products will be the ſame as in the Multiplicand, 
except that of the laſt Term, which, when the Multi- 
plier is x — 2, ſhall be the contrary. Let x T a =s 
= 1, and there will emerge x3 + AX +x T6; but if 
x TGT 5 the Penultimate ſhall vaniſh, and the 


Signs of the adjacent Terms be contrary, as x? 72 * 


T - : Now making a greater than g „and leſs than 5, 


as & T 4» the Sign of the ſecond Term of the Product 
will be the ſame with the Sign of the ſecond Term in 
the Multiplicand, and the Signs of the ſubſequent Terms 
will be contrary, viz. x + * — 14 x Þ 24. Let a3 + 
5.x +6 now be multiplied into x T 5, and the ſecond 

erm will vaniſb, and the Signs of the ſubſequept 
Term will be contrary to thoſe in the Multiplicand, viz. 
* — 19x; 30; and if @ be made greater than 5 the 
Sign of the ſecond Term will alſo be contrary to that in 
the Multjplicand ; let it be x + 6, and we ſhall have x3 
I #* — 24 * J 36; in all which Caſes, the Number of 
Alternations and Succeſſions are reſpectively equal to 
the Number of reſidual and binomial Factors. | 


115. In the Square of any Binome, the Sum of the Squares 
of the Members is greater than the Sum of the Products o 
the Members. For each Product is a geometrical Mean 
between the Squares (Eucl. VIII. 17): Whence the 
Sum of the Squares is greater than the Sum of the Pro- 
ducts (Eucl. V. 25.) | 


116. If the Binome /a + / b expounded in Numbers, 

a being greater than V b) be involved to a Power whoſe 

Index is n, the Terms of the Power can be united alternately ; 

and if the Sums of the alternate Terms be connected with the 

Sign of the ſecond Member of the Root, the Power will be a 

Bnone, whoſe greater Member © y/ 3, and the lefs 22 
| | 4 | WI 
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when n is odd; but when n is even, the greater Member 
will be rational (90), and the leſs will contain / a b. Let 
n be odd, the firit Term conſilts ſolely of the ub Power 


1 — 1 
of /a, that is, of / 4 Xx 4 z and the other Terms in 
the odd Places conſiſt of the Powers of /a, whoſe Indi- 
ces are either 2 — 2 or n leſs a Multiple of two, that is, 
of the rational Powers of /a into /a, and of the 
Powers of / whoſe Indices are even, and which there- 
fore are rational; therefore the Terms in the odd Places 
conſiſt of the rational Powers of / a and of / h multi- 
plied into / 4 only; that is, the only irrational Part of 
the Terms in the odd Places is / a, and they therefore 
will be entirely rational where u is even; they are there- 
fore ſimilar in both Caſes, and may be united: Now the 
ſecond Term conſiſts of the Power of / a, whoſe Index is 
n 1, and the other Terms in the even Places contain 
the Powers of / a, whoſe Indices are n leſs the odd La- 
terals, multiplied either into / , or, into the Products 
of the rational Powers of / into /; ſo that the 
Powers of / @ in the even Places are rational, and the 
only irrational Parts of the Terms in the even Places is 
); but if n is even, the irrational Part of the Terms 
in the even Places will be / ab; becauſe the Powers of 
u will alſo be irrational as well as the Powers of b; 
conſequently, the Terms in the even Places alſo are 
ſimilar, wy agree in their irrational Part / b, when u is 
odd; or in Y ab, when u is even, and can be united; 
and the Sums, connected as above, will form the Bi- 
nome deſcribed above. Hence, n being add, if Va be 
put rational, the fir? Member; but if V b, the ſecond Mem- 
ber of the binome Power, will be rational; and n being even, 
i#f y/ a be put rational, the irrational Part of the irrational 
Member of the binome Power will be only b, inſtead of 
Vab; and ſe if V b is put rational, it will be only Va in- 

fread of / ab. | | | 
- 117. Hence it follows, that any given Binome may be 
taken for the ni Power of a binome Root, conceiving the 
Members of the given Binome to be the Sums of the Terms 
of the ni Power united alternately, and connetted with the 
Sign of the 2 Member 4 the Root; alfo that the Dif- 
erence of the Members of the given Binome is the n Power 


of 


F the Difference of the Members Y | 
fequently multiplying the Sum into the Difference, the Difference 
the given Binome is the nin 
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the Root And that con- 


of the Squares 55 the Members of 
ower of the Difference 
the Root. For univerſal 
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of the” Squares of the Members 
* 


let the Sum or Difference of t 

Duantities x and a be raijed to. the n**- Power, and let the 
Sum of the Terms in the odd Places be called A, and the 
Sum of the Terms in the even Places be called B, then the 
Difference of the Squares of A and B ſhall be equal to the 


n Power of the Difference of the Squares of x and a; for 
ATB = Xx TAP and ABS X- a)“ therefore AB 


* * - 4, that is, 


x A—B, that is, A — B'. (Eucl. II. 5.) Tal- 


* ＋4 X a, that is (Eucl. II. 5.) 


118. Any binome Surd in Numbers, bath Members having 


leaft Integer which I will meaſure, then ſhall x 


+ X 


. 


m m 
. + * 
continued to = terms, be a compound Surd, 20 hi < multiplied . 


— 2 
n 


+ X 


+ 
m — 
2 


the ſame Index =» @s xi Ta being given, let m be the 
f N ot; n - of h, I 8 4 . 


— 


3 


m 
1 Ee. 


by the propoſed Surd, gives a rational Product xm —an, 
and when — is odd, the Pradus x" + a, For by 


Numbers 59 and 112, all the middle Terms .of the 
Product will vaniſh, and the extreme Terms (80, go) will 
be rational; and if the Surd is the Binomial & + az, 


and = odd, the laſt Term of, the compound Surd will 
be Affirmative ; wherefore the Product will be * a 
159). Thus if 1 * + a* be given, then X wt, there » 


fore 


o 


« 
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fore m = 3, and 1 3 43 therefore the com- 

pound Surd 1s 1 2 — 2 2 dex” 4 * 4 

LPT: = 21 = xt of * 714. *; whence 

the Product is (s* * N x * * * tag? X 2 
)) =. And by the ſame Reaſoning | 
119. Any binome Surd whoſe Numbers have different In- 

1 1 
dices being giuen, as x + al, let m be the leaſt Iuteger, 
ehich and 5 will meaſure, then all Ac N F KJ 


3 


— 3 11 


1 m 3 - 
a + X a + X 


| : 1 
Terms give à compound Surd, which multiplied by the pro- 


4 
„ . 
n 3 &c, continued to — 


poſed ſhall give a rational Product x m Y + x Thus if 
* be given, then 7 — = _ 722 there- 
fore m 23; and * 7 ＋ 233 JT 4-308 474. 
An, + 2 * of + 2 at = 15 + 727 + 
* 2 a? + xa + x5 af Þa?: Whence the Product is 
x 6 I [ 
(X ) (-N = —@ = 
— a, 25 | ME | * 4 
120. A Produtt of even Dimenſions, all whoſe Terms are 
rational, may be had from the Auluiplicatian of Binomes, whoſe 
ſecond Members are Radicals, whether the Radicals be all real 
or all imaginary, or ſome real and ſome imaginary,” if they be 
talen equal in Pairs, and with contrary Signs; but jo | fan 
a Product of odd Dimenſions, all whoſe Terms ſhall be ra- 
S1oual, aue rational Fadlon at leaſt is requiſite. For when 
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che Dimenſions ave sven, tbe firſt Term and all the 
Terms whoſe Indices ate even will be rational, and the 
Terms whoſe Indices are add, which only can be affected 
with the radical Sig, wall vaniſh upon Account of the 

ugity of thoſe Radicals which have contrery Signs 
(XXIV); and this Pradudt being multiplied into à Bi- 
nome, having a radical Member, muft Rave all its Terms 
after the firſt Irrational. Thus x —/a* T , is 
x2 —a*; and bx le, i —b*; and 
x — V X x ＋ Xx — of X x + VA, 
is x4 1 x3 ＋ * 323 and e 
L, is K + a* (92); and = * 

+ —Þ, B+ (92); nds —vV =Þ x 
EO SIE XTE7SD, b 


—_—  —_____ 


+ x*; and x — 4 a* X x + N 


* . T 1 * * | 
KEY EP xXS YT, at 5, x + 
* 4; and any of thoſe Products into x + c, will give a 


rational Product; but into x + Ve, or into x + / —c, 


an irrational one, 


121. The ſame Produd? will ariſe from the Multiplication 
of Binomes, whoſe firſt Members haue Caęſſicients differnt 
from Unity, and from the Multiplicatiau of them after they 
ave divided hy their Caeffictents, if the fractional Coefficients 
af the Pradudt are made — plying all the Terms 
by the Produ of the Denomnatars. Thus bs + a X 


— a a 


dx —c= bax 2 c; and *+7 * 13 


4 


Tag, A Product of Binames, which has all its Texms, may 
be ſquared thus : Let the Indices of the Terms be the Laterals 


Heſconding from double the Index of the higheſt Term of the 
| a Product 
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Predutt (83); then to find the Coefficients, multiply into each 


other the Coefficients of thoſe Terms of the Product, the Sum of 


whoſe Indices is equal to the Index of the Term in the Square ; 
alſo, into each other, the Coefficients of all the Pairs of the in- 
termediate equidi/lant Terms; then the Products doubled, and 
added to the Square of an odd intermediate Coefficient, are the 
Coefficients of the Terms in the Square. Thus to ſquare 
K* 5 + 6; the Terms will be *, x*, &c. the Co- 
efficient of x+ will be 1, the Square of that of x*; the 
Coefficient of x3 will be 1 x'5 doubled, viz. 10; the Co- 
efficient of x* will be 1x 6 doubled, more the Square of 5, 
Viz. 12 + 25 = 37; the Coefficient of x will be 5 x 6 
doubled, viz. 60; and the laſt Term will be the Square 
of 6; the Square then is & ＋ 10x* + 37x* + 60 x 
+ 36. For the Products of the ſimilar Parts unite in 
Pairs (Eucl. II. 4.), and the Products of the Coefficients 
of the Terms, the Sum of whoſe Indices is the Index of 
the Term in the Square, are ſimilar; therefore, when 
doubled, will make its Coefficient ; and the Square of the 
Coefficient of any odd Term being double the Product of 
equal Coefficients (Eucl. II. 4.), muſt not be doubled, 
but united ſingly with the Products which are fimilar 
with it. t J ixrmot4t 
123. The Coefficients of the Terms of the above-mentioned 
Square, in the odd Places, contain a Square joined with 
doubled Products; thoſe in the even Places contain doubled 
Products, and no Square: For in the odd Places the In- 
dices are even, therefore the Number of Coefficients of 
the Product, compounding thoſe Coefficients, are odd; 
and therefore there is then a Square in the Compoſition 
of each (122); and in the even Places the Indices are 
odd, whence the Number of compounding Coefficients 
is even, and no Square enters the Compoſition. - | 
124. The Number of Terms in the Square of a Product 
as above, when none but doubled Produtts are united, is equal 
to the Product of Half the Number of Terms in the Product 
multiplied into that Number more Unity, For the whole 
Number is the Square of that Number (93) ; from which 
ſubducting its Root, viz. the Terms containing Squares, 
the Difference is the Number of Products, therefore Half 
this Difference (becauſe they unite in Pairs) added 1 the 
, | oot, 


PPP 
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Root, that is, Half the Number of Terms multiplied 
into the Whole more one, is the Number of diſtinct Terms 
in the Square. 


125. Hence, in a given Square, it is known if any other. 
Terms than thoſe containing doubled Products have coaleſced. 
For putting the whole Number of Terms in the Root 


n, the Number in the Square is —X + 1 (124); ſub- 


ſtituting therefore for u, the Laterals 2, 3, 4, &c. ſuc- 
ceſſively, if the reſulting Product is not the Number in 
the given Square, ſome Terms containing Squares are 
united; therefore, ſubducting the given Namber of 
Terms from the Number reſulting next greater by Sub- 
ſtitution, half the Difference more One will be the 
Number of Terms which have united (36). 


Of DIVISION. 


XXXIV, IVISION is performed in Numbers, by 
teking how many times the Diviſor is con- 
tained in the Dividend, as often ſubtracting, and writing ſo 
many Units in the Quotient; and by repeating that Operation 
upon Occaſion, as 72 as the Diviſor can be ſubtracted. 
Thus, to divide 63 by 7, ſeek how many times 7 is 
contained in 63, and there will come out preciſely ꝙ for 
the Quotient; and conſequently 9? is equal to 9. More- 
over, to divide 371 by 7, prefix the Diviſor 7, and be- 
ginning at the firſt Figures of the Dividend, 
coming as near them as poſſible, ſay how 7) 371 (53 
many times 7 is contained in 37, and you will 35 
find 5; then writing five in the Quotient, ——— 
ſudtracting 5 X 7, or 35, from 37, and 21 


there will remain 2, to which ſet the laſt 21 
Figure of the Dividend, viz. 1; and then — 
21 will be the remaining Part of the Divi- o 


dend for the next Operation; ſay therefore | 

as before, how many times 7 is contained in 21? and 
the Anſwer will be 3; wherefore writing 3 in the Quo- 
tient, take 3 X 7, or 21, from 21, and there will remain 
4 o. Whence 
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o. Whienee it is manifeſt, that 533 is pteciſely the Num- 
ber, that ariſes from the Diviſion of 371 by 7. 
And thus to divide 4798 E | 
by 23, firſt Beginning with the 23) 4789 (208,6086, Sc. 
initial Figufes 47, fay, how 46 1 
many times is 23 containeſfſ¶— | 


in 47 ? Anſwer 2; where- 19 

fore write 2 in the Quotient, ©0 

and from 47 ſubttact 2 X 23, — - 
or 46, and there will remain 198 

x, to Which join the nent 184 

Number of the Dividend, — 

dix. 9, and you will have 19 140 

to work upon next. Say 138 
therefore, how many times — 

is 23 contained in 19? An- 20 

ſwer o; wherefore write © oo 

in the Quotient; and from — 

19 ſubtract o X 23, or o, 200 

and there remains 19, to 184 
which join the laſt Number — 

8, and you will have 198 160 


to work upon next. Where- 

fore in the laſt Place ſay, how many times is 23 contained 
in 198 (which may be gueſſed at from the firſt Figures of 
each, 2 and 10, by taking notice how many times 2 is 
contained in 19)? I anſwer 8; wherefore write 8 in 


the Quotient, and from 198 ſubtract 8 & 23, or 184, 


and there will remain 14 to be farther divided by 23 
and ſo the Quotient will be 208 24. And if this Fraction 
is not liked, you may continue the Diviſion in Decimal 
Fractions as far as you pleaſe, by adding always a Cy= 
pher to the remaining Number, Thus to the Remain- 
der 14 add ©, and it becomes 140. Then ſay, how 
many times 23 in 140? Anſwer 63 write therefore 6 
in the Quotient; and from 140 ſubtract 6.x 23, or 138, 
and there will remain 2; to which ſet a Cypher (or o) 
as before. And thus the Work being continued as far 
as you pleaſe, there will at length come out this Quo- 
tient, viz. 208,b086, Cc. e 0 ot 3 £0384 $465 
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XxXxV. Aﬀter the ſanit Aan. 46, f) 3,5218 (50/639 


ner the decimal Fraction 3, 5218 322,7 

rs divided by the decimal Fraction — 
46, 1, and ibere mts out 0,0703D, 2948 
&c. M hers note, that there _ 2766 

be ſo many Figures cut off in the — 
Quotient, for Decimals, as there 1820 
are more in the laſt Dividend than 1383 
in the Diuiſor: As in this Ex- 
ample 5, becauſe there are 6 in 4379 


the laſt Dividend, viz. 0,004370, 
and I in the Diviſor 46,1 (a). w 
e 


S * 


XXXV. (a) 126. In the Diviſion of Integers, of De- 
eimals, and of mixed Numbers, the Exceſs of the Inder of 
the dividend Figure above the Index of the dividing Figure is 
the Index of the Figure in th! Quote. For the Index of the 
Dividend and Diviſor Figures being the Number of 
Multiplications, or Diviſions, of Unity by Ten in the 
Degominator of each (13), to divide, or to multiply, 


the Denominator of the Dividend by Ten, is to ſubduct 


Unity from, or to add Unity to, its Exponent; and to 
divide, or to multiply, the Denominator of the Dividend 
by any other Denominator, is to ſubduct the Index of 
the Diviſor from, or to add it to, the Index of the Di- 
vidend; but in the Diviſion of Integers by Integers, and 
of Decimals by Decimals, the Denominator of the Di- 
vidend is divided by the Denominator of the Diviſor; 
and in the Diviſion of Integers by Decimals, the' Deno- 
minator of the Integer is multiplied- by the Denominator 
of the Decimal ; therefore, in the former Caſe, the Dif- 
ference of the Indices, and in the latter, the Sum of the 
Indices, is the Index of the Quote; now the Index of a 
Decimal Diviſor is negative (14), and muſt therefore, 
in Addition, be ſubducted Woah therefore, in all 
Caſes, the Difference of the Indices of the Dividend and 
Divifor, is the Index of the Quote. 


2 127. The 
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Sake, viz. 


We have here ſubjoined more Examples, for Clearneſs 


9043) 20844115 (2305 72,4) 2099,6 (29 
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127. The Index and Place of the higheſt Figure in 
Quote, is the Index of that Firs of hs 2 pl = 
which the Place of Units in the Diviſor falls, when firſt 
placed under the Dividend. For the Index of each Figure 
in the Quote, being the Exceſs of the Index of the di- 
vidend Figure above that of the dividing Figure (126), 
and the Index of the loweft Figure of the Diviſor being 


Cypher, the Index, and Place, and Claſs, of each Fi- 


ure in the Quote, is the ſame with that of the loweſt 
F igure in each particular Dividend; therefore the Index 
of the higheſt Figure in the Quote, is the ſame with 
that of the loweſt Figure of the firſt Dividend ; that is, 
the ſame with that of the Figure of the whole Dividend, 
under which the Place of Units in the Diviſor falls, 
when it is ſubſcribed. | | 
128. Hence, there muſi be as many Places in the Quote, 
8s there are particular Dividends ; for the higheſt Figure in 
the Quote being of the ſame Place, or Claſs, with the 
loweſt Figure of the firſt Dividend, ſo many Figures 
muſt follow in the Quote, as there are Dividends ; that 
*, as Figures follow in the Dividend, after that Figure under 
quhich the Place of Units in the Diviſar falls. | 
129. Hence, if the Diviſer is not contained in any par- 

ticular Dividend, a Cypher muſt be wrote in the Quote ; to 
| ep 
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| | 
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2283090 | 5 N 
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| 660 
o 
ä 
5 keep up the Number of Places equal to the Number of 
Dividends, and Figures ſucceeding to that of the Divi- 
dend, under which the Place of Units in the Diviſor 


firſt fell. 
130. Decimals, in Diviſion, are conſidered as Integers ; 
the only Difference between them being, that in the 
former the Numerators are divided, but in the latter th 
are multiplied, by that Power of Ten, whoſe Index is 
the Number of Places from Unity (13); therefore their 
Numerators are divided, as in Integers. As to the Diviſion 
of their Denominators, in all Diviſions of Decimals, or 
of mixed Numbers, by Decimals, the Exponent of the firſt 
Figure to the Left-hand, that is, of the higheſt Figure of the 
Quote, is the Exceſs of the Index of the loweſt Figure of the 
firft particular Dividend, above the Index of the loweſt Figure 
of the Diviſor (126) ; that is, the Sum of the Indices of the 
oft Figures to the Right in the Diviſar and Quote, is equal 
to the Index of the laſt Figure to the Right in the Dividend ; 
that is, the Number of decimal Places in the Diviſor and 
Quote together, is the Number of Places in the Dividend, 
however they may have been increaſed by the Addition of Cy- 
phers in the Operation, | 


G 131. Hence, 


982 DIVISION. 
XVXXVI. In Algebraict Terms, Diviſion is performed by 
the Reſolution of what is compounded by Multipheation. Thus 

2 ab di- 


= © - 


- 8 = * 


8 


2 


131. Hence, if the Dividend contains decimal Places, but 
the Diviſor none, the Number of Places of Decimals in the 
Quote will be the ſame as in the Dividend; and if the Di- 
| _ has decimal Places, but the Dividend none, an equal 

umber of decimal Cyphers may be added to the Dividend ; 
whence there are no Decimals in the Quote. : 

132. If both Diviſor and Dividend have Cyphers on the 
Right-hand, they may be entirely expunged, provided the 
Number expunged in each is equal (Eucl. VII. 18.) ; and if 
there are Cyphers on the Right of the Diviſor, and none on 
that of the Dividend, the Cyphers and an equal Number of 
the Right-hand Figures may be cut off during the Operation ; 
but they muſt be reſtored to the Reſidue, if there is any; and 
if there is none, theſe Figures are the Refidue. For the In- 
dex of the higheſt, or firſt, Figure to the Left in the 
Quote, is — of the loweſt, or laſt, to the Right 
of the firſt Dividend leſſened by the Index of the loweſt, 
or laſt, ſignificant Figure to the Right of the Diviſor; 
that js, by the Number of Cyphers (18) ; therefore the 
Cyphers being cut off, an equal Number of Figures 
muſt be cut off from the Right of the Dividend; and as 
they cannot contain the Diviſor, which conſiſts of more 
Places, they muſt be either the Reſidue, or a Part of the 
Reſidue, | 

133. Hence, ar Integer is divided by any Power of Ten, 
by cutting of from the Right-hand ſo many Places for Deci- 
mals, as there are Units in the Index of the Power : For the 
negative Index of the Jaſt Figure in this Quote, will be 
equal to the Index of the only ſignificant Figure of the 
Diviſor (130), whence their Sum is Cypher, that is, the 
Index of the Right-hand Figure of the Dividend. And 
a mixed Number, or Decimal, is divided by any Power « 
Ten, by removing the Seperatrix ſo many Places to the Left, 
as there are Units in the Index of the Power. For Unity 
making no Difference between the Figures of the Divi- 
dend and of the Quote, it will ſuffice, in order to _ 

P | the 
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ab divided by a gives for the Quotient 3, 645 divided 
by 24 gives 36, and divided by — 2@ gives — 36. 
| — bab 


1 ** * th RY 


the Quote, to diminiſh the Index of the Right-hand Fi- 
gure of the Dividend, by the Index of the Power that 
is, by the Number of Cyphers; that is, to augment its 
negative Value, by moving the Line ſo many Places to 
the Left, as the negative Indices increaſe to the Right ; 
and the affirmative Index of the Diviſor being added to 
the negative Index of the Right-hand Figure of this 
Quote, will reduce it (XXIV); and the Sum will be 
the Exponent of the Right-hand Figure of the Dividend. 
Hence is deduced the Rule for the Reduction of Sexageſy= 
mals into Decimals ; to wit, divide the Sexageſimalt by bo; 
for the Diviſion by 60 not only divides by 6, but alſo 
moves the Line one Place to the Left. | 

134. If the Diviſer is not an aliquot Part of the Dividend, 
the Proj may be terminated by annexing the Fraction men- 
tioned Art. XXXVII. or it may be continued until either an 
accurate Quote is had, or that it runs out into an infinite Se- 
ries. It is continued by joining Cyphers to the Right Hand 
of the Reſidue (53) ; and the Figures in the Quote reſulting 
from continuing the Diviſion, become a Decimal Fraftion, of 
ſo many Places, as Cyphers have been annexed to the Reſidue. 
For thus, both Dividend and Diviſor are multiplied into 
the ſame Power of Ten (53), and conſequently the Va- 
lue of the Quote is not altered (Eucl. VIL. x7). 

135. An accurate Quote will be 2 by this Continuation 
of Ce Diviſion ; that is, the vulgar Frattion annexed and 
reduced to its loweſt Terms will be reducible to an accurate 
Decimal, and the Diviſion will terminate, if the Diviſor can 
be 3 by the Numbers 2 or 5, For 2 and 5 being the 
only Meaſures of Ten, if they meaſure the Diviſor, the 
Diviſor will alſo meaſure ſome Power of Ten, and ſome 
Multiple of ſome Power of Ten, and conſequently the 
Product of the Reſidue into ſome Power of Ten (Eucl. 
VII. 32.) ; wherefore the Diviſion will terminate, and 
an accurate Quote is had in Decimals, 
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— 6ab divided by rar) — 3b; and divided by — 24 

gives 35. 164 bH divided by 2 ac gives 8 Bee. — 848K 
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136. The Quote will run into an infinite Series ; that is, 
the vulgar Fraction, in its loweſt Terms, will nat be re- 
ducible to an accurate Decimal, when the Diviſor cannot be 
meaſured by 2 or 5. For 2 and 5 being the only Meaſures 
of Ten, and being alſo Prime to the Diviſor, the Diviſor 
and its Powers are Prime to Ten and its Powers (Eucl. 
VIII. 6.); but it is alſo Prime to the Dividend (Euol. 


VII. 24.) ; therefore the Diviſor and its Powers are 


Prime to the Multiples of Ten and its Powers; and 
therefore to the Product of the Dividend into Ten, or 
into any Power of Ten (Eucl. VII. 26.); and therefore 
cannot divide it accurately; for if it could, a Number 


would meafure a Number to which it is Prime, which is 


impoſſible (Eucl. VII. 21.) 
137. When the Quite runs into an infinite Series, if there 


happens any Reſidue equal to a former one, the ſame Figures 
-muft return and circulate in the Quote. For Cyphers being 
always added to the Reſidue, that is, the Dividend being 


always the ſame Multiple of the Reſidue, when any Re- 


ſidue is equal to a former one, the Dividend muſt be 
equal to a former Dividend, and thence the Quote equal 
alſo to a former one; and conſequently the ſubſequent 
Refidue-equal to the former ſubſequent Reſidue, the ſub- 
ſequent Dividend equal to the former ſubſequent Divi- 
dend; and fo the ſubſequent Quote equal to the former 
ſubſequent Quote, and ſo on. | 
138. The Number of periodical Figures will never be more 
than the Diviſor leſs Unity; that is, the Denominator of th: 
vulgar Fraction leſs Unity. For the Reſidue being always 
leſs than the Diviſor, it may be any Number leſs by 
Unity than the Diviſor; but in ſo many Diviſions at 


moſt, as there are Units in the Diviſor, one of the ſor- 
mer Reſidues muſt return again; and therefore the ſame 


Quote muſt alſo return, and continue the Circulz- 
tion. 
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139. It leing generally ſufficient to have G gned Ny 
ber P Beba Ay the Ty the Dim; MAP / U be uſefu _ 


abbreviated, eſpecially when the Diviſor is an indefinite Num- 
nal by beeping only ſo many Figures, or one mare, to the Left. 
both Dividend and Diviſor, as the required Decimals 
a Elias 2 Integers in the uote together, mate; (126) but 
it will be neceſſary to top one Place more in the Dividend than 
in the Diviſ; ;for, if ply - hand Figur of the Dividend- be 
leſs pp that of the Diviſor (54) 3. = Lit the Dividend, 
Reſidues continually unaugmented by ſo many Figure 
755 52 to the Left, as are found to be contained in 2205 
ways writing a Cypher be 70 are we ie 22. Figure 
boy every Place above one, that the Diviſer is ſhortened for the 
Divi 5 A any particular Reſidue. Tor theſe Cyphers, if 
the Diviſor is ſhortened of more Places than one, mu 
be inſerted in order to keep the true Values, and Places, 
of the ſignificant Figures of the Quote (18); alſo, by 
leſſening che Diviſor and not inc . the Reſidues, 
both Dividend and Diviſor are diminiſhed in the ſame 
Proportion; therefore the. Quote will be true, except 
perhaps in the loweſt Place or two to the Right- hand. 
140. In every Diviſion, whether by Figures or Species, the 
Product of. the Quote into the Diviſar is equal to the Divi- 
dend; that is, the Dividend is equal to the Sum of all 
2 Products of the whole Diviſor into all the Parts of 
the Quote; but the Parts of the Quate are an Integer 
and A Praclion, whoſe Numerator is the Reſidue and 
Denominator the Diviſor; ; therefore the Product of the 
Diviſor into the integral and Fractional Parts of the 
Quote, is equal to the Dividend. 
-XXXYI. () 141. Becauſe that which was com- 
waded- by Multiplication | is reſolved: by Diviſion, the 
ponds in Multiplication being the Dividend in Divi- 
Len; and ecauſe in Multiplication, ſimilar Signs gave 
u affirmative Product, and faule 5 Signs a negative 


one 3 | therefore in Diviſion, fimilar Signs in the Dividend 
0 1 and 
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LP D 6 
divided by ry gives > 1 divided by 7 gives + 
IC 21 accy 3 Fa 6 g 

By — divided by 2! 55 ; gives * 7 di- 


vided by 3 "ON - and uy divided by — _ 


- divided by. 2a gives - 2 29h 


Er 2 


gives 2. or 3. 


and reciprocally divided by = gives 24. Like- 
wiſe J 15 divided by / 3 gives / 5. y/ abcd divided 


by ed gives Va (c). Ja by fac gives / 44, 


or a. * 35aay*z n by 85 gives q/*7ayz, 


bb d 
= divided by — — gives V. 124d Jae 


42 ee 
dd — ab 
divided by 1 e gives N And ſo 


Sg: 1 Ji | 
* aa 


_ 2 


and Divijar, will make the Quote Wan but diſſimilar 
ones, negative; that is, + 4) + ab (+ 5, * ay — 45 
(— , —a) ＋ 2 (— , — 4) — 45 

(c) Powers and Radicals muſt be 3 to the ſame 
Name before they can be divided, otherwiſe the Quote 
could have no certain Index. 
142. The 997 of Powers and of Radicals, of the ſame 
Denomination but of different Quantities, has the ſame Index 
with the Dividend a Diviſer 3 ; ſo that the Quote of ſuch 
Powers is the ſame Power of the Quote of their Roots, 
and the Quote of ſuch Roots is the ſame * of their 


Quote. Thus an) bu (A; for an). bm = i f 


For the Divifion of Powers and Radicals of the ſame 
Quantity, ſee Numbers 81 and 82; and for the Dyyi. 
"ay by a compound“ Surd, ſee Number 159. 
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a +T yas divided -by a + 3 gives &] and reci- 
procally divided by / ax gives a + b. And = ax 
divided 2 gives ay/a #, or divided by a gives 

1 2 ax 1 SISSY ax 
7330 % Hr and —— by 2 
gives a. But in Diviſions of this Sort you are to take care, 
that the Duantities divided by one another be of the ſame Kind, 
viz. that Numbers be divided by Numbers, and Species 


Species, Radical Quantities by Radical Quantities, . 


umerators of Fractions by Numerators, and Denomi- 
nators by Denominators ; alſo in Numerators, Denomi- 


hators, and Radical Quantities, the Quantities of each 


Kind muſt be divided by homogeneous ones, or Quan- 


tities of the ſame Kind (4). 


XXXVII. Now if the Quantity to be divided cannot be 
thus 7 by the Diviſor propoſed, it 1s ee when 


both the Quantities are Integers, to write the Djviſor under- 
neath, with a Line between them (e). Thus to divide ab 
| 1 | G 4 BRI by 


» N W 


* 
— 


(4) For the Dividend, is an Aggregate of the Diviſor 
„„ ES on 3 
XXXVII. () 143. This Fraftion truly expreſſes the 
Duzte, For the Numerator being ſome of the eq 
Parts into which an Unit is divided, and the Denomi- 
nator, all thoſe equal Parts, or the Unit itſelf, (7) the 
Fraction is. to Unity, as the Numerator to the Deno- 
minator; but the Dividend is to the Diviſor, as the 
Quote is to Unity (21) ; wherefore the Fraction and the 
7 ** the ſame Ratio to Unity, and are equal 
ucl. V. 9. X 15 
( = IE. 1 the Origin of the Notation of Vulgar 
Fractions, in which the Numerator, or Number above 
the Line, is placed there to ſhew, that it is a Dividend 
Jeſs than the Diviſor, or Denominator placed below ; ſo 
| We that 
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that a Fraction is called an improper. one, if the Nume- 

rator is equal to, or greater than the Denominator; be- 

cauſe it ought to expreſs ſome only of the equal Parts, 

whoſe whole Number is ſubſeribed; and if the Diviſion 

was made, the Quote would not be fractional, but inte- 
gral, or mixed. 

144. Now, becauſe the Ratio 45 the Numerator to the De- 
nominator will continue unvarie if they are both multiplied 
ox both divided by the jame Number, it follows, that the _ 
Fraction may be expreſſed an infinite Number of Ways, b 

ual Multiplication; but the moſt commodjqus Form is 
that which conſiſts of the loweſt Terms, and it is found 
"rp 2 Diviſion. of them both; hence alſo it appears, 
0 e Terms of of es qual Fraftions are proportional E Eucl. 
I 


8.); and toryer 7 that if the Terms are 'e proportional, 
the Praftions are e 


145: 45 a'Frattion is to Unit; fo'is Unit to the reciprocal 
Falte For the Fraction is to Unit, as its Numerator 
to its Denominator; but Unit is to the reciprocal Frac- 
Ton, as the Numerator to the Denominator; whence, 
'25 the Fraction i is to Unit, ſo is Unit to the recipro al 
Fi raction. Hence, a Multiplier may be found, when'q B. 
viſor is given; and alſo 4 Diviſor, when a Multiplier i is 
given: By which Method a Varjety « of uſeful Ruſes are 


derived, for Eaſe and e in common a and mer- 
cantile Accompts, 0, s 
XXXVII. 
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XXXVII. Bus oben theſe Quantities are Fracl ions, 
multiply the Numerator of the Dividend into the Denominator 
of the Diviſor, and the 
the firſt Product will be the Numerator, and the latter the 


Denoninator of the Quien (/). Thus to divide + by 
| | write 


W- * <2» @ oo L 
* 4 


. . W — 4. 2.4 1 — — 
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XXXVIII. () 146. As the Diviſor is to Unity, fo 
is the Dividend to the Quote (21); but as a Fraction is 
to Unity, ſo is its Numerator to its Denominator; 
therefore, as the Numerator of the dividing Fraction is 
to its Denominator, ſo is the Dividend, whether Integer 
or Fraction, to the Quote; and therefore, in all Caſes o 
Diviſim by a Fraction, the Dividend is to be multip 2 5 
the Denominator, and divided by the Numerator of the di- 
viding Frattion, as in Number 126. 

147. Hence, @ Fraction is divided by an Integer (which 
is a Fraction whoſe. Denominator is Unity) either by di- 
viding the Numerator, or by multiplying the Denominator of 
the Palin by the Integer. For it is the ſame thing to 
diminiſh any given Number of Parts in any given Ratio, 
the Magnitude of the Parts being unchanged; or, to di- 
miniſh the Magnitude of the Parts in the ſame Ratio, 
their Number being unchanged ;' but their Magnitude 
is always diminiſhed in any Ratio, by increaſing the Di- 
viſor or Denominator in that Ratio (60); therefore, by 
multiplying the Integer into the Denominator, that 
Magnitude of the Parts is diminiſhed in the Ratio of the 

Integer to Unity, their Number being unchanged : And 
by dividing the Numerator by it, the Number of the 
Parts is diminiſhed in the ſame Ratio, theic Magnitude 
being unchanged. 

148. The Due of two Fraftions is found [there being 
always a Diviſion by the Numerator of the Diviſor, and 
a Multjplication by the Denominator of the Diviſor (146, 
'147).] Fir by dividing the Numerator of the Dividend by 
the Numerator of the Diviſor, and the Denominator of the 


Dividend by the Denominator of the Diviſor. For the Di- 


yidend is multiplied by the Denominator of the Diviſor, 
in 


enominator into the Numerator, and 
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in baving its own Denominator divided by it ; (146, 147) 
and the Dividend is directly divided by the Numerator. 
149. Secondly,- by multiplying the Numerator of the Divi- 
dend by the Numerator, and the Denominator 4 the Dividend 
2 the Denominator of the Reciprocal of the Diviſor (145). 
or thus the Dividend is multiplied directly by the De- 
nominator of the Diviſor, and it is divided by the Nu- 
2 becauſe its own Denominator is multiplied by 
it (147). | | 
N55 it is evident, that this Method of Diviſion is 
equivalent to a Diviſion of the Numerators (after the 
Fractions have been reduced to one common Denomina- 
tion} and expunging the common Denomination, or ra- 
ther an Abbreviation of this Operation; (LIX.) and that 
the Rule commonly given for dividing Fractions which have 
the ſame Denominator, directing the Diviſion to be made by 
the Numerators, and to expunge the common Denominator, is 
a further Abbreviation of this, and faves the Trouble of 
reducing the Quote to lower Terms, by dividing its 
Terms by this common Denominator (144). In like 
Manner, the Rule for Multiplication, Number 65, is an 


' Abbreviation of a Multiplication by the Numerators, 


(after the Fractions have been reduced to a common De- 
nominator) and ſubſcribing the common Denominator ; 
and the Direction to ſubſcribe the common Denomina- 
tor, when the given Factors have one, to the Product of 
their Numerators, is a further Abbreviation. , 

150. Thirdly, by multiplying the Quote of the Denomina- 
tors, by the Numerator of the Divifor : For thus the Divi- 
dend is multiplied by the Denominator of the Diviſor, 
becauſe its own Denominator is divided by it (147); and 
it is divided by the Numerator of the Diviſor, becauſe its 
own Denominator, in the Quote of the Denominators, 


is multiplied by it. 


151. Laſtly, by n the Quote of the Numerators, 
by the Denominator of the Diviſor : For thus the Diyidend 
| 15 


—— 
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like 12 * * 3a OILERS LL! 
er, manner, 5 by > gives 35 And 44 Va divided by 
— 20 15 4a 8 "= 2cy/aa—xs 
7* gives Fe ax, and divided by 55 Tas 7 7 
, | 1110 By 
7) gives — — After the ſame manner, 22 
1 8c N - x on | b 
7 divided by e (er by 2) gives 55+ And « (or . di- 
2 ay ad 2 be 1 5 | 2 
1 vided by J Lives 7 ad divided * 5 gives. 
y | b 

And 3 divided by > gives * And x „ex divided 

” } 3 EN ER , 
by à gives :- cx. And a+6 /cx divided by 

3 | 11 

© gives —.— Jes. And 2 / divided- by 


| 3 1 4 

397 70 gives 7 cc and divided by 3 Ws gives 
2 . L 10612 nds KAnn 
3 =_ And 5 17 divided or 97 gives Ss 


VT and ſo in others, 


XXXIX. 4 Quantity compounded of ſeveral Terms, is 
divided by dividing each of its Terms by the Diviſer. Thus 
aa +3ax—xx divided by a gives a + 3* — — : But 
when the Diviſor conſiſts alſo of ſeveral Terms, th 2 Diviſion 

| 's 


* 


20 * — — 


9 .. 


is multiplied by the Denominator of the Diviſor, becauſe 
the Quote of the Numerators is multiplied by it; and it 
is directly divided by the Numerator of che Diviſor. he 
ſecond Method is moſt uſeful, being free from compound 
Fractions. . 


7 D1,V.1S TON; 
is performed as in Numbers. Thus to divide a + 2 aac 
xe 15 34707 'bhc by a — 4, ſay, how many 
1mes is à contained in a*, viz. the firſt Term of the 
Diviſor in the firſt Term of the Dividend? Anſwer 44. 
Wherefore write 4 a'in the Quotient wand having ſub- 
racted 4 — b multiplied into aa, or 4 — aab from the 
Mvidend, there will remain 2 44 —Zabe + Ae yet 
to be divided. Then ſay again, how many Times a in 
2aac? Anſwer 24 c. Wherefore write alſo 24 in the 
Quotient, and having ſubtracted 4 — 5 into 2 ac,'ar 
244 — 24 be from the aforeſaid Remainder, there will 
yet remain - abbo:þ bc. Wherefore fay again, how 
many Times a.in — abc? Anſwer — bc, and then write 
— bc, in the Quotient; and having, in the-laſt Place, 
ſubtracted + a—b into — be, viz; - abe + bbc from 
the laſt Remainder, there will remain nothing; which 
ſhews that the Diviſion is at an end, and the Quotient 
coming out a@ + 240 — bc, | 


XE. But that theſe Operations may be duly reduced to the 
Form which we uſe in the Diviſion of Numbers, the Terms 
both of the Dividend and the Divuiſor muſt be diſpoſed, in 
Order, according to the Dimenſions of that Letter which is 
Judged. maſt. proper. for: the Operation; ſo that thoſe 'Terms 
may ſtand firſt, in which that Letter is of moſt Dimen- 
ſions, and thoſe in the ſecond Place whoſe Dimenſions 
are next higheſt ; and ſo on to thoſe wherein that Lettec 
is not at all involved, or into which it is not at all mul- 
tiplied, which ought to ſtand in the laſt Place. Thus in 
the Example we juſt now brought, if the Terms are diſ- 
poſed according to the Dimenſions of the Letter a, the 
following Diagram will ſhew the Form of the Work, 
viz. | ern * bo 
egit be- 

4 — aab 
0 ＋ 244 — 34 
244 — 2abe | 
10—abc+ bbc 
221 mn abch bbc. 
0 


Where 


5 


PFC 


DIVISION. 33 
Where may be ſeen, that the Term a), or a of three 
Dimenſions, ſtands in the firſt Place of. the Dividend, 
and the Terms... * pry” in which @ is of two Dimen- 
fions, ſtand in the ſecond Place, and ſo on. The Divi- 
dend might alſo have been writ thus; | 

„e- 35% bbe. 

Where the Terms that ſtand in the ſecond Place are 
united, by collecting together the Factors of the Letter, 
according to which the Order is made (g). And thus if 
the Terms were to be diſpoſed according to the Dimen- 
fions of the Letter 5, the Buſineſs muſt be performed as 


in the following Diagram, the Explication whereof we 
ſhall here ſubjoin. | | 


ie ele. 


m1 aa + 2aac- = aa 
cb —ach j 
0 24+ 


— 4 + 2aac 
— 246 3 2 a ac 
— 4 + 

8 


77 Say, 


—— 


— 


XL. (g) By ranging both Dividend and Diviſor ac- 
cording to the Dimenſions of the ſame Letter, it will 
readily be found, how often the firſt Term of the Di- 
viſor is contained in the firſt Term of the Dividend; 
alſo, the Products of the Terms of the Diviſor into each 
particular Term of the Quote, as they are found, will 
come readily under the ſimilar Terms of the Dividend, 
in order to be ſubducted from them. Rl 

The Number of Terms in the Quote of a compound 
algebraic Quantity, divided by another, is the Number 
of Terms of the Dividend divided by the Number of 
Terms in the Diviſor, provided that none of the Terms 
have been united, or deſtroyed by contrary Signs; for 
the Number of Terms in the Dividend, is the Product 
of the Numbers in the Diviſor and Quote. 


= | 
«> 4. Ag 


94 DIVISION. 

Say, How many Times is 5 contained in cb? An- 
ſwer — ch. Wherefore having writ — cb in the Quo- 
tient, ſubtract TA x — cb, or bbc abe, and 
there will remain in the ſecond Place — ts b, To 
this Remainder add, if you pleaſe, the Quantities that 


ſtand in the laſt Place, viz. ap 2% and ſay again, how 


many Times is — 5 contained in T 3 b? Anſwer 


H * Theſe therefore being writ in the Quotient, 
ſubtract — 5 + a multiplied by T gr or 2 8 


3 pry he and there will remain nothing. Whence it is 
manifeſt, that the Diviſion is at an End, the Quotient 


coming out — c ＋ 2ac + aa, as before. 


And thus, if you were to divide aa y* — 44 + yy Hf 
+ 5 —=23*ccma* —2a*cc—a*yy by yy — 44 
— cc. I order or place the Quantities according to the 
Dimenſions of the Letter y, thus: 


; _ 

— aa\ ＋ aa , — av | 

> IF 7:1 Mace. 
cc , ob 


Then I divide as in the following Diagram. Here are 
added other Examples, in which you. are to take Notice, 
that where the Dimenſions of the Letter, which this 
Method of ordering ranges, does not always proceed in 
the ſame Arithmetical Progreſſion, but ſometimes inter- 
rupted, in the defeCtive Places this Mark + 1s put. 


E244 + an ,— 44 

1 05 82. * 47% — 28 c. 

— cc 2c Te ate 
g — aa 4 + 244 , + a* 
L wb 66.4 CR cc + aacc, 
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OY * 22 
07k" mo agen 
n 
_ 7 

+ aacc }* 


a +6) aa Xx —bb (a—b 
aa ab 
0 — 46 
— 25 —35 


2 0 0 (5). 


Jy —- 247 


ä 
— — 


— 


(5%) 152. Becauſe Diviſion reſolves what Multiplica- 
tion has compounded, therefore if any Quantity is diui- 
ſible by another, whether ſimple, or binome, or trinome, &c. 
that ogy was a Factor, or Root, in its Compoſition. 

153. if a Quantity, having all its Terms rational, is di- 
viſible by a Binome, one of whoſe Members is irrational, it 
ſhall be diviſible alſo by the ſame Binome having its irrational 
Member affected with the contrary Sign; and atcording as 
that Member is real or imaginary, fo muſt the Member of the 
contrary Binome be (120). . 

154. 1f the higheſt Term of a Dividend has no Coefficient 
but Unity, and no fractiůonal Term, none of its binome Divi- 
ſers can have Cohen different from Unity, or their ſecond 
Members fractional; but if the higheſt Term has a Coefficient 
different from Unity, either one, or all ſuch [3 ak have 
Coefficients differing from Unity ; or one, or all of them, have 
their ſecond Members fractional (121). 

155. If algebraic Diviſion is not terminated by a Fraction, 
as in Art. XXXVII. it will run into an infinite Series; and 
by obſerving the 'fir/t three or four Terms, the Law, which the 
Terms obſerve, will be known ; by which Means, without any 
more Diviſion, the Quote er Series may be continued on; _ 

N | t eſe 
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r bays s 

Z e a+ 
A "2b 

0 2% —4iaayy 

I-. 4ayy + 24'y 
0. — pea Tay 
1 — 
— O 0 0 


— XD 


theſe Series n in « ab Symbols or "FR are univerſal 
Kl or expreſſing all —_— by infinite Series, an infi- 
nite Number of Maps. Thus, 


A. e-, ke. = 


— 3 


— the Series deſcends, 


x*—x x 

* — x or aſcends, according as 
Xz &c, x is greater or leſs than 
Unity; the common 
Diviſor or Multiplier 

being x. 
B. x+1) * {ay -A C- ITI -- 2, &c. the ſame 
* x? the Terms being alternate- 
— * — K* ly affirmative and nega- 

+ * tive. 
x, &c. 


435360 3 b „ 
©; mos AF ea Ms oh” 7 X 2 = 


a* 


;, &c. = xa—1 + 


xb | xba—2+ Enes 
e | (76), &c. 

xb ** 

7 o 

xb £5" &c. the Terms all poſitive, 

a a 


22 TY b. a+8) 


the common Multiplier -. 


aa 
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4 bb) aa—aby/2+6bb 
ea+eb yak 95 7 0 ＋ 5 1 
* ＋ 45 7% 21 4455 
222-2455 
— CJ 2 —2aab —ab 2 
＋ aabb + ab 2. 


4 aabb + abt /2 +. 
e 0 0 


„% „I ob* ob? 
D. a+5) 43 Ras” 2 r T- &c. = 4 —1 


— xba—? + xÞa—3— K* 14-4 
the ſame, the Terms alternately af- 
firmative and negative. | 
1 56. If in D we put the Numerator of any Frafiion for x, 
and its Denominator leſs Unity for a, and Unity for b, we 
have all vulgar Fractions, except 2, expreſſed by an infinite 
, 1 — 8 26 — 0 ; 
Series. Fer x BEIT ug * I, &c | 
I 
Thus, 4 = 557 = $=$+i=reÞ -a, be. 
= $=4+{ = + v5 v5 ke. 
2— 1 T1 TAN, &c. 
1 


ETI —1T -. 


Thus, 4 = 5375 - 1T AKs li. 

| IT- 
157. F in C we ſubſlitute for x the Numerator of a 
vulgar Fraftion, and for a the Denominator more Unity, and 
H fer 
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Some begin Diviſion from the laſt Terms, but it comes «y 
to the ſame Thing, if, inverting the Order of the Terms, 


you FP 
— 0 — — — 1 
for b Unity, we have another Law for expreſſing all vulgar , 
Facts. 
1 1 
142 * =41 +3 Tr + 75s &c. therefore 


=1=; +3 +7 +Þxr> &. 
Thus, 4 = T= at r TA, &c. therefore r 
=: E 4=1=4+#fs +rs +i37> &c. | 
Thus itte ei 4e. there-⸗ 
| fore 4 =I=3 + is +risÞ+ ty &c. ? 


158. Whenee it appears, that if x be put univerſally 
for any Integer, then 


ae Cy  XF = 
E "gb ee .. 


2422 24«— T 5 2X —2, 
—— —— — | 


2 71 = S + N ke. = g, ke 


which gives an mw Bute fir expreſſing all Integers by 
infinite Series, an infinite Number of Ways. 


But all theſe Series are at once derived from the binomial 
Theorem: For all Fractions may be conſidered as com- 
pounded of Radicals, I either into rational or 


8 thus N and 


=== * A ; wherefore having wow! 
** 


« you begin from the firſt. There are alſo other Methods 
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of 


9 


* 


Expreſſion in Number T07, to which particular Caſes 
may be compared, we may thence derive the particular 
Series CY from Diviſion. Thus (fee C and D in 


153) FEI SEXES =A Eo Sa.4. 2 


QB, &c. = = x—= 7 24 — 5 &c. (103) LOW 


+ ba -T 24-3, &c. (155). 


159. When a binome Surd is to be divided by another, the 
Quote will be expreſſed in the moſt ſimple Form, by multiphy- 
ing both Numerator and Denominator, by that Surd which 
multiplied into the Denominator gives a rational Product (118). 
Th 20 +y12_y20 +y12 10 SS+v3_ 

= © vVS—v3 * ＋ 13 

6 6 60 
eee == £24 =8 +2415- 
And in general, you any Quantity is divided by a binome 
Surd as x* al, where n and | repreſent any Fractions 
whatſoever, take m the leaſt integer Number, which is mea- 


ſured by n and J. multiply both Numerator and Denominator 


by 2 r 3n an We. and the 
Denominator of __ "FOR will become e (119); and 
equal to x — 2 I z then divide all the Members of the Nu- 
meratar, by this rational Quantity, and the Quote ariſing will 


be that of the propoſed Quantity divided by the binome Surd, 
in its leaſt Terms. 


Ha Thus, 
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of dividing, but it is ſufficient to know the moſt eaſy and 


commodious. 
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XLI. HE N the Square Root of any Number is 'to be 


41 extracted, it is firſt to be noted with Points in every 
ether Place, beginning from Unity; then you are to write 
down ſuch a Figure for the Quotient, or Root, whoſe Square 
ſhall be equal to, or neareſt, leſs than the Figure or Figures 
to the firſt Point. And then ſubtracting that Square, the other 
Figures of the Root will be found one by one, by dividing the 
Remainder by the double of the Root as far as extracted, and 
each Time taking from that Remainder the Square of the Fi- 


gure that laſt came out, and the Decuple of the aforeſaid Di- 


viſor augmented. by that Figure. 
Thus to extract the Root out of 99856, firſt point it 


after this Manner, 99856; then ſeek a Number whoſe 
Square ſhall equal the firſt Figure q, viz. 3, 

ne and write it in the Quotient; and then 
99856 (31 having ſubtracted from q, 3 X 3, or q, there 
6 | will remain ©; to which ſet down the Fi- 
"OR gures to the next Point, viz. 98 for the 
098 following Operation. Then, taking no 
61 Notice of the laſt Figure 8, ſay, How 

6 many times is the Double of 3, or 6, con- 
375 tained in the firſt Figure 9? Anſwer 1; 


ſubtract the Product of 1 Xx 61, or 61, from 


9 98, and there will remain 37, to which 
connect 
3 % 3 6 + + of 
0 20 1 2 
Thus, „ „* — 


V4—V2 Vale Ji6+2+/4 


3 


4 N 2/2 +2+/4 n 
=24/5 + y/20 Vio. 


wherefore having writ 1 in the Quotient, 


720 „ Lz _2/40+2/20+ Le | 


=, 9» © — o-— -+X 


„** Fr ———— "' a es wy ws ww ws wy oo» PP A. > M6- 


* 2 -S 


% 5 +5; 


"OF 'RUOOT s: 101 


connect the laſt Figures 56, and you will have the Num- 
ber 3756, in which the Work is next to be carried on. 
Wherefore alſo negleQting the laſt Figure of this, viz. 6, 
ſay, How many times is the Double of 31, or 62, con- 
tained in 375, (which is to be 7 = rg at from the initial 
Figures 6 and 37, by taking Notice how many times 6 
is contained in 37?) Anſwer 6; and writing 6 in the 
Quotient, ſubtract 6 x 626, or 3756, and there will re- 
main o; whence it appears that the Buſineſs is done; 
the Root coming out 316, | | 

And ſo if you were to extract the Root out of 22178791, 
firſt having pointed it, ſeek a Number, whoſe Square 
(if it cannot be exactly equalled) ſhall be the next leſs 
Square to 22, the Figures to the firſt Point, and you will 
find it to be 4. For 5x5, © | 
or 25, is greater than 22; * *,* * | 
and 2304: 2 = 78791 (4709,43637, &c. 


fore 4 will be the firſt Fi- 


gure of the Root. This, 


therefore, being writ in the 637 

Quotient, from 22 take the 09 

Square 4 X 4, or 16, and 88501 

to the Remainder 6 adjoin g 83 1 
moreover the next Figures 5 

17, and you will have 617, | 
from whoſe Diviſion by the a t 
Double of 4 you are to ob- 37973 

tain the ſecond Figure of 6:2 
the Root, viz. neglecting 2 
the laſt Figure 7, ſay, how Md Bhd 
many times is 8 contained 

in 61? Anſwer [3 where- 90075 a $ 
fore write 7 in the Quoti- 3951379 : 


ent, and from 617 take the 


j 6190400 
Product of 7 into 87, or 3591904 
609, and there will remain 282506169 
8; to which join the two ee 


next Figures 87, and py 
will have 887, by the Di- 
viſion whereof by the Double of 47, or 94, you are 
obtain the third — as ſay, How many times is 94 
contained in 88? Anſwer o; wherefore write o in the 
201 H 3 Quo- 
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Quotient, and adjoin the two laſt Figures 91, and you 
will have 88791, by whoſe Diviſion by the Double of 
o, or 940, you are to obtain the laſt Figure, viz. ſay, 
ow many times 940 in 8879? Anſwer 9; wherefore 
write ꝙ in the Quotient, and you will have the Root 


09. | | 
by - fince the Product 9 x 9409 or 84681 ſubtracted 
from 88791, leaves 4110, that is a Sign that the Number 
4709 15 not the Root of the Number 22178791 preciſely, but 
that it is a = _ And in this Caſe, and in others like 
it, if you deſire the Root ſbauld approach nearer, you mu 
— on On in Daeimal, by addin * 72 
mainder two Cyphers in each Operation. Thus the Re- 
mainder 4110 having two Cyphers added to it, becomes 
411000; by the Diviſion whereof by the Double of 
4799, or 9418, you will have the firſt Decimal Figure 4. 
hen having writ 4 in the Quotient, ſubtract 4X 94184, 
or 376736 from 411000, and there will remain 34264. 
And ſo having added two more Cyphers, the Work may 
be carried on at Pleaſure, the Root at length coming 
out 4709, 43637, c. TY 
XLII. But when the Root js carried on half-way, or 
above, the reſt of the Figures may be obtained by Divi/u 
alme. As in this Example, if you had a mind to ex- 


tract the Root to nine Figures, aſter the five former 


4709,4 are extracted, the four latter may be had, by di- 
viding the Remainder by the Double of 4709,4 (a). 
A 2 8 . - : ; k | nd 


* * * 8 


XLII. (a) The Piviſion by the Double of the Root 
found to Half the Number of Places, differs from the 
whole Operation of Extraction in this only, that the 
Square of each Figure added to the Root is not now 
ſubdued from the Reſolvend ; now, as in both Opera- 
tions, the additional Figure is always determined by the 
firſt Figures to the Left of the Reſolvend and of the 
doubled Root, the ſame Figures will þe determined both 
ways for ſo many Places as there were Figures rightly 
determined before, but no further; for after juſt ſo many 
ſubſequent Divifions, thoſe Figures of the Reſolvend, 


from 


wn. > = F eee ln rene. * „% ſk 
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And after this Manner, if the Root of 32976 was to 
be extracted to five Places in Numbers: After the Fi- 
ures are pointed, write 1 in the Quotient, as being the 
igure whoſe Square 1 X I, or 1, is the greateſt that is 
contained. in 3 the Figure to = firſt ; PE, 
Point; and having taken the Square 8 
of 1 from 3, ow will — 23 32976 (1817,59 
then having ſet the two next Fi- ps 
ures, viz. 29 to it, (viz. to 2) ſeek 1 
ow many times the Double of 1, 
or 2, is contained in 22, and you 2) 229 
will find indeed that it is contained ad 
more than ten times ; but you are 7 
never to take your Diviſor ten times, 3 ) 77 
no, nor * * in this Caſe; be- Le 
cauſe the Product of ꝙ x 29, or 261, | 
is greater than 229, from which it 362) 215 (59, Ke. 
would be to be taken. Wherefore 
ſay only 8: And then having writ 8 in the Quotient, 
and ſubtracted 8 x 28, or 224, there will remain 5; and 
having ſet down to this the Figures 76, ſeek how many 
times the Double of 18, or 36, is contained in 57, and 
0 will find 1, and ſo write 1 in the Quotient; and 
aving ſubtracted 1 x 361, or 361 from 576, there will 
remain 215. Laſtly, to obtain the remaining Figures, 
divide this Number 215 by the Double of 181, or 362, 
and you will have the Figures 59, which being writ in 
the Gyotient, you will have the Root 181, 5. 

After the ſame way Roots are alſo extracted out of 
Decimal Numbers, Thus the Root of 329,76 is 18,159; 
and the Root of 3,2976 is 1,8152; and the Root of 
2:032970 is o, 18159, and ſo on. But the Root of 


3297» is $744247 ; and * * of 32,976 is 5741 


"—_ 


from which the Squares of the added Figures were not 


ſubducted, will become the firſt toward the Left-hand of 
the Reſolvend, and being too great will (when divided 
o the doubled Root) determine the ſucceeding Figures 
f the Root too great. b 57 
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And thus the Root of 9, 9856 is 3,16. But the Root of 


©,99856 is 0,999279, &c. as will appear from the fol- 
lowing Diagrams. 


3297,60 (57,4247, &c. 9,9850 (3,16 
25 9: / | 
10) 797 | 6098 
749 nn 
114) 4860 62) 3756 
4576 3756 
1148) 284 (247 0 


0,99856a (0,999279, Ke. 
18) 1885 

1701 
198) 18460 

17901 


— — — 


1998) 559 (279 (0). 
XLII. I will comprehend the Extraction of the Cu- 


bic Root, and of all others, under one general Rule, 
conſulting rather the Eaſe of underſtanding the Praxis 
than the Expeditiouſneſt of it, leſt I ſhould too much 
retard the Learner in Things that are of no frequent 
Uſe, viz. every third Figure beginning from Unity (c) 1 

ff 


„ 


nn TX ” 


(5) Beſide this Method of Approximation to the Roots 
of ſurd Powers (31) by Decimals, ſee others and their 
Inveſtigation in Number 306. Ide 

XLIII. (c) 160. Becauſe that when Unity is con- 
tinually multiplied into any Digit, the Number of Places 

5 In 


OF 09090 05 


fir;/t of all to be painted, if the Root to be extracted be a Cubic 
one ; or every fifth, if it be a Quadrato-Cubic, or of the fifth 
wer, 


in the Product can never exceed the Number of Places in 
the Factors, when the Factor is always the ſame, the 
Number of Places in the Power can never be a greater 
Multiple of the Number of Places in the Root, than the 
Number of Multiplications 13 of Unity; that is, than 
the Index of the Power is of Unity (XIV): It follows, 
that if the Number of Places in the Power be ſeparated into 
Periods according to the Index of the Power, proceeding from 
Unity to the Left in Integers, and to the Right in Decimals, 
the Number of Periods is equal to the Number of Places in the 
Root. 

161. The Square Root of an Integer muſt be either an In- 
teger, or a Surd, i. e. irrational and incommenſurable to Unity. 
For let the Integer propoſed be B, and let the Square 
Root be greater than , but leſs thana + 1 ; if it can be 


commenſurate with Unity, let it be a+ == @ n + m 
n 


—_ 


(Eucl. VII. 17); therefore —— is equal to the Inte- 


2 


an Nu 5 
ger B 3 but — ee can never be equal to any integer 
H 

Number; therefore the Root cannot be commenſurate to 
2 
. a ln Mm 

Unity. Now 2 cannot be equal to any Integer, 

7¹ 


becauſe and n being prime to each other (Eucl. VII. 
24.), an n is prime to n; therefore n is prime 
to * ; wherefore -A is a Fraction in its loweſt Terms, 
and cannot be equal to any Integer. The Square, therefore, 
of a mixed Number is full mixed, and no Integer. In the 
ſame Manner the Cube of a mixed Number is mixed, &c. 

162. Hence the Square Roots (not being Laterals) of all 
Numbers are Incommenſurables ; alſo the Cube Roots (not 
being Laterals) of all Numbers are Incommenſurables ; and 
Quantities, that are to one another in the Proportion of ſuch 


Numbers, n:uft have their Square Roots, or Cube Roots, in- 
commen- 
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Power, Sc. and then ſuch a Figure is to be writ in the Quo- 
tient, whoſe greateſt Power (i. e. whoſe Cube, if it be a 
cubio Power, or whoſe ee. Cube, if it be the fifth 


Power, Oc.) ſhall either be equal to the Figure or Figures 


before the firſt Point, or the next leſs ; and then having jub- 
tracted that Power, the next Figure will be found by dividing 
the Remainder augmented by the next Figure of the Reſolvend, 
by the neat greateſt Power of the Quotient, multiplied by the 
Index of the Power, to be extracted; that is, by the triple 
Square of the Quotient, if the Root be a cube one; or by the 
guintuple Biquadrate, i. e. five times the Biquadrate, if the 
Root be of the fifth Power, &c. And having again ſub- 
trated the greateſt Power of the whole Quotient from the firſt 
Reſolvend, the third Figure will be found by dividing that 
Remainder angmented by the next Figure of the Reſolvend, by 
the next greateſt Pawer of the whole Quotient multiplied by 
the Index of the Power to be extracted; and ſo on, in infi- 
num. | 

Thus to extract the Cube Root of 13312053, the 
Number is firſt to be pointed after this Manner, viz. 
13312053, Then you are to write in the Quotient the 
Figure 2, whoſe Cube 8 is the next leſs Cube to the 
Figures 13 (Which is not a perfect Cube Number), or 
to the firſt Point; and having ſubtracted that Cube, 
there will remain 5; which being augmented by the 
next Figure of the Reſolvend 3, and divided by the 


triple 


— II 


commenſurable. But though they are incommenſurable 
with Unity, they are commenſurable in Power with it; 
becauſe their Powers are Integers, i. e. Multiples of an 
Unit; they may alſo be ſometimes commenſurate one to 
another, when they have a common Meaſure, by which 
being divided they have rational Coefficients combined 
with the Root of that common Meaſure ; for their Ratio 
is then effable by Numbers, to wit, by thoſe Coeffi- 
cients. "0 

163. The Difference between an irrational Root, and the 
next greater and next leſs rational Roots, of the ſame Name 
with it, is leſs than Unity : For the rational Roots of the 
ſame Name, which are the next greater and leſs, are La- 
terals (161), and difter but by Unity. 
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triple Square of the Quotient 2, by ſeeking how many 


* 


ſecond Figure of the 
otient. But ſince 


Cube of . gubtract the Cube 


tient 24, viz. 13824 
would came out too 
great to be ſubtract- 


ed from the Figures gudtract Cube 1216 


13312 that precede 
the ſecond Point,there 


times E X 4» or 12, is contained in 53, it gives 4 for the 


13312053 (237 


12) rem. 53 (4 ᷣT 


1587) rem. 11450 (7 


muſt only 3 be writ.in „„ e e if 
the Quotient. Ten aber Cube 13312053 
me chatten 23 being | 3 | i 
in a ſeparate Paper or : | 
Place multiplied by 23 gives the Square 529, which ? l 


again multiplied by 23 gives the Cube 12167, and this | ol 
taken from 13312, will leave r145 ; which augmented | 


by the next Figure of the Reſolvend o, and divided by if 
the triple Square of the Quotient 23, viz. by ſeeking r 
how many times 3 Xx 529, or 1589, is contained 11450, 


the Quotient 237, multiplied 
56169, which again multiplied by 237 gives the Cube 
13312053, and this taken from the Reſolvend leaves 0. 
Whence it is evident, that the Root ſought is 237. 


And fo to extract the Quadrato-Cubical Root of 


1 
it gives 7 for the third Figure of the Quotient. Then | | 
| 


237, gives the Square 


36430820, it muſt be pointed over every fifth Figure ll 


and the Figure 3, whoſe Quadrato-Cube (or fifth Power 
243 is the next leſs to 364, viz. to the firſt Point muſt be 


writ in the Quotient, Then 
the Quadrato-Cube 243 be- 
ing ſubtracted from 364, 
there remains 121, which 
augmented by the next Fi- 
gure of the Reſolvend, viz. 3, 
* divided by fiye times the 

iquadrate of the Quotient, 
viz, by ſeeking how many 


times 5x 81, or 405, is con- 
tained in 1213, it gives 2 for the ſecond Figure. That 


4 


36430820 (32,5 ll 
243 , [ 
405) 1213 (2 
| 


Cha | 


- 33554432 
5242880) 2876388,0 (5 


Quotient 
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Quotient 32 being thrice multiplied by itſelf, makes the 
Biquadrate 1048576; and this again multiplied by 32, 
makes. the Quadrato-Cube 33554432, which being ſub- 
tracted from the Reſolvend leaves 2876388. Therefore 
$2 is the Integer Part of the Root, but not the exact 
oot ; wherefore, if you have a mind to proſecute the 
Work in Decimals, the Remainder, augmented by a 
Cypher, muſt be divided by five times the aforeſaid Bi- 
quadrate of the Quotient, by ſeeking how many times 
5 X 1048576, or 5242880, is contained in 2876388, o, 
and-there will come out the third Figure, or the firſt 
Decimal 5. And ſo by ſubtracting the Quadrato-Cube 
of the Quotient 32,5 from the Reſolvend, and dividing 
the Remainder by five times its Biquadrate, the fourth 
Figure may be obtained. And ſo on in infinitum. © 


XLIV. When the Biquadratic Root is to be extracted, you 
may extract twice the Square Root, becauſe /4 is as much-as 
VX 2, And when the Cubo-Cubic Root is to be extracted, 
you may firſt extract the Cube Root, and then the Square Root 
of that Cube Root, becauſe V/ is the ſame as *X3; 
whence ſome have called theſe Roots not Cubo-Cubic 
ones, but Quadrato-Cubes, and the ſame is to be ob- 
ſerved in other Roots, whoſe Indexes are not prime 


Numbers. 


XLV. The Extraction of Roots out of ſimple Algebraic 
Duantittes, is evident, even from the Notation itſelf ; as that 
aa is a, and that /aacc is ac, and that /gaacc 
is Zac, and that / 49atxx is 7aax. And alſo, that 


a+ = We "on 1th a+ bh 4b 
vV WIT wy and that 87 „is ——3 


ada dZ T2 az 1 
7 18 1 and that / 4+ is 3; and 
1 8 
e 34 and that y/*aabb, is ab. 


Moreover, that b /a acc, or b into Ha acc, is b into 


and that / 


ac, or abc, And that 3c Io is 30x73 or 
| | gacz 


— , 


5b 
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9a a+ 34% 43421 4 ＋ 34* 
56 Apd. at. ee ec: 8 
2bxx 2abxx + 6bx3 

1 SAT. (4) 


XLVI. I ſay, theſe are all evident, becauſe it will ap- 
pear, at firſt Sight, that the propoſed Quantities are pro- 
duced by multiplying the Roots into themſelves (as 4 4 
from a Xa, aacc from ac into ac, gaacc from Zac 
into 34 c, &c.) But when Quantities conſt of ſeveral 
Terms, the Buſineſs is performed as in Numbers. Thus, to 
extract the Square Root out 1 

of aa + 2ab + bb, in the aa 2336 + bb(a+b 
firſt ch par. the Root of aa T 2 ( * 
the firſt Term aa, viz. a in — | 
the Quotient, and having ſub- © 

tracted its Square a X a, there + 2ab + bb 

will remain 2456 + bb to ind = 
the Remainder of the Root CY o 

by. Say, therefore, How man 

times is the Double of the 8 or 2a, contained 
in the firſt Term of the Remainder 2ab? I anſwer b; 
therefore write b in the Quotient, and having ſubtracted 
the Product of & into 24 +6, or 2ab + bb, there will 
remain nothing. Which ſhews that the Work is finiſhed, 
the Root coming out @a+6 (e). Pe 


— 


XLV. (d) The Roots of ſingle Quantities are ex- 
tracted by dividing their Indices by the Number deno- 
minating their Root (85). If the Index of the Root be 
a Diviſor of the Index of the Power, the Root will be 
rational ; otherwiſe, irrational (86). If the Index of 
the Root be even, the Root may be poſitive or negative, 
if the Power is poſitive (88). If the Power is negative, 
no Root with an even Index can be aſſigned (89). If the 
Index of the Root be odd, the Root will have the ſame 
bign with the Power or given Quantity (88). 

LEVI. (e) The generale Theorem, Number 107, fr the 
Involution of Binomials, will ſerve alſo for their Evo — 
| | becauſe 


1 
6 
1 
| 
| 
= 
| 
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And thus, to extract the Root out of 4. 64235 4 
ae; 12461 + 465, firſt, ſet in the Quotient the 

oot of the firſt Term a+, viz, aa, and having ſub. 
trated its Square a Xx as, or at, there will remain 
6410 + 5aabh — 12463 + 46+ to find the Re- 
mainder of the Root. Say, therefore, How many times 
is 24a contained in 6436? Anſwer 3ab; wherefore 
write 34 in the Quotient, and having ſubtracted the 
Product of 340 into 2 44 + 3ab, or 64350 + gg gb), 
there will yer remain — 441 — 1241 + 44 to 
carry on the Work. Therefore ſay again, How many 
times is the Double of the Quotient, viz. 244 + 6ab 
contained in — 444560 12209, or, which is the ſame 
Thing, ſay, How many times is the Double of the firſt 
Term of the Quotient, or 24a, contained in the firſt 
Term of the Remainder — 4aabb! Anſwer — 2356. 
Then having writ — 255 in the Quotient, and ſub- 
tracted the Product — 253 into 2aa + 621 — 23, 
or — 4aabb — 12abs + 46%, there will remain no- 
thing. Whence it follows, that the Root is aa + 346 
— 2353. | X 


+ + 6a}b+goabb—120 +41 (aa + 3ab—26b 
a+ 


©. 


+ 6@4b+ gaabb 

0 —gaabb 
—4aabb — 12a6b3 + 4654 
2 3 


And thus the Root of the Quantity x x = ax + 424 
is x — 2a; and the Root of the Quantity y# + 45 — 
Sy +4 is yy + 2y — 2; and the Root of the Quan- 

tity 


ALES \ 2 — 41 _ 


_— Wy 4 


—— 


„ 


becauſe to extract any Root of a given Quantity, is the 


ſame Thing as to raiſe that Quantity to à Power, whoſe 
Exponent is a Fraction which has its Denominator equal 
to the Number which expreſſes the Name of the Root to 
be extracted (78). 
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tity 16 44 — 24aax# + 9 + 1255 — 16aabb 
+ 45% is 3xx * why + 253, as may appear by the 


Diagrams undern 
r (x —3@a 
8 
—2* + 444 
0 "Fs 
| + 162+ | 
yo AE þ* 17477 
WO 7758: 3* + 266 
— 
0 


0 O 
. 

J*+45* * — 85 +4 yy +25 —-2 
I | 
- 

422 + 45» 

o —4)y 

— 22 — 24. 


O O O 


XLVII. If you would extract the Cube Root of 
4 + 3aab T 3abb + 53, the Operation is perform- 
thus: 


d 
N a? ＋ 3aab ＋ 343 l T＋ (a +6 
a3 


340 o +3aab(b 
at + 34% +3add + bY 

Q 0 0 0 
Extract firſt the Cube Root of the firſt Term 4, 
viz. a, and ſet it down in the Quotient: Then, ſub- 
tracting its Cube a, ſay, How many times is its triple 
Square, or 34 a, contained in the next Term of the Re- 
mainder 3445 and there comes out 5; wherefore 
write 


— — — 
Py 
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write þ in the Quotient, and ſubtracting the Cube of 
the Quotient, there will remain o. Therefore at 5 
is the Root. 


After the ſame manner, if the Cube Rect is to be 
extracted out of 20 ＋ 625 — 402 + 962 — 64, it 
will come out zz ＋ 22 4. And ſo in higher Roots. 


Of de REDUCTION of FRACTIONS, and 
RADICAL QUANTITIES. 


HE Reduction of Fractions and Radical Quantities 
is of Uſe in the preceding Operations, and that 
Either to the leaſt Terms, or to the ſame Denomination. 


Of the REDUCTION of FRACTIONS to the leaft Terms. 


XLVIII. . CTIONS are reduced to the leaft Terms, 
by dividi ng the Numerators and Denqminators 


by the greateſi Diviſor. Thus the F ration —_— is re- 


duced to a more Simple one _ by dividing both aac 


and bc by c; and 857 is reduced to a more ſimple one 


aac 
= by dividing both 203 and 667-by 293 and L275 7 
is reduced to = by dividing by 29 c. And fo 
6a? —gacc 244 — gcc 
Je becomes e by ae 34. 
— 44 5 bb — bs - 
And © _ 2 becomes 5 1 y- 
viding by a — b. (a). 
| And 


aw —_ n 8 C3 G —— 


XLVIIL (a) Eucl. VII. 35. 


OF FRACTIONS. 113 
And after this Method, the Terms after Multiplica- 


tion or Diviſion, may be for the moſt part abridged. As 


bz 
if you were to multiply 2 by 577. or divide it by 


bdd 55 18 aa H e | 
Gace (5), there will come out «5 and by Re- 


duction — 7 - But in theſe Caſes, it is better to ab- 


breviate the Terms before the Operation, by dividing thoſe 
Terms firſt by the greateſt common Diviſor, which you would 
be obliged to do afterwards (c). Thus, in the Example 
before us, if I divide 24 and bdd by the common 
Diviſor b, and 3ccd and gace by the common Diviſor 


240 
3cc, there will come out the Fraction - to be mul- 


7 d d 
tiplied by — or to be divided by 34 there coming out 
6 
25> as above. And ſo = into f becomes © into 
| c b I 
13 
1 or —. And _ divided by 7 becomes aa divided 


aa a3 —axx cx 
G—_ — — — 1 to —̃ ä _ — 
by ö, or 7 And my nc, —— becomes 


,. into <, or <= . And 28 divided by 2 be- 
x I x 3 


comes 4 divided by 7» or 12. 


Of 


3 
— 


(5) Number 145 and 149. 


(e) Hence the Rule, Multiplicatio comparat heterologes 
Terminos, et multiplicat homologos : Diviſio comparat homo- 
logos Terminos, et multiplicat heterologos, That is, the hete- 
rologous Terms before Multiplication, and the homolo- 
gous Terms before Diviſion, are to be reduced to their 
loweſt Expreſſions. | | 

I 
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Of te INVENTION of DIVISORS. 


XLIX. © ths this Head may be referred the Invention 

of Diviſors, by which any Quantity may be 
divided. If it be a ſimple Quantity, divide it by its leaſt Di- 
viſor, and the Quotient by its leaſt Diviſor, till there remain 
an indiuiſible Quotient, and you will have all the prime Di- 
. — of that Quantity. Then multiply together each Pair of 
theſe Diviſors, each Ternary or three of them, each Duater- 
nary, &c. and you will alſo have all the compounded D:viſors, 
As, if all the Diviſors of the Number 60 are required, 
divide it by 2, and the Quotient 30 by 2, and the Quo- 
tient 15 by 3, and there will remain the indiviſible Quo- 
tient 5. Therefore the prime Diviſors are 1,2,2,3,5; 
thoſe compoſed of the Pairs 4, 6, 10, 15 ; of the Ter- 
naries 12, 20, 30; and of all of them 60. Again, If all 


the Diviſors of the Quantity 214205 are defired, divide 


it by 3, and the Quotient 7 a bb by 7, and the Quotient 
abbby a, and the Quotient bb by b, and there will re- 
main the prime Quotient 5. Therefore the prime Di- 
viſors are 1, 3, 7, a, b, b; and thoſe compoſed of the Pairs 
21, 3a, 3b, 7a, 7b, ab, bb; thoſe compoſed of the Ter- 
naries 21 4, 21 5, 3ab, 36 b, 7ab, 7bb, abb; and thoſe 
of the Quaternaries 2145, 210, 3abb, 7abb; that of 
the Quinaries 21445. After the ſame Way all the Di- 
viſors of 24656 — baacare 1, 2, a, bb — Zac, 2a, 200 
— bac, abb — Zaac, 2abb — baac(a). | 

25 L. if 


* Y —_ 


XLIX. (a) For the Product of all thoſe prime Diviſors 


| being equal to the Dividend, and prime Quantities being 


prime to each other (Eucl. VII. 31), every other prime 
Quantity will be Prime to each of thoſe Diviſors, and 
conſequently Prime to their Product (Eucl, VII. 30), 
that is, to the Dividend, and therefore cannot meaſure 
it; that is, the Dividend will, admit no other prime Di- 
viſors, and therefore no other compound Diviſors, but 
ſuch as are compounded of its own prime Diviſors. 


2. 
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L. F after a Quantity is divided by all its ſample Diviſors, 
it 2 8 and you ſuſpect it has ſome — 
pounded Diviſor, diſpoſe it according to the Dimenſions of any 
of the Letters in it, and in the Room of that Letter 1 
ſucceſſively three or more Terms of this Arithmetical Progreſ- 
fron, vix. 3, 2, 1, 0, = I, — 2, and 2 the reſulting Terms 
together with all their Diviſors, by the correſponding Terms 
of the Progreſſion, ſetting down alſo the Signs of the Diviſors, 

oth affirmative and negative. Then ſet alſo down the Arith- 
metical Progreſſions which run through the Diviſors of all the 
Numbers proceeding from the greater Terms to the leſs, in the 
Order that the Terms of the Progreſſion 3, 2, 1, o, — 1, — 2 
proceed, and whoſe Terms differ either by Unity, or by ſome 
Number which divides the higheſt Term of the Quantity pro- 
poſed. If any * ton of this Kind occurs, that Term of it 
which ftands in the ſame Line with the Term o of the firſt 
Progreſſion, divided by the Difference of the Terms, and joined 
with its Sign to the aforeſaid Letter, will __ the Duan- 
tity by which you are to a the Diviſion (G). 
2 As 


_— * _ * 


L. (5) By Suppoſition the Diviſor (when found) mea- 
ſures the Dividend; if, therefore, the ſame Number is 
ſubſtituted in both, the Number reſulting from the Sub- 
ſtitution in the Diviſor will meaſure * her reſult- 
ing from the Subſtitution in the Dividend: But the Di- 
viſor being ſuppoſed to be of one Dimenſion, and a Bi- 
nome, that is, of the Form * + a, the Numbers re- 
ſulting from the ſucceſſive Subſtitution of the Laterals in 
its firſt Member in the Place of x, will form an arith- 
metical Progreſſion, whoſe common Difference will be u, 
the Coefficient of the firſt Member (46); and they are 
alſo Diviſors of the Numbers reſulting from the Subſti- 
tution of the ſame Laterals in the Dividend: But when 
Cypher is ſubſtituted for x in the Diviſor, (its firſt Mem- 
ber being deſtroyed by the Multiplication with o) the 
Number reſulting muſt be a, its ſecond Member; there- 
fore that arithmetical Progreſſion, whoſe common Dif- 
ference is the Coefficient of the firſt Member of the Di- 
viſor, and whoſe Term, which is placed over-againſt 

Cypher, 
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As if the Quantity be x 3 — xx — 10x + 6, by ſub- 


ſtituting, one by one, the Terms of this. Progreſſion 
I. O. — 1, for x, there will ariſe the Numbers — 4, b, 
+ 14, which, together with all their Diviſors, I place 
right againſt the Terms of the Progreſſion 1. 0. — 1. after 
this Manner, a 


4. 2. 4 ＋ 4. 
o 6 1. 2. 3. 64 3. 
— 1 | 14 | 1. 2. 7. 14] + 2. 


Then, becauſe the higheſt Term. x3 is diviſible by no 
Number but Unity, I ſeek among the Divifors a Pro- 
greflion whoſe Terms differ by Unity, and (proceeding 
from the higheſt to the loweſt) decreaſe as the Terms of 
the lateral Progreſſion 1. o. — 1. And I find only one 
| Progreſſion of this Sort, viz. 4. 3. 2. whoſe Term * 
ore 


Cypher, is the ſecond Member of the Diviſor, muſt run 
through the Diviſors of the Numbers reſulting from the 
Subſtitution of the ſame Laterals for x in the Dividend. 
Now the firſt Member of the Diviſor is to meaſure the 
firſt Term of the Dividend, and the common Difference 
of the Progreſſion is to be the Coefficient of the firſt 
Member of the Diviſor; therefore that Progreſſion, run- 
ning through the Diviſors of the Numbers reſulting from 
the Subſtitution of the Laterals in the Dividend, is to be 
choſen, whoſe common Difference meaſures the Coeffi- 
cient of the firſt Term of the Dividend. But as it often 
happens that the Coefficient of the firſt Term of the Di- 
vidend will admit various Diviſors, and conſequently the 
Progreſſions, whoſe common Differences will all meaſure 
it, will be various; ſo among the Diviſors to be formed 
according to this Rule, Trial muſt be made to diſtinguiſh 
the true one, It is evident, however, that if the Divi- 


dend admits a Divifor of this Form, it will be found 
among the Divifors framed according to this Rule ; con- 
ſequently if no Diviſor of this Form can be found . 

ivi- 


Rule, or none which will divide the Dividend, the 
dend admits not a Diviſor of this Form. 


no ue So a, e ,. 


ſuh- 
eſſion 
4, b, 
place 
after 
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fore ＋ 3 I chuſe, which ftands in the ſame Line with 
the Term o of the firſt Progreſſion 1. 0. — 1. and I at- 
tempt the Diviſion by x + 3, and find it ſucceeds, there 
coming out xx — 4x + 2. 


Again, if the Quantity be 651 — yz — 21yy + 3y 
+ 20, for y I ſubſtitute ſucceſſively 2. 1. 0. — I, — 2. 
and the reſulting Numbers 30. 7. 20. 3. 34. with all 
their Diviſors, I place by them as follows. 


2 | 30 | 1. 2. 3. F. 6. 10. 15. 30] +10. 
I 7. + 7. 
o | 20 | I. 2. 4. 5. 10. 20 | Þ+ 4+ 
—I | WW] 1. 3. + 1. 
—2 144 1. 2. 7. 34 — 2. 


And among the Diviſors I perceive there is this decreaſing 
arith metical Progreſſion + 10. 4 7. ＋ 4. + 1. — 2. 
The Difference of the Terms of this Progreſſion, viz. 3, 
divides the higheſt Term of the Quantity 6 y +. Where- 
fore I adjoin to the Letter y the Term + 4, which 
ſtands in the Row oppoſite to the Term o, divided by 
the Difference of the Terms, viz. 3, and I attempt the 
Diviſion by y + +, or, which is the ſame Thing, by 
3) + 4, and the Buſineſs ſucceeds, there coming out 


2 nns 
And fo, if the Quantity be 24 45 — 50 a+ + 4943 
— 140 a* + 64a + 30; the Operation will be as fol- 
lows. 
2 | 421. 2. 3. 6. 7. 14. 21. 42 +3.+ 3-+ 7. 
x | 231. 23 +1I.—1.+ I. 
o 30 |1. 2. 3. 5. 6. 10. 15. 30 | —1.— 5.— 5. 
—1 1297 1. 3. 9. II. 27. 33. 99. 297] — 3-— 9.—11. 


Here are three Progreſſions, whoſe Terms — 1.— 5. — 5, 
divided by the Differences of the Terms 2, 4, 6, give 
three Diviſors to be tried a— 4, 4-4, and a—4. And 
the Diviſion by the laſt Divifor a — 5, or 6a — 5, ſuc- 
ceeds, there coming out 44 — 54 + 4aa— 204 — b. 
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LI. If no Diviſor occur by this Method, or none that 
divides the Quantity propoſed, we are to conclude, that 
that Quantity does not admit a Diviſor of one Dimen- 
ſion. But perhaps it may, if it be a Quantity of more 
than three Dimenſions (c), admit a Diviſor of two Di- 
menſions. And if fo, that Diviſor will be found by 
this Method. Sub/eitute in that _— or the Letter or 
Species as before, four or more Terms of this Progreſſion 

„2, I, O. — 1. — 2. — 3. Let all the Diviſors of the 
Numbers that reſult be ſingiy added to and ſubtracted from the 
Squares of the correſpondent Terms of that Progreſſion, multi- 
plied into ſome Numeral Diviſor of the higheft Term of the 
Duantity propoſed, and right againſt the Pro reſſon et be 
placed the Sums and Differences. Then note all the collateral 
Progrelſions which run through thoſe Sums and Differences. 
Then ſuppoſe + C to be aTerm of ſuch like Progreſſions that 
fands againſt the Term © of the firſt „ and J B 
the Difference which ariſes by ſubdufting T C from the next 
ſuperior Term which flands againſt the Term 1 of the if 
Pro 7057 and A to be the aforeſaid numera Dag. 
the 52 eft Term, and | to be the Letter which is the Nel 
Quantity, then A11 BI + C will be the Diviſor to be 
tried (4). 

of, | > Thus 
* — 2 _—_— 


LI. (c) 164. If a compound Quantity of three Dimenſions 


admits not a Diviſor of one Dimenſion, it will not admit one 


of two; and univerſally, a Quantity which admits not Divi- 
fors, whoſe Indices are leſs than Half its own Index, will not 
admit Diuiſors whoſe Indices are greater than 17 its own 
Index, and which would be the Indices of the Quotes, if 
it was divifible by ſuch Diviſors ; for being indiviſible by 
the Diviſors, it will be ſo by the Quotes. 


(4) If the ſame Number be ſubſtituted in both Divi- 
ſor and Dividend, the Number reſulting from the Subſti- 


tution in the Diviſor will divide the Number reſulting - 


from the Subſtitution in the Dividend: But the Diviſor 
being of two Dimenſions, that is, a Trinome A!“ + 
B/ + C, its firſt Term is the Square of the Quantity re- 


preſented by /, multiplied into ſome Submultiple A ad 
| | the 


- 1 


| 


.... ß a O's , i . 2 9 — © Q 
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Thus ſuppoſe the propoſed Quantity to be y4 — * — 
5xx T 12x — 6, for x I write ſucceſſively 3, 2, 1, o. 
— 1, — 2, and the Numbers that come out 39. 6. 1. 
— 6, — 21. — 26. I diſpoſe or place together with 

| 14 their 


I 


— 


the Coefficient of the higheſt Term of the Dividend; 
and if the whole Diviſor was ſubducted from its firſt 


Term, the Reſidue would be its ſecond and third Terms 


with contrary Signs J B/ FE C (XXVII); and if the 
Laterals 2, 1, o, — I, — 2, s were ſucceſſively ſubſti- 
tuted for /, in the firſt Member J BI of this Reſidue, 
the reſulting Members would deſcend in an arithmetical 
Progreſſion, whoſe common Difference is the Coefficient 
of the firſt Member of the Reſidue ; and conſequently, 
if, in order to find this common Difference, each Term 
of this Progreſſion was ſubducted from the next Superior, 
the Reſidue would be the Coefficient of the ſecond Mem- 
ber of the Diviſor with a contrary Sign (46); and when 
o were ſubſtituted, the reſulting Number would be the 
Number right againſt Cypher in the lateral Progreſſion, 
to wit, the laſt Member of the Diviſor, with a contrary 
Sign. Therefore if the ſame Laterals 2, 1, o, — 1, — 2, 
be ſucceſſively ſubſtituted for / in the Dividend ; and if 
all, the Diviſors of the reſulting Numbers be ſeverally 
ſubdued from the Squares of the ſubſtituted Laterals, 
multiplied into the Coefficient of the firſt Term of the 
Diviſor, to wit, the Submultiple of the Coefficient of the 
higheſt Term of the Dividend; there will be an arith- 
metical Progreſſion in thoſe Reſidues, whoſe common 
Difference being found by ſubducting any Term of it 
from the next Superior (conſequently by ſubducting the 
Term right againſt Cypher in the lateral Progreſſion 
from its next Superior) will be the Coefficient of the 
ſecond Term of the Diviſor with a contrary Sign ; and 
whoſe Term, which is right againſt Cypher in the Pro- 
greſſion of Laterals, is the laſt Term of the Diviſor with 
a contrary Sign. Now becauſe from the Subſtitution of 
a Lateral for /, a negative Number might emerge ; and 
that to ſubduct a Negative is equivalent to adding it affir- 

matively ; 
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their Diviſors in the ſame Line with them, and J add 
and ſubtract the Diviſors to and from the Squares of the 
Terms of the firſt Progreſſion, multiplied by the Nu. 
meral Diviſor of the Term x, which is Unity, viz. 
to and from the Terms 9. 4. 1.0. 1. 4, and I diſ- 
poſe likewiſe the -Sums and Differences on the Side. 
Then I write, as follows, the Progreſſions which oc- 
cur among the ſame, Then I make uſe of the Terms 
: of 


1 


matively; therefore the affirmative Diviſors of the re- 
ſulting Numbers are not only to be ſubducted from the 
Squares of the ſubſtituted Laterals multiplied into the 
Submultiple of the Coefficient of the higheſt Term of the 
Dividend, but alſo to be added to them, that by this Me- 
thod the negative Diviſors may alſo be ſubducted from 
them. Now becauſe it may be, that the common Dif— 
ference of the Progreſſion, which runs through the Re- 
ſidues, may not be the Coefficient of the fecond Term of 
the Diviſor (as in Art. L), with its Sign changed; and 
moreover, becauſe the Coefficient of the higheſt Term of 
the Dividend may admit various Diviſors ; and becauſe 
the aſſumed Submultiple of it may not be the Coefficient 
of the firſt Term of the Diviſor; therefore Trial is to 
diſtinguiſh among the Diviſors, formed by the Rule, the 
true ones. However, the more Laterals there are ſub- 
ſtituted for the Letter in the Dividend, the fewer are the 
Diviſors which are to be tried; for tho* various Progreſ- 
ſions may occur, yet they will all be at laſt broken off, 
thoſe only excepted, from which the true Diviſors can 
be formed, by the preceding Rules. Becauſe any Pro- 
greſſion being indefinitely continued, and a Diviſor being 
thereby formed, *tis plain that any Number being ſub- 
ſtituted in the Diviſor, the Number reſulting would 
meaſure the Number reſulting from the Subſtitution of 
the ſame Number in the Dividend; and that therefore 
the Diviſor is a true one. Hence it follows, that if no 
Diviſor can be found by this Method, the Quantity pro- 
2 will be indiviſible by a Diviſor of two Dimen- 
ons. 


OF DIVIS ORS. 121 


of theſe Progreſſions 2 and — 3, which ſtands op- 
poſite to the Term o in that Progreſſion which is 


in the firſt Column, ſucceſſively for F C, and I make 


30391. 3. 13. 39 9 39.—4.6. 8. 10. 12. 22. 48 4. 6 
2] 61. 2. 3.6 [4] 2. 1. 2. 3. 5. 6. 7. 10 —2. 3 
1611. 1110. 2. o. © 
o| 61. 2. 3.6 o -6.— 3. 2. — 1. 1. 2. 3. 6 2 
1211. 3.7.21 [- 20. 6.— 2. O0. 2. 4. 8. 22 4.- 
2126 [T. 2. 13. 26 4 - 22. 9. 2. 3. 5. 6. 17. 30 | 0.—9 


uſe of the Differences that ariſe by ſubtracting theſe 
Terms from the ſuperior Terms o and o, viz. — 2 
and + 3 reſpectively for F B. Alſo Unity for A; and 
x for J. And ſo in the room of A// + BI + C, I 
have theſe two Diviſors to try, viz. xx + 2x — 2, 
and xx — 3x + 3, by both of which the Buſineſs ſuc- 
ceeds, 


Again, if the Quantity 355 — 651 þ yz — 855 — 
14 y + 14 be propoſed, the Operation will be as fol- 
lows. Firſt I aftempt the Buſineſs by adding and ſub- 
tracting the Diviſors to and from the Squares of the 
Terms of the Progreſſion 2. 1. 0. — 1, making uſe of 
1 for A, but the Buſineſs does not ſucceed, Where- 


31170 [27 |-7- 17 
2 381. 2. 19. 38]12]—16.—7.10.11.13. 14. 31. 50 =7-x*1 
I| 101. 2.5.10 | 3|-7.2. I. 2. 4. 5. 8. 13 =" 5 
of 141. 2. 7. 140-14. —-7.—2.— 1. I. 2. 7. 14 —7.— 1 
1 10/1. 2. 5. 10] 3-7. — 2. 1. 2. 4. 5. 8. 13 —7.— 7 
— 190 112 —7.—13 


fore in the room of A, I make uſe of 3, the other nu- 
meral Diviſor of the higheſt Term 355; and theſe 
Squares being multiplied by 3, I add and ſubtract the 
Diviſors to and from the Products, viz. 12. 3. o. 3, and 
I find theſe two Progreſſions in the reſulting Terms, 
— 7. — 7. —7. —7, and 11. 5. — 1. — 7, For Ex- 
pedition Sake, I neglected the Diviſors of the outermoſt 
Terms 170 and 190. Wherefore, the Progreſſions being 
continued upwards and downwards, I take the next 

Terms, 
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Terms, viz. —7 and 17 at the Top, and — 45 and — 13 
at Bottom, and I try if theſe being ſubducted from the 
Numbers 27 and 12, which ſtand againſt them in the 
fourth Column, their Differences divide thoſe Numbers 
170 and 190, which ſtand againſt them in the ſecond 
Column. And the Difference between 27 and — 7, 
that is, 34, divides 170; and the Difference of 12 and 
— 7, that is, 19, divides 190. Alfo the Difference be- 
tween 27 and 17, that is, 10, divides 170; but the 
Difference between 12 and — 13, that is, 25, does not 


divide 190. Wherefore I reject the latter ac 4 


According to the former, J C is. — fo and I B is no- 
thing; the Terms of the Progreſſion having no Differ- 
ence. Wherefore the Diviſor to be tried AL TK BI+C 
will be 355 + 7. And the Divifion ſucceeds, there 
coming out y3 — 25 — 25 ＋ 2. 

It after this way, there can be found no Diviſor which 
ſucceeds, we are to conclude, that the propoſed Quantity 
will not admit of a Diviſor of two Dimenſions. The 
ſame Method may be extended to the Invention of Divi- 
ſors of more Dimenſions, by ſeeking in the afbreſaid 
Sums and Differences not atithmetical Progreflions, but 
ſome others, the firſt, ſecond, and third, &c. Differ- 
ences of whoſe Terms are in atithmetical Progreſſion : 
But the Learner ought not to be detained about them. 


LII. Where there are two Letters in the propoſed Quan- 
tity, and all its Terms 2 to equally high Dimenſions, put 
Unity for one of thoſe Letters ; then, by the preceding Rules, 
feek a Diviſor, and compleat the deficient Dimenſions of this 
Diviſor, by refloring that Letter for Unity. 

As if the Quantity be 6 ys — cy3 — 21 ccyy c 
+ 20 4%, where al] * Terme — of four n 
for c I put 1, and the Quantity becomes 654 — y3 — 
21 yy + 35 +20, whoſe Diviſor, as above, is 3y +4; 
and compleated the deficient Dimenſion of the 
laſt Term by a correſpondent Dimenſion of c, you have 
33 + 4c for the Diviſor ſought. So, if the Quantity be 
41 = bai — gbbxx +126b'x — 664; putting 1 for 5, 
and having found xx + 2 x — 2 the Diviſor of the re- 
ſulting Quantity - xi FN +12x — 6, I com- 
pleat its deficient Dimenſions by reſpective _—_— 

| ions 
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ſions of b, and ſo I have xx +26bx + 253, the Diviſor 
fought. 


LIII. When there are three or more Letters in the Quan- 
tity propoſed, and all its Terms aſcend to the ſame Dimenſions, 
the Diviſor may be found by the 7 — Rules ; but more 
ere after this Way : Seek all the Diviſors of all the 

erms in which ſome one f the Letters is not, and alſo of all 


the Terms in which fome other of the Letters is not; as alſo 0 


all the Terms in which a third, fourth, and fifth Letter 1s 
not, if there are ſa many Letters ; and fo run over all the 
Letters : And in the ſame Line with thoſe Letters place the 
Diviſors reſpectively. Then ſee, if in any Series of Diviſors 
oing through all the Letters, all the Parts involving only one 
ter can be as often found as there are Letters ( * ng 
only one) in the Quantity propeſed ; and likewiſe if the Parts 
involving two Letters may be found as often as there are 
Letters (excepting two) in the Quantity propoſed If ſo ; all 
thiſe Parts taken together under their proper Signs will be the 
Divifor fought. 
As if there were propoſed the Quantity 12 * — 14 
+ goxx—12bbx — 6bcx + Becx + BB — 12bbe 
— 4bcc + 6:3; the Diviſors of one Dimenſion of the 
Terms 8 53 — 12bbc — 4bec + 6e?, in which æ is 
not, will be found by the preceding Rules to be 25 — 3c, 
and 45 — 6c; and of the Terms 12 * + gexs + 
8ccx + 6c), in which 3 is not, there will be only one 
Diviſor 4x ＋ 303 and of the Terms 12x3 — 14bxx 
— 12bbx + 855, in which there is not c, there will 
be the Diviſors 2x — 5 and 4x — 25. I diſpoſe theſe 
Diviſors in the ſame Lines with the Letters x, ö, c, as 


you here ſee; 


* 
5 4 * + 30. 5 
c [2K — 5. 4x — 25. 


Since there are three Letters, and each of the Parts of 
the Diviſors only involve one of the Letters, thoſe Parts 
ought to be found twice in the Series of Diviſors. But 
the Parts 4 5, 6c, 2x, b of the Diviſors 45 — 6c and 
24 — b, only occur once, and are not found any where 


OC 
out of thoſe Piviſors whereof they are Parts. _— 
ore 
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fore [ neglect thoſe Diviſors. There remain only thtee 
Diviſors 25 — 3c, 4x + 3c, and 4x — 25. Theſe 
are in the Series going through all the Letters x, b, c, 
and each of the Parts 25, 3c, 4x, are found in them 
twice, as ought to be, . 

provided the Signs of the Diviſor 25 — 3c be changed, 
and in its Place you write — 26 + 3c. For you may 
change the Signs of any Diviſor, I take therefore all the 


Parts of theſe, viz. 25, 3c, 4x,. once apiece under their 


proper Signs, and the Aggregate — 25 c x 
will be the Diviſor which —5 to be Ph LY by 
this you divide the propoſed Quantity, there will come 
out 3xx — 2bx + 2cc — 435. 

Again, if the Quantity be 12« — 10ax* — 9b x4 
—264a*x3 + 12a4bx*+ 6bbxi + 244*'xx— ga 
—8abbxx—24bisxx—40bx 4 6aabbx—1I2abx 
+ 186*z + 125 + 32aab*— 1285; I place the Di- 
viſors of the Terms in which & is not, by x ; and thoſe 
Terms in which @ is not, by a; and thoſe in which 6 
is not, by 5, as you here ſee. Then I perceive that all 


[#- 25. 4b. aa + 3bb. 244 + 635. 4aa ＋ 1266.” 
* 33 344. 251 — 644. 4bb — 122242. 
a [AX Xx - 3b + 2bb. 12xx —gbx + 6535. 

3 * 2. 3444. 6 — 84. 3a — 4%. bxx—Bax, 
a2 ＋ 2 344. 4 + 2ax 644. 


thoſe that are but of one Dimenſion are to be rejected, 
becauſe the Simple ones, 5. 25. 46. x. 2 , and the Parts 
of the compounded ones, 3x — 44. 6x — 8a, are found 
but once in all the Diviſors'; but there are three Letters 
in the propoſed Quantity, and thoſe Parts involve but 
one, and ſo ought to be found twice. In like manner, 
the Diviſors of two Dimenſions ga + 355. 2aa + 655. 
4aa + 12bb, bb — 33. and 46b — 12a I reject, 
becauſe their Parts ag. 24 4. 4aa. bb. and 455. in- 
volving only one Letter @ or 6b, are not found more 
than once. But the Parts 255 and 6@aa of the Diviſor 
255 — 6aa, which is the only remaining one in the 
Line with x, and which likewiſe involve only one Letter, 
are found again, or twice, viz, the Part 255 in the Di- 
viſor 4xx — 3bx + 265, and the Part 62 à in the = 

viſor 


that with the ſame Signs, 


EE Eon a ASE 


Diviſor 4x — 25 + 3c, blot out c; an 
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viſor 4x x 24 6644. Moreover, theſe three Di- 
viſors are in a Series ſtanding in the ſame Lines with the 
three Letters x, a, 6; and all their Parts 253, 64a, 41x, 
which involve only one Letter, are found twice in 
them, and that under their proper Signs; but the Parts 

bx, 24 x, which involve two Letters, occur but once 
in them. Wherefore, all the divers Parts of theſe three 
Diviſors, 25 5, 64a, 4xx, 3bx, 2a x, connected under 
their proper Signs, will make the Diviſors ſought, viz. 
255 — 6 + 4xx —3Zbx ＋- 22. I therefore di- 
vide the Quantity propoſed by this Diviſor, and there 
ariſes 3x% — 44 — 2445 — 633. 


LIV. If all the Terms of any Quantity are nat equally 
high, the deficient Dimenſions muſt be filled up by the Dimen- 
frons of any aſſumed Letter; then having found a Diviſor by 
the 4 Rules, the aſſumed Letter 1s to be blotted out. 
As if the Quantity be 12#3 —bxx + 9gxx — 12bbs 
— bbx + 8x + 863 — 126? — 4b + 6; aſſume any 
Letter, as c, and fill up the Dimenſions of the Quantity 
propoſed by its Dimenſions, after this Manner, 12 x3 — 
I4bxx + qr — 12bbx — 6bex + 8cox + 883 
— 12bbc - 4bcc + 6c3, Then having found out its 

iy you will have 
the Diviſor required, viz, 4 x — 25 + 3. 

Sometimes Diviſors may be found more eaſily than by 
theſe Rules. As if ſome Letter in the propoſed Qugutity be 
of only one Dimenſion ; you may ſeek for the i e 
Diviſor of the Terms in which that Letter is found, and of 
the remaining Terms in which it is not found; for that Di- 
* will divide the whole. And if there is no ſuch common 
Diviſor, there will be no Diviſor of the whole, For Ex- 


| ample, if there be propoſed the Quantity K — 34 xi — 


Baaxx +184a3x + cx? —acxx—Y8aacx + bac 
- 844; let there be ſought the common Diviſor of the 
Terms + cx? — acxx — Baaex + 6, in which c 
is only of one Dimenſion, and of the remaining Terms 
x* — 3ax3 — S + 1843x — 8a4, and that Di- 
viſor, viz. xx + 24x — 23, Will divide the whole 


Quantity. 
LV. But 


— —— — — 
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LV. But the greateſt common Diviſor of two Numbers, if 
it is not known, or does not appear at firſt Sight, it is found 

a perpetual Subtraction of the leſs' from the greater, and of 
the ainder from the laſt Quantity ſubtractea. For that 
will be the fought Diviſor, which at length leaves nothing. 
Thus, to find the greateſt common Diviſor of the Num- 
bers 203 and 667, ſubtract thrice 203 from 667, and the 
Remainder 58 thrice from 2055 and the Remainder 29 
twice from 58, and there will remain nothing; which 
ſhews, that 29 is the Diviſor ſought (e). 


LVI. After the ſame Manner the common Diviſor in Spe- 
cies, when-it is compounded, is found, by ſubtratting either 
7 955 or its Multiple, from the other; provided bath 
thoſe Quantities and the Remainder be ranged according to the 
Dimenſions of any Letter, as is ſhewn in Diviſion, and be 
each- Time managed by dividing them all by their Diviſors, 
which are either ſimple, or divide each of its Terms as if it 
were a ſimple ane. Thus, to find the greateſt common 
Diviſor of the N un and Denominator of this 

„* — 323 — Baaxx + 184 — 84 
Frattion — * — axx — $aax 1 ——_ 
tiply the Denominator by x, that its firſt Term may be- 
come the ſame with the firſt Term of the Numerator. 


Then ſubtract it, and there will remain — 2a * 
124 K - 827, which * rightly ordered by dividing 


by — , it becomes x3 — 6a + 44. Subtract this 
from the Denominator, and there will remain — a x x — 
244 X ＋ 243; which again divided by — a, becomes x x 
+ 2ax —2aa, Multiply this by x, that its firſt Term 
may become the ſame with the firft Term of the laſt ſub- 
tracted Quantity x3 — bags + 4a?, from which it is 
to be likewiſe ſubtracted, and there will remain —2 a x x 


— 44a T4, which divided by — 2 a, becomes alſo 


xx T2242 — 244. And ſince this is the fame with the 
former Remainder, and conſequently being ſubtracted 
from it, will leave nothing, it will be the Diviſor ſought ; 


* 
* 
2 * 2 — 
— 


Lv. (e) Eucl. VII. 2. 


* 
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by which the propoſed Fraction, by dividing both the 
Numetator and Denominator by it, may be reduced to a 


more Simple one, vis. 2 — — . And ſo, if 


* 

. 63 +iga*th— 4c logabe c 
you bave the Fration cor noo Ie Gabe [0a 
its Terms muſt be ficſt abbreviated, by dividing the Nu- 
merator by aa, and the Jenominator by 34: Then ſyb- 
tracting twice 34 — gaac — Aaacs ＋ 6c3 from 
643 57 1309 8 — 10 J, there will remain 

1 — IOO ce . . | 

+ 18 aa TORR 2 Which being ordered, by di- 
viding each Term by 50 + 6c after the ſame Way as if 
b + &c was a ſimple Quantity, it becomes 3a — 2c 
is being multiplied by a, ſubtract it from 343 — g 
—2acc + 6c3, and there will remain — 94 + 6c3, 
which being again ordered by a Diviſion by — 3 c, be- 
comes alfo 344 — 2 cc, as before. Wherefore 344 — 
2 cc is the Divifor ſought. Which being found, divide 
by it the Parts of the propoſed Fraction, and you will 


| 243+ 5aab : 
ne Fab gk H. N 


L II. Now, if a cammen Divifar cannot be found after 
this Way, it is ALE there is none at all; unleſs, perhaps, 
it may ariſe out of the Terms that abbreviate the Numerator 
and Denominater of the Frattion. As, if you have the 
 aadd—ccdd—aacc>+cH . 
. aac?) 00 


its 


* TY wo * 


— 


r R 


— — — TY” 


LVI. (/ ) If all the Terms of both Quantities have a 
common Diviſor, divide them by it, and by it —y 
the common Diviſor, when found ; ſo ſhall the Product 
be the greateſt common Diviſor : But no Quantity, by 
which the Terms of one Quantity only have been ab- 
hreviated, can enter the Compoſition of a Diviſor, which 


is to be common to both. 


228 INVENTION 
its Terms, according to the Dimenſions of the Letter d, 


that the Numerator may become wag 8 


„e oo £* > and. 


the Denominator — 4 4 J T 297%, Theſe muſt firt 


be abbreviated by dividing each Term of the Numerator 
by aa — cc, and each of the Denominator by 24 — 2c, 


juſt as if ag —cc and 24a —2c were ſimple Quantities, 


And ſo, in Room of the Numerator there will come out 
dd — cc, and in Room of the Denominator 24d — cc, 
from which, thus prepared, no common Diviſor can be 
obtained, But, out of the Terms aa —cc and 24 — 2c, 
by which both the Numerator and Denominator are 
abbreviated, there comes out a Diviſor, viz. a — c, 


by which the Fraction may be reduced to this, viz. 


add + dd — acc — 0 
444 — 2 | 
aa —cc and 22 — 2c had not had a common Diviſor, 


the propoſed Fraction would have been irreducible, 


Nov, if neither the Terms 


LVIII. And this is a general Method of finding 1 


mon Diviſors : But moſt commonly they are more expeditiouſly 
found by ſeeking all the prime Diviſors of either of the Duan- 


tities, that —— as cannot be divided by others, and then by 


trying if any of them will divide the other without a Remainder. 
| 2 * | 
Thus, to reduce — er - to the leaſt 
Terms, you muſt find the Diviſors of the Quantity 
aa — 4, viz. a and a — þ; then you muſt try whe- 
ther either a, or a — 6, will alſo divide a! — aab + 
abb — þ* without any Remainder, 


LID 


„ ww iD 


* 
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Of the REDUCTION of FRACTIONS © 


—— common Denominator. 


LIX. FRA CTIONS are reduced to a common Denomi- 
nuator by multiplying the Ter ms of each by the Deno- 
minator of the ather (a). : | 


Thus, baving > and > multiply the Terms of one 
7 ＋ by d, and alſo the Terms of the other 7 by b, ang 


" oye 
they will * 72 75 and — i” whereof the common. De- 
lhe = 
nominator 18 4 1 thus 4 and 3, or = a and 2 


become © 2 But where the je hr have 
a common * Divifer, it is ſu efficient to multiply they al- 
Te by the * Thus the Fraction — and 


- 75 are reduced to theſe —< T7 775. an} Fo F- = by nultiphying 


alternately by the-Quotients c and d, ariſing by the — 
viſion of the Denominators by the common Diviſor 3. 


* — 


This Reduction is moſtly of Uſe in the Addition and 858 
traction of Fraftions, which, if they have different Deno- 
ninators, muſt be firſt reduced to the fame Denominator be- 
fore nA can be added (5). 


K* W Tos 


4 ” WoW EY * 3 * 


75 — * F n 
8 1 


— — — 


LIX. (c) Euel. VII. 17. (5) Art. XVIII. Note (5). 
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Thus > = += 7 * Reduction becomes 7 + 15 or 


3 34 a3 _ 
2 IPG 2 12 
57 omes 1 And 


* — 


| 4 
= cc — xx becomes ——=—, And ſo 777 be. 
CC — && 


—.— 14 +15 


I4 
comes — 21 5 9 5 that i 185 2 An 484 7 


3 9 25 3 5 9 
: 17 12 And 0 5 becomes 3 
5 


I | 
— 12 5 that is, . And 3 F, or f. + f. be 
5 F 


„ 57. "0 
comes 5 +> at An on. 


dere there are more Fraftions than two, they are to be 


added gradually. 
Thus, having = — r, from — 


7 — X 


take 4, and there will remain emer to this add 


„ and there will come out —_ * = 


from whence, laſtly, take away - 75 and there will 


wr a+ — 6 3 24x3 - 2x4 | 
remain = — mM And ſo if you 


F 


have 3 7 5. firſt, you are to find the Aggregate of 


37 
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3 > VIZ, — and then to take from it 5 and there 


7 


6 
will remain = (c). 


Of the REDUCTION of RADICAL QUANTITIES 
to their leaſt Terms. | 


LX. A Radical Quantity, where the Root of the whole 
cannot be extracted, is reduced by extracting the 

Rost of ſome Diviſrr of it (a). a. 
Thus Jaa be, by extracting the Root of the Divi- 
ſor a a, becomes ay/ bc. And / 48, by extracting the 
Root of the Diviſor 16, becomes 4 4/3. And 48 aaαb c, 
by extracting the Root of the Diviſor 16 aa, becomes 
| | 4a4/30c 


„* 


(c) 4 Fraction is reduced to its Equivalent which ſhall 
have a given Denominator, by multiplying the given Denomi- 
nator by the Numerator, and by dividing the Product by the 
Denomunator of the Fraftion ; for this Quote will be the Nu- 
meratar of the equivalent Fraction; for it will have the ſame 
Ratio to the given Denominator, as the Numerator of 
the Fraction had to its Denominator. And this is an 
d Abbreviation of the Reduction to a common Denomi- 
nator, and of a ſubſequent Reduction into the loweſt 
, Terms, by dividing them by the former Denominator. 

Alſo a Fraction is reduced to its Equivalent which ſhall have 
a given Numerator, by multiplying the given Numerator into 
the Denominator, and by dividing the Produg? by the Nume- 


rator of the Fraction; for this Quate will be the Denominator 


R of the equivalent Fraftion, This alſo is an Abbreviation 
of the two Reductions, into a common Denominator, 
. and into the loweſt Terms. . 


LX. (a) For theRadical is the ſame, being {till the Pro- 
| duct of the Diviſor into the Quote, but the Divilor 33 
| 10w rational, 
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4$ay3bc, And *b —4aabb +40b þ3 


cc 


„ by extraQ. 
—44ab + 4bb 


CC 


ing the Root of its Diviſor - — » becomes 


a—2b /acoomm 4aammm 


ab. And / 7 + 725 „ by ex- 


| = the Root of the Diviſor =—— 
P22 


470 + 4mp. And SE by extracting the Root 


of the Diviſor 7 becomes = 7 52. or 5 eue 
by farther Nen the Root of 75 bessa. it 
becomes 2 9 (5). And fo a> or a=, by 
. Al Root of the Denominator, becomes / ab 
(c). And WITH. + 16 a+, by — the Cube Root 
of its Diviſor 8 a3, becomes 2 a 5725 + 23. After the 
ſame manner 4/ a3 x, by _—— the Square Root of 


its Diviſor aa, becomes Va into 722 (d), or by ex- 
tradting the 1 __ of the Diviſor 2“ T be- 


comes as- =(e). And ſo a!ss i is ER into ayar 


of 05 0 OF, 


00 1 = * 276 =7 e. 


=; 
(e) For e =S==v7 a b. 


(a) For /aa = v/ 4. ; 
| (e) For J 4 = 77 24 


y 5 


DF. 
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{f), or into ax 775 (g), or into /a x X Vaasx (h). 
Moreover, this Reduction is not only of Uſe for abbrevi- 
ating of Radical Quantities, but alſo for their Addition and Sub- 
traction, if they agree in their Roots when they are reduced 10 
the moſt ſimple Form; for then they may be added, — 
otherwiſe they 1 85 (3). 
Thus, 448 + 75 by Reduction becomes 4 4/ 3 
; 6 
+543 thatisg 3. And 48 — v/7> by Re- 


duction becomes 4/3 3 „3, that is, 5 V 3. 


53 — 
And thus, yt 1 26 + gab! by 
extracting what is Rational in it, becomes 22 y/ ab + 


— 23 | 
== ob, thatis, = ab, And YF F 1607 


N 2403 becomes 24 U 2 % = 


chat is dads IIa 
WW Of 


— ů — 


(f) For /a* = a, therefore 74 =a\/a. 
| 6 6 x65 6 2 
(g) For yas) = —maxy >. 
3 6 6 8 
(5) For Eres = 2 X y/a*x*; but Wren 
ax; and Je „aaa; therefore fate wh 
VaxXyaax. 


(i) Art. XVIII. Note (5). 
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Of the REDUCTION of RADICAL QUANTITIES 
to the ſame Denomination. 


LXI. HEN you are to multiply or divide Radicals of 


2 different Denomination, you muſt firſt reduc 

them to (a) the ſame Denomination, by prefixing that radical 

Sign whoſe Index is the leaſt Number, which their Indice, 

divide without a Remainder, and by multiplying the __ 

ties under the Signs ſo many Times, extepting one, as that In- 
dex is become greater (b). 


For ſo a x into Vaasx becomes Va into einn 
that is, ar 5. And a into Far becomes aa into 
Vas, thatis, Va? x. And / 6 into 4/3 becomes v/ 3b 
into v2, that is, v/ 30: By the ſame Reaſon, @ 4/6: 
becomes a a into h c, that is, Va abe. And 42 7300 


|. becomes 4/16aa into 3b, that is, W48Baabe, And 


24 72 + 2 a becomes Ba? into 9 + 22, that is, 
3 
y/ 8 a3 b 4 164 


1 


LXI. (a) For in all Compariſons and Relations the 
Quantities are underſtood to be homogeneous, or of the 
ſame Kind. Art. XXXVI. 


(5) For to reduce Radicals to the ſame Nenomination, 
is to reduce their Indices to the ſame Denomination, and 
at the ſame time to involve the Quantities according to 
the Number of Units by which the Indices are reſpec- 
tively increaſed ; but this Involution is made always b 
one Mult lication leſs than that Number (Art, XIV), 
That is, the Radicals are to be involved by the alternate 
Indices, and the Indices reduced to the ſame Denomina- 
tion ; whence their Values are not altered, 


2 2 


IES 


als of 
educe 
dical 
dice 
mnti- 


In. 


nto 


| 
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— ac ac ac 
* b + 16 a4, And fo LES becomes _ or VT, * 
bab 736443 


And 718 becomes 7225 „or / 2b. And ſo 


in others (c). 


Of the REDUCTION RA DIC ALS t more 
imple Radicals, by the Extraction of Roots (a). 


LXII. T Roots of Quantities, which are com- 
| poſed of Integers and Radical Quadraticks, 


extract thus: 


Let A denote the greater Part of any Quantity, and B the 


A—BB . | 
leſſer Part; and — = will be the Square of 


the greater Part of the Root ; and 2D AA BB will 


2 
be the Square of the leſſer Part, which is to be joined to the 
greater Part with the Sign of B (6), 
K 4 As 


＋— 


(e) Rationals are reduced to the Form of Irrationals of a 
given Index, by involving them according to that Index, and 


affefting the Power with the Sign of Irrationality. 


LXII. (a) For this Reduction of compound Radicals, 
ſee Number 159. | 


b) Simple Surds are commenſurable in Power (162). 
When the Square Root of a Radical is required, it may be 
found nearly by extratting the Root of a rational Quantity, 
which approximates to its Value (Art. XLI. Numb. 163). 
Thus to find the Square Root of 34+4/8=3+2/2; 
we firſt calculate the Value of /2 = 1,41421 (Art, XLI); 


whence 3 +2 / 2 = $482842 ; and / 5,82842 = 


2541, &c. | ; 
3 
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As if the Quantity be 3 + / 8, by writing 3 for A, 


and /s for B, VAA—BB=1, and thence the Square 


of the greater Part of the Root 37 . 


„ that is, 2, and 
the Square of the leſs — 
Root is, 1 + 2 (6). Again, if you are to extract the 

Root 
— —t— — | * 


165. Sometimes we are able to expreſs the Roots of Radicals 
exattly by other Radicals, as in this Example, /: 3+ 24/2 
=1+ 4/2: fri+y/2XI+4/2=1+24/2 +2 
=3+24/2. Now this can be done, firſt, when the 
Duantity propoſed, being partly rational, and called A, and 
partly irrational, and called B, the Square Root of A* — B* 
can be extracted. For then the Members of the Root are 
quadratic Radicals, the Sum of whoſe Squares being ra- 
tional are united, and greater than their double irrational 
Product (115, 116); accordingly A being the Bum of 
their Squares, and B the Sum of their Products, AA will 
contain the Sum of their Biquadrates, together with 


double the Product of their Squares; and BB will be 


quadruple the Product of their Squares (Eucl. II. 4.); 
whence A* — B* will be the Sum of their Biquadrates 
leſs by double the Product of their Squares; conſequently 


S AA—BB will be the Difference of their Squares 
(Eucl. II. 7.); and therefore A+ AA BB, to wit, 
the Sum of their Squares added to the Difference of their 
Squares is double the Square of the greater (22); and 


A—v AA—BB, is double the Square of the leſs (36); 


A+4/AA—<BB 
whence 1 is the Square of the greater; 
ns bf po 
and 2 — 2 =P is the Square of the leſs ; and 


the Radicals themſelyes are 


142 © W 


„that is, 1. Therefore the 
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Root of / 33 — 24, by putting / 32 for A, and 
724 for B, AA BB will be 2 V, and thence 


; EN, and CBD that is, 3 %/ 2* and 


4/2 will be the Squares of the Parts of the Root, The 


Root therefore is 18 — V 2. After the ſame Manner, 
if out of aa ＋ 2x V aa — xx you are to extract the 
Root, for A write aa, and for B write 2K Vaa - &, 
and AA — BB will be = 4+ — 4aaxx + 47, the 
Root whereof is aa — 2xx. Whence the Squate of one 
Part of the Root will be aa —x x, and that bf the other 
xx; and ſo the Root will be x + Vaa — xx (c). Again, 
if you have aa + 5ax 24 ax + 4xx, by writing 
424 ＋5 & for A, and 2aVax+4xx for B. AA—BB 


will be = a+ + 6a3 x + 9aaxx, whoſe Root is 24 + 
| 3ax, 


(c) 166. Again, Radicals will be reducible to more ſimple 
Radicals, if the Members of the Root, though not quadratic 
Surds, or Roots of Integers, are yet the Roots of like Surds ; 
which is known by extracting the Roots of ſome Diviſors 
of the given Radicals ; if they agree in their irrational 
Part (Art. LX.): For then the greater A is the Sum of 
the rational Coefficients of the Roots multiplied jnto their 
irrational Part. Thus 4/32 — ,/24 being given, 4/32 
=44/2, and /24 =24/3X V; whence / 32 = 
4y/2=A; and A — B* — 32 — 24 = 8; whence 


VAI BE = v8=24/2; and ZE = 


44/2+2v2_164/2 A- VA -B 
2 2 


=34/23 and — — 


42 —2◻＋ _ 24/2. 


2 22 az; whence theRootV:3/2-v/2 


20 n= 


2 


1 \ 
61 
1 
1 
u 
14 
1 
N 


«FW. 


* = ty * — 4 
— ͤ fin — —— — 5 => 


— — 
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3ax. Whence the Square of the greater Part of the 
Root will aa + 4a, and that of the leſſer Part ax, and 
the Root Y a@ +4ax & (d). Laſtly, If you 
have 6 + /8—y/12—}/ 24, putting 6 +/8 =A, 
and —4/12—4/24=B, AA—BB will be 2 8; 
whence the greater Part of the Root is V3 + /8, 
that is, as above 1 + 4/2, and the leſſer Part / 3, and 
conſequently the Root itſelf 1 + 4/2 — 4/3 (e). 


LXIII. But where there are more T this Sort of radical 
Terms, the Parts of the Root may be ſooner found, by di- 
viding the Product of any two of the Radicals by ſome third 
Radical, which ſhall produce a rational and integer Quotient. 
For the Root of twice that Quotient will be double of the Part 
of the Root ſought. As in the laſt Example, 1 —.— 
S8 NV v12 X V2 
=2, 9 =p" o_—_ and —>F 8 - = 6. There- 


fore 


— 
—_ 


167, (4) Again, 1}, after extracting the Square Root 0 

a LSE of each 2 the given Radical, he — 
Parts are different, and are not Multiples one of the other, 
or of ſome Number which meaſures them both by a@ ſquare 
Number; then the Quantity given muſt be a Trinome, and 10 


proceed by this Rule, A itſelf muſt be made a Binome. 


168. (e) Laſtly, F Quudrinome be given, having one 
rational Term, the Root muſt be a Trinome (124, 125), and 
the Sum of the Squares of all the Terms of the Root is 
the rational Term ; wherefore this Term added to any 
other Term of the given Quantity, will contain the com- 
pleat Square of two Terms of the Root taken as a Bi- 
nome, together with the Square of the third Term (Eucl. 
II. 4.), and are the greater Part of the Quadrinome; and 
being denoted by A, the Root may be extracted by this 
Rule ; though it will lead into perplexed Calculations, 
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fore the Parts of the Root are x, / 2, 3, as above 


There is alſo a Rule of extracting higher Roots out of 
numeral Quantities conſiſting of two Parts, whoſe Squares 


are commenſurable, 


LXIV. Let there be the Quantity A+ B. And its greater 
e 


Part A. And the Index of the Root to be extracted c. Sek 


the leaft Number n, whoſe Power n may be divided by A A 
— BB without any Remainder, and let the Quotient be Q. 
Compute VA + Bxy/Q in the neareſt integer Numbers. 
Let it be r. Divide A / Q by the greateſt rational Diviſor. 


— X 
Let the Quotient be s, and le in the next greateſt In- 


2C 


/ Q 
fenght if the Root can be extracted (g). 


- + Vs —n | 
tegers be called t. And LE —.— —— will be the Root 


”—— * _ 


* * 


2 — — 
6— — 


LXIII. 169. (/) For each Term of the propoſed, which 
is not entirely rational, is the double Product of two Terms 
of the Root; the Product therefore of two Terms of the 
propoſed is quadruple the Product of four Terms of the 

oot, or elſe, if the fame Term of the Root be in both 
Factors, double the Square of one multiplied into double 
the Product of two other Terms of the Root: /, there- 
Fore, the Product of two Terms of the propaſed divided by a 
third gives a rational and integer Quote, that Diviſor muſt 
de the double Product of two Terms of the Root; and 
that Quote muſt be the double Square of one Term of 
the Root; which were all contained in the Product: 
Therefore double of the Quote will be quadruple the 
Square of that Term of the Root; and therefore the Root 
of the double Quote will be double that Term of the Root. 

1 * 


_ - LXITV. (g) Becauſe by Conſtruction 622 
Q, therefore AA Q- BBQ = n*: Let K Vx 
be 


%% RAE DU C:T 1:0,N 
As if the Cube Root be to be extracted out of 
968 + 25; AA—BB will be = 343; and 7, 7, 7, 


will 


"Tis OM 


be the Root c of AV Q +BY/Q, and let xy be 
the greater Member; then becauſe xxy — S AAQ 
— BBQ (117), and AAQ — BBQ =, therefore 
Yz n and xX) - X =n: But xxy - 2 
S TYZ NVL (Eucl II. 5.) ; therefore 
x/y + /z2xXx4/y—/z=n. Hence 4 /p+y/z 
n:: =: 2 yy — . (Eucl. VII. 19.); but 
alſo T: Vn: : Vn: - (Eucl. VII. 19.): Now by Con- 


ſtruction ĩ y + V is greater than /n, whence n 
is greater than K y- Vz; alſo r 1s greater than /n, 


whence /n is greater than =: Wherefore if r is leſs 
than x/y +2 then — is greater than 1 -. 
(74) ; and conſequently x / y — /z — —is negative: 
Alſo if k y TV is leſs than r, then K - 


; n : 
will be greater than 7 (74); and 1 e = 


poſitive. But the Difference between x Vy + y/z and r 
muſt be leſs than an Unit (163), and the Difference be- 


tween An and — is leſs than the Difference be- 
tween xy TVE and v (75), and therefore the Dif- 
ference between x y — 2 and = is till much leſs 
than an Unit; conſequently, adding them together, 
2Xy/y—r—5 that is, the Difference between 2x y 

N and 


A a - © 
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will be its Diviſors ; therefore » = 7, and Q=z1. More- 
over, A+Bx4/Q, or / 968 + 25, having ex- 
tracted the former Part of the Root, is a little greates 
than 56 ; and its Cube Root in the neareſt Numbers is 
43 therefore r= 4. Moreover, A Q or / 968, 
by taking out whatever is rational, becomes 22 / 2. 


— —— 


and r + - is leſs again than an Unit; that is, 2x / 


—— — 


— = 22; that is, much leſs than Half an Unit: 
24) 25 | | | | 


| a | 
Now let r+ 7 = and /y=s, then SEXY 
and xxy=tt5s5; but xxy — z = n; therefore by Sub- 
duction a t-; and therefore /2=v/tt55—7+ 


Whence x 4/3 Ty/Zz = SAY TEB Qt. 


ts + ttss —n 
Vttss —n 3 and conſequently —— „ that 
a.” 4. ee | 7 . / Q 1 
2 ts 175 I * SOLES th *# ,1- | | * 8 
is, —— NAB; if the Root c can be 


* 
extracted from A + B. Now as c may be odd or even, 
and the greater Term A either irrational or rational, ſo 
a Variety of Caſes are here to be conſidered. g 


170. FA is irrational, B rational, and c even; the | 
Root c cannot be extracted. Becauſe to extract a Root, 


whoſe Index c is even, from AB; it is always ne- 
ceſſary that the greater Member A ſhould be rational; 
to the End that the Exceſs of the Sum of the Powers of 
the Parts of the Root above the Sum of their double 
Product may be a real Quantity. 


There- 
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Therefore y/ 2 its radical Part is i, and IEC, or = 


in the neareſt integer Numbers is 2. Therefore : 2. 


Laſtly, ts is 24/2, v ttss i is 1, and N ye 
is 1. Therefore 2 / 2 + 1 is the Root ſought, if it 


can be extracted. I try therefore by Multiplication if 
the Cube of 2 %/ 2 +1 be / 968 + 25, and it ſuc- 
ceeds (5). . | Vvihas 

Again, if the Cube Root is to be extracted out of 68 
— x/ 4374, AA BB will be = 250, whoſe Diviſors 
are 5, 5, 57 2+ Therefore #=5X 2 10, and Q = 4 
(i). And / AFB x „A. or v 68 + 4374 X 2 
in the neareſt integer Numbers is 7 = 7. Moreover, 
AQ, or 68 / 4, by extraQting or taking out what 
is rational, becomes 136 / 1. Therefore s = x, and 


— * ; 
. or —.— in the neareſt integer Numbers is 


421. Therefore 1 =4, VII- = b, and 
Bering = N 2c 
/ Q= 


(5) 171. Again, If A ts irrational, B rational, and c 
odd, then A/ Qis irrational; and being reduced to its 
leaſt Terms (LX), will have its radical Part the ſame 
with x 4/ y© (116): Whence s S VJ and —— will 
differ leſs than : an Unit from x ; therefore the Root can 


%, 


be rightly determined. | 


(i) For that the Power . ſhould be a Multiple of 
AA—BB, Q muft be an Integer: If, therefore, no 
rime Diviſor of A* — B2 involved to c will give Q an 
nteger, ſome compound Diviſor, and the leaſt which 
will ſerve, muſt be taken. | | 


1+ << 8 
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_ 


IQ=7/4, and fo the Root to be tried is 


4— 56 

e 2 A 
v2 - | - 
0 „ | Ry Again, 


— 2 — —— 


2 


(4) 172. Again, If A is rational, B irrational, and © 
odd, then A / Q is rational and already in its loweſt 
Terms, and x \/ y is rational (116), and Q = 1, and 


r u z accurately, and the 


SV, and x /y = 
Root accurately determined. 


173. Again, FA is rational, B irrational, and e even, 

_ then A Vd is rational, and ; but x y may be 
either rational, or irrational (116): / x\/ y i rati 

then y i; and the Root is accnrately determmed, 

as in Number 172. But i x /y is irrational, the Root is 

generally indeterminable ; however, B Q may be uſed in 

the Stead of A Q, becauſe / y muſt be equal to 8 (116). 


174. Again, A and B are both irrational, and c odd, 
then the irrational Part of each will be different (16); 
but AQ, when reduced to its leaſt Terms, will have 
its irrational Part the ſame with & y; that is, /y =53 
whence the Root can be determined, as in the Caſe of 
Number 171. : | 

175. Laſtly, FA and B being both irrational, c it even, 
then the Root cannot be determined.: For everyPower, whoſe 
Index is even, implies the Terms to be alternately ra- 
tional and irrational; and conſequently one Member of 
the Binome, ariſing from the Union of the alternate 
Terms, to be alſo rational; whether the Terms of the 
Root were both, or either of them, irrational (126). 


176. Hence it appears, that when c is add, the Rast 
can be determined, whether A the greater Member be ratiqnal 
or irrational; but that when © is even, and the greater Am- 
ber A, or both Members are irrational, 1 Root can Ie ar- 

trafted ; 


„%% REDUCTION 

Again, if the fifth Root be to be extracted out of 
2094/6 +414/3; AA—BB will be = 3, and con- 
ſequently n= 3, Q = 81, r=5, 6, tt, 
t. V, Vitss —n = + 3, and /Q = V 1, or 


9 ; and ſo the Root to be tried LESS, | 


But 


— — ——ꝛę 


tracted; and that when c is even, and the greater Member 
A tis rational, it is ambiguous whether the greater Part of 
the Root is rational or irrational. . | 


177. In this ambiguous Caſe, if .a Root cannot be found 
whoſe greater Part is rational, by proceeding by the Rule, 
and as in Number 172 ; yet a Root, whoſe greater Part 
is irrational, and lets Part is rational, may be found, as 


was hinted in Number 173, &y fubdufing = from r, fo 


r — 2 


„ and x y ts tts Tn; the 


that t = By 

Expreſſion being the ſame as whon e is odd, with the $i 

on land and if this does not ſucceed, and 22 Re. 
fands under the radical Sign, no further Trial need be 


. 


178. But if a compoſite Number ſtands under the radical 
Sign, the Root may poſſibly have both its Members irrational, 
and that compoſite Number being the Produtt of their irra- 
tional Parts (116), the rational Parts may be ſought for in 
the neareſi Integers, and Trial made with a Root, whoſe 
Members conſiſt of theſe Integers combined with the radical 
Factors. In this Manner they are fought immediately; but 
to avoid Ambiguity, and needleſs Trouble, it is better to depreſs 
them by extrafting firf the Square Root (LXII); for the 
Square Root can extracted ſtill; that is, the Index 
may be halved (85) until it becomes odd, which will 
— 2 Affair to the Extraction of a Root whoſe Index 


.* * 
— 
* 


ese 5 we = 
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But-if in theſe Sorts of Operationt, the Quantity be a 
Fraftion, or its Parts have a common Diviſor, extract ſepa- 
rately the Roots of the Terms, and of the Factors. As if the 
Cube Root be to be extracted out of / 242 — 12 4, this, 
having reduced its * to a common Denominator, will 


becom 2 — 2, Then haviog extracted ſeparately 
the Cube Rove of the ene and the Denominator, 


there will come out * —— 
; | * 2 
extract any Root out of 773993 + 7 17578125; di- 


vide the Parts by the common Diviſor * 3, and there 
will come out 11 + 4/125. Whence the propoſed Quan- 


. Again, if you are to 


tity is V3 into 11 + 4/125, whoſe Root will be found 


by extrating g ſeparatel y the Root of each FaQor 7 3 
nepal rhe by a 19 


"OT WE" — * 
mm 2 4 * — —„— 
- 9 1 * N : EBE% 3 L 6% Fe 
- ry A 


179. (1) In the Reſolution of Cubic Equations; by Carden's 
Rule, we have Binomes of this Form A + T3. whoſe 
Cube Roots muſt be found. Let p be a Diviſor of A, and 


! a Diviſor of B: Buaauſe V — Þ*=x*— 2 (117), 
in this Caſe VBN Big = (x*— 2*) =p* +I*xq: 

If we divide the Part under the radical Sign by its greatest 
rational Diviſor, the Quote is / — d, and ſubdufing pa 


from „E, the Remainder is 1* X q, e known 
Multiple of I, the Diviſor of B. And . and | muſt be af- 
fected with ſuch Signs, as that p x p*— 31*q = A; may 
have the Sign of A, and that 1X 3p*—1*q = B, may 
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, 3 ” : 
have the Sign of B. Thus to find . 81 +  — 2500; 


81 +4 — + 30% —3, whence A= 81, 
B S 30, 9=3 WL F NN 


=21=þ* 4 12 4; aſſume p= + 3, then „Darn 


— 21 —- XH =S D Xx 2 * 3: Therefore 
22, a Diviſor of B = 30. Now becauſe we have 
+ 81, and'p*— 312g = 9 —3b == 27, therefore 
it is —3=þ; and becauſe we have + 30, and 39 

—Þ*q= 27 —12 15, therefore it is I 2, whence 
the Root is — 3 +24/—3. Now becauſe the Cube 
Roots of 1, are 1. ELDS, and LS 


(299), therefore by Multiplication the other Cube Roots 


are — 2 —S „J and 24D Or be. 


2 
cauſe (by dividing the given Binomial by the greateſt 
Cube it contains, and multiplying the Root of the Quote 
by the Root of that Cube) 81 + / — 2700 = 27 * 


3 +. —D; z and becauſe the Roots of 3 ——— 


— 0 nh — 
are 14252 3 3 115 


I 
+ = =o — 7 multiplying therefore theſe by 3 the 


Root of 27, we have the Roots . the ſame as 
above. 


180. If the Coefficient of the "TEN Menker of the 
Binome has a contrary Sign, the Root will be the ſame with 
the Signs of the imaginary Parts changed : Thus the Cube 
Roots of 81 —= y/ — 2700'= 81—304—J, will be 
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LXV. FP 2UATIONS are Ranks of Puantities either 
equal to one another, or, taken together, equal to 

nothing (a). Theſe are to be conſidered” chiefly _ two 
DOT | Ways; 


1 


| 4 
Wherefore Vr + V= 2700 + Ji — = 2700 


=— 3X2 = — 6,0 = RK 2 == Þ or X 


2 = 95: the imaginary Parts vaniſhing, by the Con» 
trariety of their Signs. e e 1 

But ſuch Roots, whether expreſſible in rational Numbers or 
wat, are found by evolving by the Theorem of Number 107, 
and ſumming the alternate Terms: Thus 81 ＋ 30% 3 n, 


or rather Fr] * 1 + = being expanded into 
a Series; the Sum of the odd Terms-will . continually 
approach to 75 2 and the Sum of the Coeffici- 
ents of the even Terms to - „which is the Coefficient 


of the imaginary Part. See De Moivre's Appendix to 
Saunderfon's Algebra, and Tranſ. Philoſ. N? 48. 


LXV. (a) In each Form the Quantity, or the Aggre- 
gate of the Quantities on each Side of the Sign of Equa- 
lity = is called a Member of the Equation,” Thus in the 
Equation x =p + g, x is one Member, and p + 9 the 
other; and in the AI * 7 o, 5 

3 5; £ $ | 2 » | ' : þ * N 1446 


\ 
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Ways; either as the laſ? q__ to which you come in the 

eans, by the Help whereof 
you are to obtain final Equations. An Equation of the for- 
mer Kind is compoſed only out of one unknown Quantity in- 
volved with known ones, if the Problem be determined, and 
propoſes ſomething certain to be found out (h). But theſe of 


Reſolution of Problems; or as 


the latter Kind involve ſeveral unknown Quantities, which, 
for that Kage, muſt be compared among one another, and i 
connected, that out of all there may emerge a new Equation, 
in which there is only one unknown Quantity which we ſet 
mixed with known Quantities. Which Quantity, that it 
may be the more eaſily diſcovered, that Equation muſt be 
transformed moſt commonly various Ways, until it become; 
the moſt Simple that it can, and alſo like fome of the following 
Degrees of them, in which x denotes the Juantity ſought, 
according to whoſe Dimenſions the Terms, as you ſee, are or- 
dered, and p, q, r, s, denote any other Quantities from whith, 
being known and determined, x is alſo determined, and may 


be inveſtigated by Methods hereafter to be explained. 


LXVI. x =þ 
xx = px . 
* = px* T gx + r. 
x% = px3 + A + rx +5s. &c, 


Or, x — þ =O. 
| XX - Px 2 = O. 
XI -P A —Qx —T5 0. 
x* — px3 —- g —=r#—f= 0. &c.(c) 
Alfter 


/ 


is one, and Cypher the other Member; and an Equation 
is eaſily tranſmuted from one into the other Form, by 
Art. LXVII. &c. 


(5) See Art. LXXV. Numb. 194. | 
LXVI. (c) In the Reſolution of a final Equation the firſt 


Form, viz. x p, x*= þ x + , &c. is preferable, and 
to be uſed as in Art. LXXIV, becauſe when the Value 
of the unknown is ſought, it ought alone to _ — 

; ember 
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After this Manner therefore the Terms of Equations 


are to be ordered according to the Dimenſions of the un- 
| known 


1 


* 


— 


Member of the Equation: But in all other Caſes the Form, 
in which Cypher is one Member, is naſi eligible ; becauſe 
the Aggregate of the Terms in the other Member (the 
Terms being ranged by the Dimenſions of the unknown) 
is then the Product of ſo many Binomes as the Equation 
has Dimenſions, as is ſhewn in Art. CXIII. hence, 
as the Rules for Evolution are found by obſerving and 
tracing back the Steps of Involution, as in Numb. 107; 
ſo we may diſcover Rules for the Reſolution of Equa- 
tions, by obſerving their Generation from the Multipli- 
cation of Binomes. And as compound Equations are 
Products equal to nothing, ſo the Factors or Binomes are 
equal to nothing; that is, the Binomes are ſimple Equa- 
tions of the ſame Form. 

181. The ſecond Term of every generating Binome, or ſim- 
ple E — rag muſt have 25 3 its real Gen ; 
that is, if it be an affirmative Quantity, it is to be af- 
fected with a negative Sign; but if a negative one, with 
an affirmative Sign. For if x == p, then by ſubduct- 
ing p from Equals, the Reſidues will be equal ; that is, 
x— p S o; and if x = -p by adding p to Equals, 
the Sums will be equal, viz. x + p = 0. | 

182, Again, the whole Aggregate of the Terms being 
_=_ to o, each Term, which is alſo an Aggregate of 

erms (94, 95) is = ©; that is, a new Equation can be 
deduced from every Term after the firſt, by which the Coeffi- 
cients of the Terms may be determined ; and this is one of 
the moſt fruitful Principles of this Art, for the Reſolu- 
tion of compound Problems ; the given Quantities being 
repreſented as undetermined, Thus, 1 

Ly 4 
If * +b-* ae abe g o, then a 43 c o, 
WS. be A e 
ally ab tac+be=0, and + abc = o. 


L 3 183, As 


5 FORMS. OF 


known Quantity, ſo that thoſe may be in the firſt Place, 
in which the unknown Quantity is of the moſt Dimen. 
fons,'as x, xx, x*, x*, &c. and thoſe in the ſecond 
Place, in which x is of the next greateſt Dimenſion, as 
p. px, px*, px*, and ſo on. As to what regards the 
Signs, they may ſtand any how; and one or more of the 
intermediate Terms may be ſometimes wanting. Thus, 
** X - 3b + 0, or sf = bbx—83, is an Equa- 


tion of the third Degree, and Z47 0 24 + = o, 


. * iy, 4 > E * * 


183. As Ideas are aſſociated to Words by conſtant 
Uſe, ſo let conſiant Uſe aſſaciate the Idea of the Coefficient if 
the ſecond Term of an Equation to the Letter p, that of the 
third Term to q, that of the fourth 40 r; c. Thus ſhall x + 
= o, „pP TS o, ITP NTA Nr o, &c. 
repreſent conſtantly an Equation of the 1ſt, 2d, 3d, &c, 
Degree, or of 1, 2, 3, &c. Dimenſions, reſpectively , 
and are called the Formulas of cach Degree ; in which 
the Coefficients are determined, as thoſe in Numb. 182 are 
_ undetermined : Thus if the final Equation deduced from 
a Problem is of three Dimenſions, let it be x* + p x* + 

| r 
* TS o, and ſuppoſed = x3 +5 27 9 + abc 
c 


= 


= 0; whence (LXVII) * x2 


+++ 
n $8 QoS 
+1+1+11+ 


| be 
whence (182) aT ITS o, £qF ab Fach 
bc =o, and Jaber o; whence the Values of 
p, +9, and + r, may be found; which Values being 
ſubſtituted in the Formula, become the true Expreſſions 
of thoſe Coefficients. After this Manner a Formula be- 
ing an univerſal Expreſſion for all Equations of the ſame 
Degree, the Reſolutions of the Formulas become alſo 

eneral Formulas for the Reſolutions of all particular 
Equations of the ſame Degree. | 
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is an Equation of the fourth Degree : For the Degree of 
an Equation is always gſtimated by the greateſt Dimenſion of 
the unknown Quantity, without any Regard to the known ones, 
or to the intermediate Terms. But by the Deb of the inter- 
mediate Terms, the Equation is moſt commonly rendered much 


more ſimple, and may be ſometimes depreſſed to a lower Degree. 


For thus, “ = qxx +5 is to be reckoned an Equation 
of the ſecond Degree, becauſe it may be reſolved into 
two Equations of the ſecond Degree, For, ſuppoſing 
xx =, and y being accordingly writ for x x in that 
Equation, there will come out in its ſtead yy = gy + 5, 
an Equation of the ſecond Degree; by the Help whereof 
when y is found, the Equation x# = y alſo of the ſe- 
cond Degree, will give x (d). 


And theſe are the Concluſions to which Problems are 
to be brought. But before I go upon their Reſolution, 
it will be neceſſary to ſhew the Methods of transforming 
and reducing Equations into Order, and the Methods of 
finding the final Equations. I ſhall comprize the Re- 
duction of a ſingle W in the following Rules. 

4 


ä 
— — PT = Ws ka 4. A a * nne TT FE * =” s 4A Of * _ * — 


(d) Any Equation of this Form x** = gx" þ s, where 
the greateſt Index of the unknown Quantity x is 
double of the Index of x in the other Term, may be re- 
duced to a Quadratic * = gy + s, by putting x"= y, 
and conſequently x ** = y?; and this Quadratic being 
reſolved by Art. LXXIV. gives y, and therefore alſo x, 
by the Equation x” = y, univerſally. 


184. The Terms being all in one Member, if the Index 
the unknown in the Penultimate is a Diviſor of its Indices in 
all the Terms, the Dimenſions of the Equation will be reduced 
to thoſe indicated by the Quote of the greateſt Index divided by 
the leaſt, Thus x*+ga*+5x*+ v=o, can be re- 
duced to the cubic y $qy* +53 ; and K + 
rx3 +vy o, to the Quadratic y* + ry +v=0; bur 
* Þpx* TEN tv = 0 is irreducible, becauſe 2 will 
not divide the Index 5, See Numb. 254. : 


> 


- 


rs REDUCTION OF. 
according to x, multiply all its Terms by g — the De- 
nominator of the Fraction — ſeeing x is 'contained 
therein, and there comes out 4 ＋ ab — by = aw 
— xx, or ab - = — xx, and tranſpofing eagh 


ranged according to. the Dimenſions of y, multiply them 
by the Denominator 2c — CC or, at leaſt, by its Di- 
viſor 25 — c, that y may vaniſh in the Denominator, 


| . | 
and there will come out © — = 25 — Zcy +646 


RY nn n K 
and by farther ordering — | e * 360 22 295%. 


After the ſame manner = — a=, by being multi- 
| 44535 


* * 


plied by * 57 becomes aa — 4 & = X*ky and 
72 2 by multiplying firſt by x x, and then by 
3 


0 


=* (c). 


LXX. RurE IV. If that particular Letter n to 
— Dimenſions the Equation is to be . be * te 


with an irreducible Sur, „all the ether Terms are to be tranſ- 
poſed to the other Side, their Signs being changed, and each 
ee i iid Part 


* 


” * _ 
anche. tc ti. i is # + - i * WW Err SET Lat Mad — 


LXIX. (c). If there are many irreducible Fractions, 
whoſe Denominators contain the unknown x by which 
the Equation is ordered, the ſhorter Method is to re- 
duce. them all to a common Denominator (LIX.),. and 
to multiply all the Terms by it, or by ſome Diyiſor of it. 
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Part of the Equation muſt be once multiplied by infelfy if 'the 
Root be a Square one, or twice, if it be a Cubick one, &c, 


Thus, to order the Equation \/ aa —a* þ+ a=s 
according to the Letter æ, tranſpoſe 4 to the other Side, 
and you have vaa—axz=x—a; and having ſquared 
the Parts, aa — ax S - 24 + aa, or 0=xx 

b F 
— ax, that is, x =a. Soalſo V + 2axx — x3 


— a+ x = 0, by tranſpoſing — 4 ＋ , becomes 
3 


y/ aax F2axx—x* = a — x, and multiplying 
the Parts cubically, aax + 2axx — , = 2 — 
34a ＋ 3 , or xx 24x 40 And ſo 
V ay + 55 — 2 V5. having ſquared the Parts, 
becomes yy =ay + yy—a Vay— yy, and the Terms 
being rightly tranſpoſed, it becomes ay = a Vay =. 


or y ay - 5, and the Parts being again ſquared 


Jy = ay — yy, and laſtly by tranſpoſing 25 = ay, or 


2y =a (a). 


LXXI. Rur V. The Terms, by Help of the preceding 
Rules, bring diſpoſed according to the Dimenſions of ſome one 
of the Letters, if the higheſt Dimenſion of that Letter be mul- 
tiplied by any known Quantity, the whole Equation muſt be 
divided by that Quantity. ws - 

| | us, 


Mr. 


as 
wt * A — 


LXX. (a). For if any other Quantity was ſuffered to 
remain in the ſame Member with the Surd, that Mem- 
ber being a Binome, irrational Terms would remain ia 
any Power of it (116) ; wherefore the irrational Quan- 
tity would not be exterminated, Now there is a Neceſ- 
ſity for exterminating the irreducible Surd with which 
the unknown is involved, that the Dimenſions of x, 
that is, of the Equation may be known. 


— 
- 


15s q ᷑REDUCTION OF. 
2 25 a, by drevding by 2, becomes y = 4. 


And © — = a by dividing by = becomes x = 7 


And, Tra. y eee cc ao, by dividing 


a2 — 23560 


ps ee Met 
by ace c becomes £4 * Ne 
2c — cc 
3 a « F 
a* aac | ac 
* + 2— _ _ ; 24-0 (e) 


"AXEL mens WI. Seeed Nate e may he per. 
And by dividing the Fee by ſeme compounded Quantity. 

For thus y* = Is * 9, + 3bcy— bbc, is reduced 
to this, viz. yy =——2cy + be, by transferring all 
the Terms to the ſame Side thus, F723 * * — 3bey 
+ bbc = 0, and dividing by y — 6, as is ſhewn in 
the Chapter of Diviſion, for there will come out yy 4- 


2c —bc=0 (J). But the Invention of this Sort of 
Diviſors is ** and we have taught it already (g). 


LXXIII. 


9 — 


n ” > oy 


LXXI. i), Ds comparing the 2d, = and 4th Rules, 
it appears that Multiplication is of Uſe to exterminate 
Surds and Fractions, and any Quantity by which the 
unknown was divided; now this Multiplication cannot 
deſtroy the Equality of the Members of the Equation 
(Eucl. Axiom 6.) 

LXXII. (/). By comparing the 2d, 5th, and 6th 
Rules, we ſee that Divifion exterminates the common 
Diviſors of the Terms, and the Coefficient of the higheſt 
Term, and it cannot deſtroy the-Equality of the Mem- 
bers of the Equation; neither can the Evolution deſtroy 
it, which is preſcribed i in the 7th Rule (Eucl. Axiom 7: ). 


(g) Art. L. LI. 
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LXXIII. Ruiz VII. Sometimes alſo the Reduffim: is 


performed by extraction 7 the Root out "F each Part 5 the 
Equation, 


As if you have ee e extracted the 
Root on both Sides, there comes out x = / aa —bb. 
If you have xx + 4a 24 + bb, tranſpoſe 2az, 
and there will ariſe xx — 242 * F aa =Þb, and ex- 
tracting the Roots of the Parts x —'a = + or — 6, 
or x =a + . So alſo having K* A -, add 
on each Side — ax + 24a, and there comes out xx — 
ax + 2424 = 2 +a 4 — bb, and extracting the Root on 
cach Side zam. or 2. 


IXXIV. eee e eee px. q; 
x will be =-ÞPEVzPpP- 9. Where : 2 Þ. and q are 
to. be affected with the ſame Signs as p and q in the farmer 
Equation ; but pp muſt be always made Affirmative. And 
this Example is a Rule according to which all DQuadratick 
Equations may be reduced to the Form of Simple ones. 


For Example, having cough; the Equation. 19.22 


2XXx 


—.— + XX to extract the Root 75 compare * 


with p and xx with * that i is, write a — = for 2 LI py and. 
_ = þ xx for + pp- fs 7 there wil 3 + 


Ve ＋ xx r | = + XX. After the | 


ey way, the Equation Y =ay —2cy + aga—cco, 
by comparing a — 2c with p, and aq—cc with g, will 


give y ENA ac. 


Moreover, 
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M.-uybreover, the Biquadratick Equation K = == aq x 
+ ab*, whoſe odd Terms are wanting, by Help of this 
Rule becomes xx = — Laa +/ Ia 2, and ex- 
tracting again the Root x.=\/ — ra VZ 463. 
And ſo in others (5). ; 
ul And 


Pa... * 2 = 
— — W _ — * 


LXXIV. (0) Compaund Equations. are ſaid to be affect. 
ad toben they involve different Powers of the unknown, as 
* + pgn—1 +. qxn—2 + r= o, conſequently no com- 
pound Equation can be unaffected, but ſuch as wants all 
its intermediate Terms, as x* + r = ©, and all Quad- 
raticks, which want the ſecond Term, are unaffected; 
as K + g o, the Equations are every where ſuppoſed 
affected where the contrary is not mentioned. The For- 
mule. x *. px. q ='0- repreſents Quadtatics in the moſt 
general agar; for as the Letters p, q, r, &c, repre- 
ent all Variety of the Coefficients, ſo the Points repte- 
ſent the Variety of the Signs 4 and =. In like Man» 
ner x?, px*,qu.r = 0, x*. px“. qut.'rx. o, &. 
will be the moſt general Expreſſions for cubic, biquad«. 
ratic, &c. Equations. N ooo 
185. The firſt or higheſt Term of every Equation 
being always ſuppoſed: ative, the Variation of the 
Signs has Place only-in the following Terms, whoſe 
Number is 7, their whole Number being a T1 (211); 
whence the Number of Signs being 2, putting u for the 
Dimenſions of the Equation, all the Variety k Signt in 
any Degree is an; whence, in Quadratics, the general 
Formule x*. px. g = ©, is four-fold ; that is, all Juad- 
ratics, with Regard to the Signs of their Terms, are reduced 
to one of theſe four particular Forms, N 
1. „ p- q=0, or «* = of x*+pr=gq. 
2. * pr . H= p in 1 3 
3. NAU AS t. 
4. TPYT SO. pA * pr =-. 
Now it is evident, that every Quadratic, whether given 
in the firſt or ſecond Manner, muſt be reduced _ 
| | ir 
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And theſe are the Rules for ordering ons only Equation, 
the Uſe — when the Analyſt is ſufficiently ac+ 
| | quainted 


—_— 


third Mannerof Expreſſion, in order to be ſolved ; that the 
Terms containing the unknown x may make one Mem- 
ber of the Equation LXXVII. and this Member, viz. 
** + px, which contains the unknown, having two 
Terms, cannot be the Square of a ſimple Quantity ; and 
having but two Terms, muſt be defeQive of a perfect 
Square; and adding the Square of 2 p to it, it will be a 
compleat Square (Eucl. II. 4.). Conſequently, adding 
2 52 to each Member of the Equation, and extracting the 

quare Root, and tranſpoſing the known Quantities, ſo 
as to leave x the unknown alone in one Member, its 


Value will be in the other, viz. x= 3p +448 +9z 
in which 4p* is always affirmative (89); and 2 p, and 


g, retain the Signs which p, and g, had in the ſecond 


Manner of exprefling the Forms; that is, in the” firſt 
Form, x =—4þ +y/Eþ* Þ 93 in the ſecond, & = 
ip +v43p*++ 493 inthe third, x = Ev 4p*—g5 
and in the fourth, x =— ip LVA T. 
In the Problems which follow before the Reſolgtion 
of Equations, and the Nature of their Roots is taught, 
Quadratics. occur, frequently to be reſolved : It will, 
therefore, be here neceſſary to be more explicit concern- 
ing their Reſolution, . 5 
186. Becauſe the Square Root of any Quantity 

be either affirmative or negative | (88) for a? = g . 
and 22 - 2 X —41 ; therefore, all Juadratics admit of 
tuo Solutions, or have two Roots. Thus, having found, 
by Art. LXXIV. that & p = D A; it 
may be inferred, that x K 3p =+ vV4p* +9, or to 
— M;; ſince — S438? £9xX—+vzd* Eq 
gives 5 5. + 4, as well as NF TX TVA te 
3 (88): 


0 ITY 2 . — ——— — —— 


—— 


2 ˙—— em — _ a RC ²]; .. . „„.... 
* 
- 
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quainted with, ſo that he knows how to diſpoſe any pro- 
poſed Equation, according to any of. the Letters con- 


tained 


——_— 


3 


(88) : There are therefore two Values of x in every 
one of the four Formulas. In the firſt, x = — 25 + 
v 1p* +4, or to —ip—4/ ip? +9: In'the ſe- 
cond, x=3þ +v3if*+9 or to fp - NY: 
rp — 4: And in the fourth, x = — 4 5 == 
Vip*—4 or to —ip—4/ ip*—g:. Thus the 
Equation K + 5x — 6 o gives x = + 1, and to 
— 6. * — 5 K — 6 o gives x = , and to + 6. 


4 — 5A t 6 So gives K = +3, and to ＋ 2. And. 


a2 ＋ 5ST T6 o gives x =— 3, and to — 2. 
187. Hence, when q is negative, as in the fff and ſecond 


Forms, one Value of x is affirmative, and the other negative; 
and when q is affirmative, both Values of x are of the ſame 
A Fection; being both affirmative. when p is negative, as in 
the third Form; and bath negative, when p is affirmative, 
as in the fourth Form. | 

188. Hence, when q is negative, as in the firſt and ſecond 
Forms, the Quantity 5 p + q is affirmative, and the Quan- 
tity YA p + q under the radical Sign is the Root of a 
Poſitive Square, and can be aſſigned, and both Roots are real. 

189. Hence alſo, when q is affirmative, as in the third 
and fourth Forms, if q is greater than + p*, the Quantity 
4 p — q ts negative, and the Quantity /A p — 4 
under the radical Sign is the Root fl a negative Square, and 


being impoſſible (89), cannot be aſſigned. Conſequently _ 


190. In a Quadratic, when one Root is affirmative and 
the other negative, both Roots muſt be real (187, 188). And 
191. When in a Quadratic both Roots have the ſame Af- 
fection, they are either both real, or both impoſſible ; and never 
the one real and the other impoſſible. 


192. In 


J 


* firmative, both Roots are impoſſib 
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tained in it, and to obtain the Value of that Letter if it 
be of one Dimenſion, or of its greateſt Power if it be of 
more: 


—_— 


your 


192. In an unaſfected Quadratic, viz. which wants the 

ſecond Term, as x + q o, i the third Term q be af- 

2; for the p being want- 

ing, the Quantity 4 p* — becomes —g, and y/ 4p* —g 
becomes /—q (89). _ | | 

The impoſſible Roots of unaffefied Duadratics are called 

pure, as having no real Quantity joined with them; ſuch 


are #—/—gq o, x + - q = o, which generate 


the unaffected Quadratic x* + q = o, and which may 
be called both affirmative or both negative: But the im- 
Poſſible Roots of affected Quadratics, are called mixed, as 
having a real Quantity under the ſame Sign, connected to the 
impoſſible and radical Part under contrary Signs ; and if the 
real Quantity is affeted with the Sign — they are both af- 
firmatrve (181), as x —4b—y/ —c, and x— 25 


+ / —c ; whoſe Produdt is „o; chat 


is, putting — b = p, and Þ b +c= +09, x* — 
px + q = ©, a Quadratic of the third Form: But if 
the real Quantity is affected with the Sign I, they are both 
(181) negative,as x +4b + / —c=0, and x-+ £6 
— 9 —c = 0, which generate the Quadratic x* + 


4 ＋ o or, as before, z* px + o, of the 


fourth Form : But in all Caſes, as the Terms of the 
Quadratic are ſuppoſed rational, the radical Part of the 
Root is affected with contrary Signs (120, 153.). 

193. 4 8 whoſe Roots are imaginary, contains 
in q its laſt Term; a poſitrve Quantity, excluſrve of the po- 
ſitive Square of the Root; ſo that its laſt Term will always 


exceed the laſt of a Quadratic, whoſe Roots are the ſame but 


real Radicals, by double the Square of the radical Parts. 
Thus if we ſubduct x* + bx — c = o (whoſe Roots are 
x+434b—y/c=0, and x ETV CS 0), from 
x*+ bx + c = © (whole Roots are x +4 b — 7 — 
e S o, and ͤK＋ 4b + * c = 0), the Exceſs is 2c. 
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more: The Compariſon of ſeveral Equations among one 
another, will not be difficult to him; which I am now 
going to ſhew. 


Of the Transformation of two or more EQUATIONS 
into one, in order to exterminate the unknown Quanti- 
ties (a). 


LXXV. JP A EN, in the Solution of any Problem, there 

are more Equations than one to comprehend the 

State of the Dueſtion, in each of which there are ſeveral un- 

known Quantities; thoſe Equations (two by two, if there are 

more than two) are to be ſo connected, that one of the unknown 

Quantities may be made to vaniſh at each of the 9. 
| a 


— 8 8 


* 


LXXV. (a) By the Reduction of medial Equations is un- 

derſtood the gradual Tran formation of the Equations, which, 
by containing the Conditions of the Problem, contain different 
unknown - Quantities, into one final "Equation, which ſhall 
comprehend all the Conditions I the Problem, and contain but 
one unknown Quantity; conſequently in every Transforma- 
tion, one untnotun Quantity ought to be exterminated. This 
Extermination and Transformation is accompliſhed, when 
the unknown Quantity to be exterminated is of one Di- 
menſion in both the Medials, either by connecting them 
together, as in Art. LXXV; or by equating the Values 
of the unknown, found in each, as in Art. LXXVI; 
but if the unknown is of one Dimenſion in one only, 
then by fubſtituting the Value of the unknown: found 
in that one, into its Place in the other, as in Article 
LXXVII. And when the unknown Quantity to be ex- 
terminated is of different Dimenſions, and above one, it 
is to be made of equal Dimenſions in both, as in Numb. 
LXXVIII; and then it may be exterminated by one of 
the above Methods of connecting or equating, which- 
ever ſhall] ſeem moſt conducive to keep down the Di- 
menſions of the final Equation. - But in exterminating 
by any Method, Care is to be taken that the Value of 
the unknc wn may emerge poſitive, 


ne 
w 
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and fo produce a new Equation. Thus, having the Equa- 
tions 2x =y +5, and x = y + 2, by taking equal 
Things out of equal Things, there will come out x = 3 
(6). And you are to know, that by each Equation one un- 
hown Quantity may be taken away; and, conſequently, when 
there are as many Equations as unknown Quantities, all may 
at length be reduced into one, in which there ſhall be only one 
Quantity unknown. But if there be more unknown Quan- 
tities by one than there are Equations, then there will remain 
in the Equation laſt reſulting two unknown Quantities; and 
if there are more unknown Quantities by two than there are 
Equations, then in the laſt reſulting Equation there will. re- 
main three, and ſo on (c) | 


* — 


(b) This connecting conſiſis in adding the Equations, when 
the unknown in each has contrary Signs, and in /- pgs, the 
one from the other, when it has the ſame Sign ; and the 
Equations are always ſuppoſed to be ordered by the Dimenſions 
of the unknown to be exterminated. 

65 194. A Problem is a Propoſition requiring the In- 
veſtigation of Quantities from their given Properties; it 
is determined, when the Number of Quantities, which anſwer 
what is required, is determined and certain, otherwiſe inde- 
termined ; the Properties given are the Laws or Conditions of 
the Problem, each Property gives an Equation between the 
Quantities to which it is peculiar, and which are repreſented 
by Letters and Symbols ſignifying the unknown and their 
Properties: Hence there are as many Equations as Properties 
given, Each additional Property alſo, if it be not ſuper- 
fluous, limits the Extent, and Number of Quantities, to 
which the foregoing Properties agreed, and excludes 
thoſe to which it does not itſelf agree ; whence each 


Equation connected to another, exterminates one Letter 
ſignifying an unknown; whence in the final Equation, 
al 


Quantities are excluded to which the Aggregate of the 
Properties given does not agree; that is, ſo many Letters 


denoting unknown Quantities are exterminated, as there 
are Properties given, and Equations to be collected from 
them: Therefore, if the Number of Equations, or charac- 

M 2 teriſing 
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There may alſo, perhaps, two or more unknown 
Quantities be made to vaniſh, by only two Equations, 


As if you have ax —by = ab — az, and bx + by = 
bb + az: Then adding Equals to Equals, there will 


come out ax + bx = ab + bb, both y and 2 being 


exterminated. But ſuch Caſes either argue ſome Fault 
to lie hid in the State of the Queſtion, or that the Cal- 
culation is erroneous, or not artificial enough, The 
Method by which one unknown Quantity may be ex- 
terminated or taken away by each of the Equations, will 
appear by what follows. 


The Kxtermination of an unknown Quantity by an Equality 
3 1 of its Values. 


LXXVI. WP EN the v to be exterminated ts 
only of one Dimenſion in both Equations 
WW" bot 


* 8 


Fd 


teriſing At: wg is equal to the Number of Quantities ſought, 
every Letter for an unknown Quantity will be exter- 
minated, except the one repreſenting that to which the 
Aggregate of Properties agrees ; and therefore its Value 
may certainly be found; whence the Problem will be de- 
termined. Now if the Number of Quantities ſought is one, 
two, &c. more than the Number of Equations, the Limita- 
tions, Excluſions, and Exterminations, will be one, two, 
&c, leſs, and conſequently two, three, &c. unknown 
Quantities muſt remain in the final Equation, whoſe 
Values cannot be certainly determined, becauſe one un- 
known muſt enter into the Value of another unknown ; 
and the Value not being certainly determined, the Prob- 
lem is undetermined. Now if the Equations are more than the 
Number of Quantities required, either the Properties are ſu- 
perfluous, as not limiting the Extent or Number of Quan- 
tities to which other Properties agree, or elſe they may be 
inconſiſtent with each other, and make the Reſolution impef- 
ble; or laſtly, the Tranſlation of the Problem into Algebra, 
i. e. into Equations, is erroneous or inartificial. 


0 


SS k% 


Sn td 


” TI mu WW 6 a 1 
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both its Values are to be ſought by the Rules already delivered, 
and the one made equal to the other (4). | 


Thus, putting a +x = b + y, and 2x + y = 36, 
that y may be exterminated, the firſt Equation will give 
a+x—b=y, and the ſecond will give 36 —2F 
=. Therefore a + x —b is = 35 — 2x, or by 

45 —a | 


due ordering x = p 
And thus, 2x S and 5 + x=y give 2 = 5+x 


or & = 5» 
ax—ab 


And 'ax — 2by ab and xy = bb give —— 


(2) ==; or by due ordering the Terms xx — by 


Alſo. R Saby, and bx + = = 


5 N | 8 7 b b 
24 4, by taking away x, give — — = 


and by Reduction > = Jy — 


(*) 


24466 2977 
be 

2aac ＋ 5 n 
„ee. 
Laff 
a 8 * x ay Q w—-,8_ 

away 2 give x + y (=2) === or xx þ xy = ay. 
ä — — — — M 3 ? — — The 


1 


„ 45-2 2 o and ay=x2 by taking 


a ts. * = — — 


N ee Neisse 
LXXVI. (a) The Valyes may be equated although 
the unknown is of more than one Dimenſion in each, as 
A. ſeen in ee but then, the unknown will not 

; extermina y one Qperation, but only lowered: by 
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Th fame i is 40% performed by fbtrafting either of the Va- 


lues of the unknown Quantities from the other, and making 
the Remainder equal to nothing. Thus, in the firſt of the 
Examples, take away 36 —2x from a þ x — b, and 


there will remain a + J Xx — 4b = O, Or Xx = = 


The . of an len Duantity, by Jufding 
its Value for 1 it. 


LXXVIL en EN, at left, in one of the uation 


the Quantity, 1 to. be exterminated is only of 
one 3 its Value is to be ſought i in that Equation, and 
- then-to be Jubſtityred i in its room in the other Equation. Thus, 
having propoſed xyy = 6, and & x + yy =by —ax; 


33 
to exterminate æ, the firſt wil give = = = #3} wherefore 


n in the ern 55 in the room of . there 


SAN 75 4957 = by — =, and by ReduRion 


„h be G —_— | 

But having propoſed 2 ＋ 4 275 and Jum 
4 * Sax, to take away y, the gs will give 5 = 
— Wherefore for y I ſubſtitute — — into the fiſt, 


ns © 
a — 


r —— — ! k — 
e 7 15 all Subſtitutions, the Value 7 Brtuted 
me its n Bign, if 7 * 755 . whoſe 
5 ce i 5 'put, 75 4 rmative ; "bu he any zu, if ne- 
es | 2 this Vale müſt "ye ieh lied, lor Olde, 
involved, or evolved, &c. 10 the ſeine Highiey as way 


the unknown, into the Place of which it is ſubſtituted, 
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1th 42322 as 
an ere comes out * 2a% + 32 2 


And by Reduction, 2. — 242 + 4422 — 24 2 + 
6 = o. 

In the like manner, having propoſed — = z and cy 
+ 2x = cc, to take away 2, I ſubſtitute in its room 


2 23. 


„ Equation, and there comes out c) + 


But a Perſon uſed to theſe Sorts of Computations, will 


ee. 


oftentimes find ſhorter Methods than theſe by which the 


unknown Quantity may be exterminated. Thus, having 

bby — bY A 2 4 1 
a * —— and x = — if equal Quantities 
are multiplied by Equals, there will come out equal 
Quantities, viz, ax& abb, or x b. 5 


But I leave particular Caſes of this kind to be found out 
by the Students, as Occaſion ſhall offer, 


The Extermination of an unknown Quantity of [roeral Di- 
th menfions in each Equation, 21 


LXXVIII. IJ EN the Quantity to be taken away 1s 
of more * one Dinenſion in beth the 
Equations, the Value of its greateſt Power muſt be ſought in 
Both; then if theſe Powers are not the fame, the Equation 
that invalves the leſſer Power muſt be multiplied by the Duan- 
#ity to be taken away, ar by its Square, or Cube, &c. that it 
may become of the ſame Power with the other Equation. Then 
the Values of thoſe Powers are to be made equal, and there will 
come out a new Equation, where the greateſt Power or Di- 
menſion of the Quantity to be 2 away is diminiſhed, Anu 
| | 4 - by 
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by repeating this Operation, the Nu will at 1 he 
taken away ( * )- 


As if you have xx ＋ 5x = 3yy and 2xy—3xX 
= to take away æ, the firſt Equation will give xx 
ALLE, 


==—5x n 35%, and the ſecond æ * = 


woo Aw: 4 


J put therefore 3yy — 5x == » and ſo x is 


reduced to only one Dimenſion, and fo may be taken 
away by what I have before ſhewn, viz. by a due Re- 
duction of the laſt Equation there comes out 9 yy — 


99) +4 
I5z = a we Jo 00/8 DE I therefore ſub- 


ſtitute this Value for x in one of the Equations firſt 
propoſed (as in xx ＋ 5x = 3yy) and there ariſes 
819% + 729) + 16 * 452 + 20 


4% + boy Þ 225 2y ＋ 15 
duce which into Order, I multiply by 4 yy + 60 yy + 


225, and there comes out 81 ＋ 72yy ＋ 16 + goy® 
+ 40% + 575% + 300 = 125 + 18697 + 67597 
or 695 — 900% + 72% + 40% ＋ 316 o. 


Moreover, if you have y* = xyy + 3 and yy = 
XX —xy— 3; to take 11 75 I deli, the latter 
Equation by y, and you have yi = xxy — 455 355 
of as many Dimenſions as the former. Now, by mak- 
ing the Values of y* equal to one another, I have x yy + 
x = xxy — xyy — 3y, where 5 is depreſſed to two 
hi imenſions. By this therefore, and the moſt {imple one 
of the Equations PA propoſed b y=xx— xy— 3, the 
vantity 


1 — 
— * 


1 i 


LXXVII. ( wy ) Or, raiſe FE Value, found in the 
Equations of loweſt Dimenſions, to the Dimenſions of 
the other Equation, and equate this raiſed Value with 
the Value found in the other Equation, a 


= 37%. To re- 
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Quantity y may be wholly taken away by the ſame Me- 
thod as in the former Example. 


There are moreover other Methods by which this may 
be done, and that pony more conciſely, As if an 


2 x 
be given yy = and yy = 2x5 +5 


that y may be extivabl, extract the Root y in each, 
as. is 'ſhewn in the _— Rule, and there will come 


K * 
out y = — — þ xx, and y = x + Vlog 


Now, by making theſe two Values of y equal you will 
tare F + Vu a= e and by 


rejefing the equal W Va + xx, t there will re- 


& * 
main = or xXx ax, and x = g. 


Moreover, to take x out of the Equations *+y + 


2 = 20, and 4 + yy + 2 = 140, take away y | 
from the Parts of the firſt Equation, and there remains 
x + = =20 — y, and ſquaring the Parts, it becomes 


| | 4 4.11 . 4 
xx + 27 4 — = = 400 — 40% +)» and taking 27 


yy on both Sides, there remains xx +27 4. 2222 2222 25 


400 — 40 y. Wherefore, ſince 400 — 40 and 15 are 


equal to the ſame Quanticies, 400 — 40 will be equal 
to 140, or y = 62; and fo you _y contract the Matter 


in moo other Equations, 
LXXIX, Bu 
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| IXXIx. But when the Quantity to be exterminated is of 
ſeveral Dimenſions, ſometimes there is required a very laborious 
Caltulus to exterminate it out of the Equations ; but then the 
Labour will be much diminiſhed OY Ganga 
made uſe of as Run. 


RuLs "a 
From ar IT = o, and fx x + 2 b= o 
x being exterminated, there comes out | 
Gb=Tg=3f x 0b: + FF=rp x bf: r 
„ Oo. 
| noi II. f 
From ax* + bxx+ix+d4=0, and fxx+ gx 4+b= , 
u being exterminated, there comes out 
ab -bg-2cf x abb: +TE=cg=20f x bfb: + =. 
* ol + 3agb+bgg+dffx df =o. 


NI, Rove l. 
F ele o, and Fx x- gx+h=04 
| x being exterminated, there comes out 
Ne. Teal fbb: Ter 
CDT ex afb: 
5 2055 + e x, 1 e 
egg =. | 


RuLe IV. 


** ax*Þbxx+cx+d=0, and fr .. ba. Tiro, 
x being exterminated, there comes out 


e 


ge + at + bb —cg —24df 
x bdfh: — ak + bh + 2cg ＋ 3df x 24 
=, ee + 2504 N agg + off: + 
Z | | + 34gh 
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+3azh+bgg+d/f-3aft x ddf:—3ak-bb+oghdf 
x bf: + bk—2dgXbbfh—bbk—=3adb—cdf 
X agh = ©. 
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For EY to exterminate x out of the Equations 
xx + 5x — 35 = 0, and 32 — 22544 0: 
I reſpectively ſubſtitute in the firſt Rule for a, b, c; 
V. 8, and h, theſe Quantities, 1, 5, —'3Jy3.3, — 27 
and 4 and duly obſerving the Signs + and —, there 
ariſes 4+ 10y + 18 X 4: + 20 —-by* X 15: + 
4% — 27% X —3)) = 0, or 16 ＋ 40y + 727 + 
eee + 697% o. 


By the like Reaſon that y may be expunged out of 
the Equations y* — K % ) — 34 — o, and yy + * 
„ ＋3 = 0, I ſubſtitute into the ſecond Rule for 
4, 5, c d; V 2, b, and x, theſe Quantities 1, — x, 
o, 2 I, *, — xx ＋ 3, and d y reſpectively, and 
there comes out 3 — 4 + xx „ 9 ber + x*; — | 
3õ +x3 + ba X — 34 +#*:.+ 3e# NA + 
9x — 34 — x3 — 3x X —3x = 0: Then blotting 
out the ſuperfluous Quantities and multiplying, you 
have 27 — IBxx ＋E 3x4, —gxx + x5, + 3#*— 
18 * + 12x*= o. And * üg 


+ 27 = . 


LXXX. Hitherto we have diſcourſed of taking: away 
one unknown Quantity out of two Equations. Now, 
if ſeveral are to be taken out of ſeveral, the Buſineſs muſt be 
done by degrees: Out of the Equations ax = vz, x + z 


= 2, and 5x =y + 3z; if the Quantity y is to be 
found, firſt, take out one of the Quantities x or z, ſup- 


poſe x, by ſubGituting for jt its Value © _ — (found by the 
firſt 
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firſt Equation) in the ſecond and third Equations; and 
den you will have E + = 2, and 22 =y + 32, 
out of which take away z as above (g). 


5 


4 8 2 
528 "= _ — 
© — — <> 33. * * x 4 * 9 
" + n = * » . ” 
” 
* 


"TAX, (s) 19 5. When wg are are given involv- 


Where the Numerator i is the Difference 


A DT ae : 3: 
* the Products of the oppoſite Coefficients i in the Onder 
in which y is not found, and the Denominator is the 
Difference of the Products of the oppoſite Coefficients 
taken from the Orders that involve the two unknown 
Quantities. (Coefficients are of the ſame Ordef which 
either affect no unknown Quantity, as c and 7; or the 
Tame unknown Quantity in the different Equations, as 
a and d. Coefficients are oppoſite when they affect the 
different unknown-Quantities in the different Equations, 

as à and e; d. and 4). For — the firſt Equation, 
4 — 

a 


ax = — by; and * 2 2 R. 1, 5.) alſo from 


the fecond, dx =f— ey; and bapE 2 : Whence 
| 2 2 (LXXVI.); and — of 
gen (R. — ang aty dh) ef- e (R. 1.) 
and 7 =—— 5 (R. 5): After the fame en, 
of nd APY 
FF ar—db 


196. When 
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o the Method of taking away any Number of Surd Quan 
tities out of Equations. 


LXXXI. HH! ITHERTO may be referred the Exter- 
mination of Surd Quantities, by making them 

equal to any Letters. As if you have ſay —vVaa—ay 
= 24 ＋ 74575 by writing t for /ay, and v for 


Fon — 49, and x for an you will have the Equa- 
tions 


Mi 2 — * — —— 


196. When three Equations involve three unknown Quan- 
ax + by ez m 
tities, x, y, and 2 3 thus, ris n then 
ES n p 
| acp —2 n m —dbp—ghn—gem 
Z = ack —ahf + dhc—dbk-Fghf—gec” 
Where the Numerator conſiſts of all _ different Pro- 
ducts, which can be made of three oppoſite Coefficients 
taken from the Orders in which z is not found ; and the 
Denominator conſiſts of all the PreduQs that can be made 
of the three oppoſite Coefficients taken from the Orders 
which involve the three unknown Quantities. 


4 —afz —dm=+ de K 
426 - 43 . and 


For 72 
ap —akz — gm + g 2 


(195); therefore 


Te ah — gb p 
an—afz —dm + dcz __ ap —akz — gm + — 
ae - 46 TIES ah — gb 


(LXXVI), and an — afz dun ＋ dex Xx ab 
— gb * an — afz ＋ gbdm - gbdcy = 
ap —gm—akz+gczXae—dbXap —akz + 
en -g (R. f.): Take gbdm — gde from 

both 
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tions f—v =2a+x, tt = ay, vv = aa —ay, and 
#3 = ayy, out of which taking away by degrees t, v, 
and x, there will reſult an Eguation entirely free from 
Surdity. | | 


How a Dueſtion may be brought to an Equation, 


LXXXII. AF TER the Learner has been ſome Time 
5 exerciſed in l and trans forming 
Equations, Order requires that he ſhould try his Skill 
in bringing Queſtions to an Equation. And any Quęſtion 
being propoſed, his Skill is particularly required to denote all 
its Conditions by fo many Equations, To do which he muſt firſt 
conſider whether the Propoſitions or Sentences in which it is 
expreſſed, be all of them fit to be denated in algebraict Terms, 
juſt as we expreſs our Conceptions in Latin or Greek 
Characters. And if fo, (as will happen in Queſtions 
converſant about Numbers or abſtract Qantities) then let 
im give Names to both known 77 en 2 as 

as as Occaſion requires; and expreſs the Senſe of the Quęſtion 
45 the 2 Language, if I may ſo rac he ay 2 Con- 
ditions thus tranſlated to algebraick Terms will give as many 
Equations as are neceſſary to ſolve it. "a 


1 


— .” 


both. Members, and divide by h a, ſo ſhall an — dm — 
afz +dczxb—ghn +gbfz=ap—gm—akzÞ ge 
X e—dbp + dbkz; tranſpoſe and divide, and fo 
ſhall you find g 
deb —ahn + dhm — dbp + gbn — gen. 

8 ack - 4 4e — 404 + gbf — gee 
After the ſame Manner, £ 

 afp—akn+dkm—dcp + gen—g fm 
"Ak ack —abf+ dbe - dbk + gbf — 777 

: bfp — bkn + ekm — ecp + hen — n 
*Eak—abf +dhc —dbt+ gbf—gec* 


. 
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As if there are required three Numbers in.continual 
Proportion, whoſe Sum is 20, and the Sum of their 
Squares 140,; putting &, y, and z for the Names of the 
three Numbers ſought, the Queftion will be tranſlated 


out of the Verbal to the Symbolical Expreſſion, as fol- 
lows : 


The Queſtion in Wards. | The ſame in Symbals, 
There are ſought three | 
Numbers on theſe Con- | x, y, 22 
3 : IRE 
That they nw... * 
nually  oportionad. nn 
7 „ 145 12 Z 20. 
And the Sum of their I 
Squares 140. nun A W- 


And ſo the Queſtion is brought to theſe 3 
viz, x2 = yy, y Fz g 20, and xx=+ yy + 
ZZ = 140, 4 — Help whereof x, y, and x, are to be 
found by the Rules delivered above. 


But you muſt note, That the Solutions of Queſtions 
are (for the moſt Part) ſo much the more expedite and 
artificial, by how fewer unknown Quantities you have 
at firſt, Thus, in the Queſtion propoſed, putting x for 


the firſt Number, and y for the ſecond, = will be the 


third Proportional; which then being put for the third 
Number, I bring the Queſtion into Equations, as fol- 
lows : 3 


The Queſtion in Words. | Symbollicall. 
There are ſought three . 

Numbets in continual | x, 5, 27 
Proportion, | 25 


U 


Whoſe Sum is 20. * ＋ + 22 = 20. 


And the Sum of their |... 1 . 
Squares 140. port * | 
| ou 
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You have therefore the Equations * + + 2 = 20z 


E 
and xx + yy + L = 140, by the Reduction whereof 
& and y are to be determined, 


Take another Example. A certain Merchant encreaſes 
his Eftate yearly by a third Part; abatirig 100 J. which he 
ſpends yearly in his Family; and after three Years he 
finds his Eftate doubled. Query, What was heworth ? 


To reſolve this, you muſt know there are or lie hid 
ſeveral Propoſitions, which are all thus found out and 
laid down. | 


In Engliſb. | Azgebraicalh. 


A Merchant has an 
Eftate - x. 


Out of which the firſt], __ . 

Tear he expends 1001. | © 98 

eee er 
= 3 3 


— 22 


And augments the reſt 
by one third - 


And the ſecond Year| 4x — 400 
expends 1007, - 


And augments the reſt 4X —700 4x —700 16-2800 
by a third =, - ns ana 46 


And ſo the third Year| 16x - 2800 16 x — 3700 
expends 100 J. e ee e og 
And by the reſt gains 2 + — 22, or 
likewiſe one third] 9 27 
Part — wo o 64 x — 14800 N 
8 „ OR 
And he becomes at] 6 __ 
length twice as rich 4 — = 2X. 
ds at firſt = [ 27 | 


Therefore 
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Therefore the Gelten x brought to this Equation, 
#534 T9 1 9743 TD off . 


LU L4H 


64 x — 14800 


2 
to find oF viz. multiply it by 27, -atid you have 64 x — 
14800 54K; ſubtract 54, and there remains 10x — 
14800 o, or 10* ='14800, and dividing by 10, you 
have x = 1480. Wherefore, 1480 J. was his Eſtate at 
firſt, as alſo his Profit or Gain ſince. 45 ; | 


k.Y os -- G * 


You ſee therefore, that ts. the Solution of Queſtions which 
only regard Numbers, or the abſtracted Relations Quanti- 
ties, there 1s ſtarce any Thing Te required, than that the Prob- 
lem be tranſlated out of the Engliſh, or any other Tongue 
it is propoſed in, into the algebraical Language, that 1s, into 


Characters fit to denote our Conceptions of « the Relations of 


uantities, But it ometimes , that the Language 
2 the Words 4 State 2 5 
may ſeem unfit to be turned into the algebraical Language; but 
making Uſe of a few Changes, and attending to the Senſe, ra- 
ther than. the Sound of the Words, the Verſion will become 
eaſy (a). Thus, the Forms of Speech among different 
ations have their proper Idioms ; which, where they 
happen, the Tranſlation out of one into another is not 
to be made literally, but to be determined by the Senſe.. 
But that I may illuſtrate 'theſe Sorts of Problems, and 
make familiar the Method of- reducing them to Equa- 
tions; and ſince Arts are more eaſily learned by Ex- 


n * 1 


LXXXII. (a) If ſuch Equations cannot be derived 
without ſome previous Operations (which frequently 
happens to be the caſe), let the Learner conſider what 
Method or Proceſs he would uſe, to prove the Truth of 
the Solution, were the Numbers that anſwer the Con- 
ditions of the Queſtion to be given; and then by fol- 
lowing the very fame Steps, only uſing Symbols inſtead 
of Numbers, the Queſtion will be brought to an Equa- 
tion, OT LOR AE F2Y X | | 
N 


; & aw a 


— 


* 27 by the Reduction whereof you are 


Dueſtion is expreſſed,” 
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amples than Precepts, I have thought fit to adjoin the 

Solutions of the LIE Problems. ji 
40 Duh Pa 

ur! given the Sum of tus Numbers; a, and the Dif- 
| ence of their Squares b, ee OC, 


Let the leaſt of them, be „, the aber will be 
a — x, and their Squares\x x, and 424 — 24 + xx: 
The Difference whereof 4 — 24 is ſuppoſed 5, 
Therefore aa — 2 =6, and then by Reduction 


2a .2 20 
For Example, if the Sum of the Numbers or a be 8, 


and the Difference of the Squares or 5 be 1652 — 


„ be 4 .. 120 =X. 


— (=4—2) will be 32 and 2 
Wherefore the Numbers. are 3 and 5 | 


PRO ann M. | 


Ts Jud ths Wan x, y, and 2, e 
of which fball be given. ig T7 6. 6 


If the Sum of two of them, viz. x and y be a; of x 
and x, 5; and of y and z, c; there will be had three 
Equations to determine the three Quantities ſought, 
x, y, ànd z, via. y, x +2 =b, and y . 
Now, that two of the unknown Quantities, viz. y and z 
may be exterminated, take away x on both Sides in the 
firſt and ſecond Equation, and you will have 724 — x 
and z=b— x, which Values ſubſtitute. for y and 2 in 
the third Equation, and there will come _ — * 5 = 


4 2e, and by Reduction x . <2 = =; and having 


found 
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fvittd 4, the Equativris above 5 = ind == 
will give y and ns? RUA at 


EXAMPLE. If the Sum of x and y he 9, of x and x, 
10, and y and x, 133 then, in the Values of x, y, and 
z, Write. 9. for a, 10 for ö, and 13 for c; and you will 
| \ | a+b==c 
3 


have a + b=c=b and conſequently æ ( 
3.1.) 4.5: 


PROBLEM HL. 

To toi a given Quantity into as many Parts as you Pleaſe, 
" fo that the greater Parts may exceed the leaſt by any given 
Differences. 


Let a be a Quantity to be divided into four ſuch Parts, 
and its firſt or leaſt Part call x, and the Exceſs of the 
ſecond Part above this call 4, and of the third Part c, 
and of the fourth 4; and x þ b will be the ſecond Part, 
x + the third, and x + d the fourth, the Aggregate of 
all which 4x T +c +4 is equal to the whole Line . 
Take away on both Sides # + c + 4, and there remains 

| . 4 — 5 —=t—d 
41 24 — 50 — 6 4, or x = — : . 

ExAMPLE. Let there be propoſed a Line of 20 Feet; 
ſo to be divided into four Parts, that the Exceſs of the 
ſecond above the firſt Part ſhall be 2 Feet, of the third 


3 Feet, and of the foirer y Feet; and the four Parts 
will be's ( = ef eee) 


1 4 
=2, *+b=4x+c=5, and x +d=g9. 


N 2 After 


| 
| 
| 
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After the ſame Manner a Quantity is divided ints 
more Parts on the ſame Conditions (5). 


PROBLEM IV. 


A Perſon being willing to diſtribute ſome Money among Beg- 
gars, wanted eight Pence to give three Pence a piece to 
them ; he therefore gave to each two Pence, and had three 
Pence remaining over — above. To find the Number of 


_ the' Beggars. 


Let the Number of the Beggars be x, and there will 
be wanting eight Pence to give all 3x Pence; he has 
therefore 37 — 8 Pence. Out of theſe he gives 2x 
Pence, and the remaining Pence x — x —8 are three. That 
is, 8 S3, or x II. 


PROBLEM V. 


If two Pofi-Boys A and B, at 59 Miles Diftance from one 
6 175 out in the Morning i in order to meet. 4” A 
rides 7 Miles in two Hours, and B 8 Miles in three 


Hours, and B begins his Journey one Hour later than A; 
zo find what Number of Mites A will ride Mfrs he 
meets B. 
"Call that Length 2, and you will have 59 — . the 
Length of B's Journey. And ſince A travels 7 Miles 


in two Hours, he will make the Space x in 7 Hours, 
becauſe 7 Miles 2 Hours :: x Miles: 77 Hours. And 
> 4 Aa ; ; &. 


* | | | . 9 5 Fs 4 
Prob. III. (5) For let the Dividend be a, the Num- 


ber of the Parts be , and the 12 of all the Differences 
3 


be 4; and we ſhall have x == 


a. WW. 
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ſo, fince B rides 8 Miles in 3 Hours, he will deſcribe 
his Space or ride his Journey 59 — in —— ay Hours. 
Now, ſince the Difference of theſe Times is one Hour; 
to the End they may become equal, add that Difference 


to the ſhorter Time — and you will have 1 4 


— = 25 and by Reduction 35 . For, mul- 
tiplying by 8 you have 185 — 3* = 5 Then mul- 
tiplying alſo by 7 you have 1295 — 21 * = 16x, or 
1295 = 37x. And, laſtly, dividing by 37, there ariſes 
35 S*. Therefore, 35 Miles is the Diſtance that 4 
muſt ride before he meets B. | | 


The ſame more generally. | 
Having given the Velocities of two moveable Bodies, A and B, 
tending to the ſame Place, together with the Interval or Di- 
ſlance of the Places and Times from, and in which they begin 
to move ; to determine the Place they ſhall meet in. | 


Suppoſe, the Velocity of the Body 4 to be ſuch, that 
it ſhall paſs over the Space c in the Time /; and of the 
Body B to be ſuch as it ſhall paſs over the Space 4 in 
the Time g; and that the Interval of the Places is , 
and h the Interval of the Times in which they begin to 
move. | Fic of 
Cask I, Then if both tend to the ſame Place [or the 
ſame Way], and A be the Body that, at the Beginni 
of the Motion, is fartheſt diſtant from the Place they 


tend to: Call that Diſtance x, and ſubtract from it the 


Diſtance e, and there will remain x — e for the Diſtance 


of B from the Place it tends to. And fince A paſſes 


through the Space c in the Time f, the Time in which 
it will paſs over the Space x will be iz, becauſe the 
| N'3” Space 


_ — — — — <p 


ͤ8UU— — -- —.—̃ —— — — — * 


bett, and you will have L ++... Ee 


182 RESOLUTION OF 
Space c is to the Lime f, as the Space x to the Time 


Lo And ſo, fince B paſſes the Space d in the Time g, 


the Time in which it will paſs the Space x -e will be 
n. Now fince the Difference of theſe Fimes is 


d 
ſuppoſed h, that they may become equal, add h to the 


ſhorter Time, vir. to the Time 2 7 if B begins to move 


. 


Reduftion EE rar es S's, But Ste 
Ft 


gins to move firſt, add h to . if [nd hs and 


1 


you will have =. 223 ＋ * 


ge - 4h n 
c 4, 291 


CAsxE II. If the moveable Bodies proceed Tye” one 
another, and x, as before, be made the initial Diſtance 
of the moveable Body 4, from the Place jt is to move 
to, then e— x will be the initial Diſtance of the Body 4 B 


5 ad by Reduction 


from the ſame. Place; ; and 2750 che Time in which 4 


will deſcribe the Diſtance Xx, ad £2 7 — Los the Time in 


which B will deſcribe its Diſtance ex. To the leſſer 


of which Times, as above, add the Difference, b, vie, 


to the Time Z if B begin firſt to move, and ſo you 


wil here . „ = , and. by Redudtion 
25 2 —£4h 
5+ 
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4 
—— 3 baer begins firſt. to move, add 5 


to the Time . ae become E = þ + 


e — 2 jon cge+ «dh 
— 2, and by Redudtion 2 LETT Fit 

EXAMPLE I. If the Sun moves every Pay « one De- 
gree, and the Moon thirteen, and at a certain Time the 
Sun be at the Beginning of Cancer, and, in three Days 
after, the Moon in the Beginning of Aries, the Place of 
their next following Conjunction is demanded. Anſwer, 
in 10 4 Degrees of Cancer: For ſince they both are 
going Jenas the ſame Parts, and the Motion of the 
Moon, which is farther diſtant from the Conjunction, 
hath à later Epocha, the Moon will be 4, the Sun B, 


and Cn the Length of the Moon 's Way, which, 


if _ er 13 for c, 1 tot $7 4, and 2. 90 for 65 and 


Z3XIXg0 + 1 XIX 
gde will. decomÞ * e 


is, 1 or 100 4 Degrees and then add theſe Degrees 


to this" Beginning of Aries, and there, will come out 
104 Degrees of Cancer, 


EXAMPLE II. If two Poſt-Boys, 4 = being i in 
the Morning 59 Miles aſunder, ſet out to meet each 
other, and A goes 7 Miles in 2 Hours, and B 8 Miles 
in 3 Hours, and B begins his Journey 1 Hour later than 
A, it is demanded how far A. will have gone before he 
meets B? Anfwer, 35 Miles. For fince they go towards 
each other, and 4 ſets out firſt, — ES Alt be the 
Length of his Journey; and. N 7 for e, 2 for 55 

| N 4 8 ford, 


* 7 


% 
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8 ford, 3 for 8. 59 for e, and I for h, this will become 


X 3 X 59 ＋ N © „ m W222 
D wo at 0 oe. 37 * 35» 15 rhe 


. * 
9 — D— 4 *4 i \ 
„„ 4 


— 


PrRoBLEeEM VII. pan 
Giving the Power of any Agent, to find how nos a Ju 5 
will perform a given Effect a, in a given Time b. 
Let the Power of the Agent'be ſuch that it ean pro- 
duce the Effect c in the Time d, and it will be as the 


Time à to the Time 5, ſo the Effect e, which that Agent 
can produte in the Time d, to the Effect which he 22 


produce i in "the Time 55 which therefore, will be 7 1 


Again, a as "the Effea of one Agent — = to the Effect of 
* al a; ſo that ſingle Agent | to all 05 Abate, ay thus 
the Number of the Agents will be 5- 


(14 107 P 


ale If a Scribe can in 8 5 write 15 Sheets, 
how many ſuch Scribes muſt there be to write 40 5 Sheets 
in-g Days? Anſwer, 24. For if 8 be ſubſtituted for 4, 


15 for c, 405 for a, and 9 for ö, the Nirbet 7 will 


" PROBLEM. vn. wn et 
The Forces Y for 12 being given, to determine x "the 


4 


Let * F "AD the 1 B, 8 be 1 | 
which in the Fimes e, /, g can produce the Effects 
0, b, c f and theſe in the Time x will pro- 

þ * duce 
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35 1 
> 4 the Effefts = 7. F when is — 3 7 
=_ 1618 J} 1» 
BS = =&, and Ac . 2 — 
540 L. „ vR oy % 1 3 = : 
- EXAMPLE, Three Workmien can do à Piece of Work 
in certain Times, viz. I once in 3 Weeks, B thrice in 
8 Weeks, and C five Times in 12 Weeks. It is defired 
to know in what Time they can Hniſfi it my Here 
then. are the Forces of the Agents 4, B, C, which in 
the Times 3, 8, 12, can- praduce-the Effects 1, 3, 5, 
reſpectively. and the Time is ſought wherein they can 
do one Effect. Wherefore, for d, b, c; a4; e, 55. write 


I, 3. 5, 1, 3, 8, 12, and there will ariſe x = 


- 2 a> 4 Oo — — —— 


171 7 2 

of a Week, that i is, [allowing 6 — Dai ys to 

a Week, and 12 Hours to each Day] 5 abe and 4 
dan, the Time wherein Hey: will . fini 


Pao ea VIII. 


So, to compound unlike Mixtures of two or more Things, that 
_ "the Things mixed arge —_— . given Ratio to one 
another. 


27 givenQuantiy of one Aike be d 4 4+ eB 
+ FC, the ſame Quantity of another Mixture g A + 
* ts 4C,apd the ſame of a:third A + B 75 n C, 
here A, B, C, denote the Things mixed ; and 
py es þ E= hy &c, the Proportions of the ſame in the 
ixtures. And let PpAT JB C be the Mixture 
which 'muſt@be compoſed of theſe three Mixtures; and 
ſuppoſe *, 3» and 2, to be the Numbers, by which if 
the three given Mixtures be reſpectivel Paket, 
their Sum will become pA op gB-+r C. Therefore 
2 dæ A B TVK C 
63+ by B447G P=pA+ eB +rC 
z A + mz 2 B ＋ AEC 
And then 3 the Terms by making ds * 257 


Iz =þ, 


— — — — — 


— — — — — — — ens — 
. 


N — 1 * ö 
2 2 r wy kin gi 
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+ 12 oe N 4 and Pan 


A * 21228 % 22D 


* — 
| ok =r10, and by Read <= = 2 = 


101 bes * bus — 7 3 


—by—mz . r—ty— 
£ 2 5 rand And a 


w_ TT SPE oey f 


Equätione ee "2 — —. , nd 


©. [iT Ti 
18 


e 0 


4 4, $8 = 
Which, if abbreviated by his a e T's n 8 for 
dm —eh, v for gg Ab. $ for fg —er, for T 


and. 9 1 _ become — = 25. 


an by ReduQtion © * DP = K. lag found 25 put 


Bz 5 12 
_ = LID ng 


- e 


FL was If FED were three 1 oy 
melted down together ; of the firſt of which a Pound 
[Averdupois] contains of Silver 3 12, of Braſs 7 1, and 
of Tin 3 3; of the ſecond, a Pound eontains of Silver 
31, of Braſs J 12, and of Tm 35 and a Pound of the 
third contains of Braſs 3 14, of Tin 5 2, and no Silver; 
and let theſe: Mixtures beſo to be compoumded, that 4 
Pound of the Compofition'miay contain e SHver + \ 45 « of 
Braſs 3 9, and of Tin 3 3: For u, e, I; Eb, 45.45 mn; 
p, 9,:7 3 write 12, FIC 1, + + '0914,"23*#5 95 3 
reſpectively, and & will be AIX Sch 
12 x90 * — 57 8 — — — 44212 * 4 
W e F= 24, = 


E' 


ros VIIL (e Number 182, 183. — 
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. | TA » as T6 {4 | ba v3, 
2 | ad to — — — — 
yo, and e 33. And therefore 2 P NA 
* 2. yy SS} 45-2 4 + 8% — 104 + 92 
e e (e ee 
DnD 5s e 9 210 
E 


at thr $ =, ME INT E085 ere 


* . 


Wherefore, if there be mixed l. Parts of: a: Pound of 


the ; ſecond Mixture, 4% Parts of à Pound of tbe firſt, 
and nothing of the third, the Aggregate will be a Pound, 
containing four Ounces" of Silver, nine of Braſs, and 


. — ** — . 1 
three of Tin. YE SW 
\ : 


82 1 


* 
- —— 


FE PROBLEM IX — T3 em 
The Prices of fever Mirtures of the ſame Things, and the 
Proportiont of the Things mixed together being given, 15 
determine the Price aft each of the Things mixed... , 
Of each of the Things A, B, C, let the Price of the 
Mixture dA + gB + /C be p, of the Mixture A + 
5B + mC the Price q, and of the Mixture FA + + 
+ :C the Price r; and of thoſe Fhings A, B, C, let 
the Prices æ, , z, be demanded. For the Things A, B, C, 
ſubſtitute their Prices x, 5, z, and there will ariſe the 
Equations dx + gy + 2 =þp, ex + by TN g. 
and fx + Fy + nz = r; from which, by proceeding 
as in the foregoing Problem, there will in like manner 


neee 
ny eee e e 


* 


EXAMPLE. One bought 40 Buſhels of Wheat, 24 
Buſhels of Barley, and 20 Buſhels of Oats together for 
15 Pounds 12 Shillings. Again, he bought of the ſame 
Grain 26 Buſhels of Wheat, 30 Buſhels of Barley, and 
50 Buſhels of Oats together, for 16 Pounds. And 
thirdly, he bought of the like Kind of Grain, 24 Bu- 
ſhels'of Wheat, 120 Buſnels of Barley, and 100 Buſhels 
of Oats together, for 34 Pounds. It is demanded at 

| | | what 


2 


— . - * — - 
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what Rate a Buſhel of each of the Grains . ought to be 
valued. Anſwer, a Buſhel of Wheat at 5 Shillings, of 
Barley at 3 Shillings, and of Oats at 2 Shillings. For 
inſtead of d, g, I; e, h, m; 7, ., n; p, 9 73 by writing 
W n 40, 24, 20; 26, 30, 50; 24, 120, 100; 


15 2, 16, and 34, there ariſes a (=eþ - 49 = 26 K 


154 — 40 & 16) 2 — 2345; and gf ( dm —el = 
40 X 50 — 26 X 20) = 1480; and thus 7 2 = 576, 
> = oo, e = 1400, and 8 = — 2400. Then & 

b — Jy 352560 — 288000 27456 
2 74 — 80 28006400 + 3552000 F 2748600 | 


ITE « +8: _ —23453 +148 

— ) (===r TOTS 576 ) = = 75 5 
— — 1 — 4 — 28 W © 

and * 18 2 1 5 7⁰ ==), D 


Therefore a Buſhel of Wheat coſt = Ih, or 5 Shillings ; 
a Buſhel of Barley 2 i, or 3 Shillings ; and a N 
of Oats 0 by, or 2 ne 0 | 


22105 1 Ow 5 ROBLEM X. 
There being given the ſpecifick Gravity both of the Mixture 
and the Things mixed, to find the Proportion of the A 


. Things to one another. 


Let e be the ſpecifick Gravity of the Mixture A + B, 
a the ſpecific Gravity of A, and the ſpecifick Gravity 
of B; and ſince the abſolute Gravity, or the Weight, 
is compoſed of the Bulk of the Body and the ſpecifick 
Gravity, a A will be the Weight of A; 5 B of B; and 
eA +— eB the Weight of the Mixture A—+—B; and 
therefore aA + UBS e Aeg; and from thence 
„A A = or e—b:a—e: A: Bo. 


ExAMPLE. Suppoſe the Gravity or Specifick Weight 
of Gold to be as 19, and of Silver as 105, and King 
4 s Crown as 175 and it will be 10: 3 (- 3: 4 

A: B) : : Bulk of Gold in the Crown: Bulk of 
3 Silver, 
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Silver, or 190 : 31 (:: 19 X10: 104 * 3: 24 * 

% xe) :: the Weight of Gold i in the Crown, to 
the Weight of Silver, and 221: Sl : the Weight of 
the © Crowh, f to the obo wel of the lber. | 


F 18 (© 1 * 


cn rostet n. 


7 the We of Orer a eat up the Meadow b in the Time 
c; and the Number of Oxen d eat up as god a Piece of 
Paſture e in the Time f, and the Graſs grows uniformly; ; 

- to 7 find bow many Oxen PEO PRONE _ 
the Time h. $2 n 


23 8 5 


- 


2 — - — 


If the Oxen à in the Time c eat up the Paſture b; ; 
theh, 'by Proportion, the Oxen - 4 in the ſame Time 6 


or the Oxen 5 in the Time 5, or the Oxen 22 75 a in 


the Time 5 will eat up the Paſture e; ſuppoſing the 


Graſs did not grow at all after the Time c (d). But 
ſince, by reaſon of the Growth of the Graſs, all the 
Oxen d in the Time F can eat up only the Meadow e, 
therefore that Growth of the Graſs in the Meadow :? in 
the Time f— c will be ſo much as alone would be 


ſufficient to feed the Oxen d — If the Time Vs that is, 
as 


_ — 


di. 


_— * * — Af 


Prob. XI. (4) er in equal Times c, as Field is to 
Field, ſo Number of Oxen to Number of Oxen; that 


is, 21 8 - in the ſame Time c; and in equal 
Fields, the Numbers of Oxen are reciprocally as -the 


Times; that is, f:c: 2 er in the Time f5 alſo 
en eca © 


—— —— 


_"KErOTo TION of © 


ä——— a 


as, much .as would" ſuffice to | feod the Oxen 7 — me 


in the Time 5 (0. And in the Time þ — 6, by! Pro- 
portion ſo much would be the Growth of a Graſs as 


5 — a 
would be ſufficient to feed the Oxen 18 - into x f 


1 


77 e. e Jobs . Add 


aec 


this. Increment to the Oxen 55 and chere will come 


bdfh — ecah — bdef + 2 
out . | D * a Number of 
Oxen which the Paſture e will ſuffice. to feed in the 
Time h. And ſo in Proportion the Meadow g will ſuffice 
erde Gern Ae lee 


ee 10 
keg the ſame Time h eh. | 


Exa MPLE 


= 1 * adi & vx. v4 FAT 
STE" WP EI__ 2 


(9) For the Numbers of Oxen are reciprocally as the 


4 ” 
Times, wherefore h 7 :: *—T*1 af — 75 4 5 in 
the Time 7 — -% | 
V The Growth being niform; the Increments uin 
be as the Times, and the Numbers of Oxen to conſume 
the Increments as the Times, i. e. ＋— : Wome 1 i: df 


eca befh —ecah — bdef o wee” 
pres 5 oh A ene Thais 
h — c. $4 
(g] For the Times 5 ws "MY the nN 
of Oxen will be as the Fields, i. e. : g: 


747 — 


\ 1 


| 
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ExAmPLE. If 12 Oxen eat up 34 Acres of Paſture 
in 4 Weeks, and zr Oxen <ato-upi10 Acres of like 
Paſture in 9. Weeks; to find how many.Oxen.; wilt 
eat up 24 Acres in 18 Weeks ! Anſwer, thirty-ſix; 
"or, that Number will be found by ſubſtituting in 
bdfgh — ecagh — bdegf + ecfga, 0. 
ud 1.4 777 — e the Numbers 
12, 3 % 4 2, 10, % 24, and 18 for the Letters 
a, 5, c, d. e, fs g, and lh, reſpectively; but. the Sölu- 
tion, perhaps, will be no leſs expedite, if it be brought 
out from the firſt Principles, in Form of the precedent 
literal Solution. As if 12 Oxen in 4 Weeks eat up 33 
Acres, then by Proportion 36 Oxen in 4 Weeks, or 1 
Oxen in 9 Weeks, or 9 Oxen in 18 Weeks, will eat up 
10 Acres, on Suppoſition that the Graſs did not grow. 

But ſince by reaſon of the Growth of the Graſs 21 Gren 

in 9 Weeks can eat up only 10 Acres, that Growth of 1 
the Graſs, in 10 Acres for the laſt 5 Weeks wilt be as 
much as would be fufficient to feed the Exceſs of 21 
Oxen above. 16, that is 5 Oxen for q Weeks, or, what 
is the ſame Thing, to feed 5 Oxen for 18 Weeks, And 
in 14 Weeks 5 Exceſs of 18 above the firſt 4) che In- 
creaſe of the Graſs, by Analogy, will be ſuch, as to be 
ſuffcient to feed 7 Oxen for 18 Weeks; for it is 5 
Weeks : 14 Weeks :: Orten: 7 Oxen. Wherefore 
add theſe 7 Oxen, which the Growth of the Grafs alone 
would ſuffice to feed, to the 8, which the Graſs with- 
out Growth after 4 Weeks aud feed, and the Sum will 
be 15 Oxen.' And, laſtly, if 10 Acres ſuffice to feed'r5 


: 


— 4 * 


8 Mok 


Oxen for 18 Weeks, then, in Proportion, 24 Acres | 
would ſuffice.36 Oxen for tlie ſame Timm. 
ee _ PROBLEM | 


3475 — ecah — bdef becfa_ 2 | 
| bfh — bch ö 
gbdfh —ecagh — bdegf + cefga 


 befh —beth © 
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oy op 1-4 $ GH 169 nor 1 * 
„„ 2: PROBLEM XII. 5 
hb * mm 2 ' | 12 IN 

Having given the Magnitudes and Motions LA Spherical Bo- 
dies perfecily elaſtick, moving in the ſame Right-Line, and. 


* 
9 
: * 


£1 


fil againſt one another, un determine their Mations 


after Reflexion, 


> > 


Conditions, that each Body will ſuffer as much by Re- 


action as the Action of each is upon the other, and that 
they muſt recede from each other after Reflexion with 


the ſame Velocity or Swiftneſs as they met before it. 
Theſe Things being ſuppoſed, let the Velocity of the 
Bodies A and B, be à and 6 reſpectively; and their Mo- 
tions (as being compoſed of their Bulk and Velocity to- 
gether) will be aA and 5 B. And if the Bodies tend 


the ſame Way, and A moving more ſwiftly, follows B, 


make x the Decrement of the Motion a A, and the In- 
crement of the Motion 6 B ariſing by the Percuſſion; 
and the Motions after Reflexion will be 2A — x and 


4A — „ 


| PEW 3194 bB | 
bB+*3 and the Celerities A and , whoſe 


Difference is 4 the Difference of the Celerities 
before Reflection. Therefore there ariſes this Equation 


Es 2 2 =a— 3b, and thence by Reduc- 


(ve Fea .26AB—2bAB 5 
tion x becomes = - FX” which being ſub- 


ſtituted for x in the Celerities , . 
A4 B L253 3 
r e out 1 Sn: — for the Celerity 

2aA —bA+B : | 
of A, and = - 1 for * Celerity of B 


after Reflexion. 


— — 


- * 
* 7 " 1 - 
a — * 
— — ä 6 


\ 
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But if the Bodies move towards one another, then 
changing every where the Sign of 5, the Velocities after 
Reflexion will be = —— 72 * — 5B. 
either of which, if they come out, by Chance, negative, 
it argues that Motion, after Reflexion, to tend a con- 
trary Way to that which A tended to before Reflexion · 
Which is alſo to be underſtood of A's Motion in the 
former Caſe, ' 


EXAMPLE, If the homogeneous Bodies [or Bodies of 
the ſame Sort] A of 3 Pounds with 8 Degrees of Ve- 
locity, and B a Body of 9 Pounds with 2 Degrees of 
Velocity, tend the ſame Way; then for A, a, B and 5, 
Gil A- 4B ＋ 253) | 
write 3, 8, 9, and 23 and (= a — T — } becomes 

YAL B 43 
— 1, and ( IS 2 =) becomes &. There- 
fore A will return back with one Degree of Velocity 
after Reflexion, and B wor go on with 5 Degrees. 


PRoBLEM XIII. 


To fd three Numbers in continual Proportion, whoſe Sum 


Hall be 20, and the Sum of their Squares 140? 


Make the firſt of the Numbers x, and the ſecond 
=, and the third will be =, and conſequently x y 


1 2 203 and xx + yy +L = 140. And by Re- 
duction xe To x + yy = ©, and Ty 277 


= 0. Now to exterminate x, for a, ö, c, d, e, „y 2, b 
in the third Rule, * pony = 6 . 2 
| O 140, 


arm Sp ——— —ͤ——— ̃ ↄꝓ — l ——- oo 


1 


— 


— —— ͤ ˙ wm 


| 
| 
[ 
. 
| 
| 
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14 o, o, y*; I, y — 20, and 5177 and t there will come ut 


A +280 X y* 3+ -. 260 K 500 — 407 
N N 1 4 + 40% S o, 

and by Multiplication 16005 — 208005 — 67 

o. And by Reduction 4 yy —52y ++ 169 0. Or 

(the Root being extracted) 25 — 13 o, or y= © 2+ 

Which is found more ſhort by another Method before, 

but not ſo obvious as this. Moreover, to find: x, ſub- 


ſtitute 62 ſor y in the Equation xx T7 2+jy=0, 
and there will ariſe x x — 134 * ＋ 42.4 = 0, or & 
134 x + 42.4, and having extracted the Root x = 64 


+ or — / 3&3 Vie. 64 + / us, is the greateſt of 
the three Numbers fougtit, and 64 — „ 3,5 the leaſt. 
For denotes ambiguouſly either of the extreme Num- 


ders, and thence rhere will come out two Values, either 


of which may be x, the other Yup =. 
The ſame otherwiſe, 
Putting the Numbers x, — and = as before, you 


20 2 
will have x + y +* 22 = 20, or xx = = 2 and 


n 


extracting the Root a * 10 — 1y + "; 100 10. 755 
for the firſt Number: Take away this and from 20, and 


V'=10=13—vieo 105 =T77 


there remains 


the third Number. And the Sum of the Squares ariſing 
from theſe three Numbers is 400 — 409, and ſo 400 — 
40 = 140, or y = 64. And having found the mean 
Number 6 2, ſubſtitute it for y in. the firſt and third 
Number Far found ; and the firſt will become 6 3 + 
res and the third 64 — 3 as before. | 


Fc 
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\y 


PdonLem XIV, | 

To find four Numbers in contitiual Proportion, the two Meant 
whereof together make 12, and the two Extremes 20. 

Let x be the ſecond Number; and 12 —# will be the 

third 3 —£— the firſt; and EL the fourth; 


| s 144 —24z+xx oy A 
and conſequently RIC T L 20. 
And by Reduction xx = 12x — 30S, or x = 6 + 
/ 55. Which being found, the other Numbers are 


given from thoſe above. 


ProBLEM XV. : 
To find four Numbers continuglly proportional, whereof the 
Sum a is given, and alſo the Sum of their Squares b. 


Although we ought for the moſt Part to ſeek the Quantities 
required immediately, yet if there are two that are ambiguous, 
that is, that involve both the ſame Conditions (as here the two 
Means and two Extremes of the four Proportionals ), the beſt 
Way is to ſeek other Quantities that are not ambiguous, by 
which theſe may be determined, as ſuppoſe their Sum, or Dif- 
ference, or Rectangle. Let us therefore make the Sum of 
the two mean Numbers to be 5s, and the Rectangle 2; 
and the Sum of the Extremes will be a—s, and the 
Rectangle alſo r, becauſe of the Proportionality. Now 


that from hence theſe four Numbers may be found, 


make æ the firſt, and y the ſecond; and 5 — y will be 
the third; and a — 5 — x the fourth; and the Rect- 
angle under the Means sy — yy r, and thence one 
Mean y = 4s TV, the other 5 — y = 45 — 

1 455 r. 
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v 435 —r. Alſo, the Rectangle under the Fxteetues 


ax - —&*x=7, and thence one Extreme x = 
2— op * 
n WR WW 


EY 


a — 5 n 


32— NEST — 
: 4 


The Sum of "the Squares of theſe four Numbers is 
255 — 24 H＋ 44 —4r which is 5. Therefore 
212 ＋ 2 4 4 b, which being ſubſti- 


1 and the wahr 42 — 


tuted for r, there come out the. four N umbers as fol- 


lows : 


The eo Means { * #5 + vs Fr: Þ +45 — 444 
zi — —7155 Þxzaf—2a0, 


a — 5 
| 2 


The two Extremes 


Yet there remains the Value of 5 to be found. Where- | 
fore to abbreviate the Terms, for e 3 ſub- 


e. 


43 i 


and 


N 1 of wran £ 


a And make the Rectangle under the ſecond and fourth 
equal to the Square of the third, ſince this Condition 
of the Queſtion is not yet ſatisſied, and you will have 
422711 20 bb 9 2 5 

ee e 
"Make alſo Pr ES under the firſt and third equal 


to 


es 
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— 4 


as — 5s 
to the Square of the ſecond, and you will have "©; 


e EEE pe = £1146 04+ 0h 
Take the firſt of dels Equations from the latter, and | 
there will remain 9 — pa + ps =2p%, of 95 = 
pa + ps. Reſtore now y + Ih —4$5 +305 — 448 


in the Place of p, and / — 455 in the 
Place of 9, and you will have 2 132 TSS = a+85 


„Ti == , and by ſquaring 


| b | 
— Or 5 — 2 


bb 


44a 
. — ſought are given from wow has been ſhewn 


above. 


22 4 144 — 2 b; which being found, the four 


PROBLEM XVI. 


If an annual Penſion of the Number of Pounds a, to be aig 
in the frve next following Years, be bought for the ready 
Money c, to find what the Compound Intereſt - -of 100 J. 


Annum will amount to? 


Make 1—x the Compound Intereſt of the Money x 
for a Year, that is, that the Money 1 to be paid after 
one Year is worth x in ready Money: and, by Propor- 
tion, the Money a to be paid after one Year, will be 
worth a x in ready Money; and after two Years, it 
will be worth ax x; and after three Years, ax*; and 
after four Years, ax*; and after five Years, ax*. Add 
theſe five Terms, and you will have a x5 + ax*+ aN 


Ta Ta c, or x5 + x4 + x3 þ -* +x== 


an. Equation of five Dimenſions, by Help of which, 
3 when 
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when x is found by the“ Rules to be taught hereafter, 
put x : I :: 100: y, and y — 100 will be the Com- 
pound Intereſt of 100 l. per Annum. 


It is, ſufficient to have given theſe Inſtances in Queſ- 
tions where only the Proportions of Quantities are to be 
conſidered, without the Poſitions of Lines : Let us now 


proceed to the Solutions of Geametrical Problems. 


Vi. by finding the Grit Figures of the Root by any mechanical 
Conſtruction, and the remaining Figurez by the Method of Vietz. 


How GEOMETRICAL QUESTIONS may 
be reduced to EQUATIONS. 


LXXXIII. O Eometrica! Dueſtions may be reduced ſome- 


| times to Equations with as much Eaſe, and 
by the ſame Laws, as thoſe we have propeſed concerning ab- 
firafted Quantities. As if the Right-Line [See Fig. 6.] 
AB be to be divided in mean and extreme Proportion 
in C, that is, ſo that BE the Square of the greateſt 
Part ſhall be equal to the Rectangle BD contained under 
the whole and the leaft Part ; having put AB = a, and 
BCD x, then will AC be =a— x, and xx = a into 
a— x (a) ; an Equation which by Reduction gives 
* 2 -A 44 (5). 


LXXXIV. But in Geometrical Affairs, which more 2 
quently occur, they ſa much depend on the varicus Poſe- 
tions and complex Relations of Lines, that they require ſome 
farther Invention and Artifice to bring them into Algebraick 
Terms. And though it is difficult to preſcribe any Thing 
in theſe Sorts of Caſes, and every Perſon's own Genius 
ought to be his Guide in theſe Operations ; yet I will 
endeavour to ſhew the Way to Learners. You are to 


know therefore, that Quęſtions about the ſame Lines, re- 


lated 


— . 


LXXXIII. (a) Euclid II. 2. (0) Art, LXXIV, 


- Spectes o 


inguiſb the given Quantities from thoſe ſought. 


* 
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lated after any definite Manner ta one another, may be 
1 ropoſed, by making different Quantities the Quæ- 
fita or Things ſought, from different Data or Things given. 
But of what Data or Quæſita ſocuer the Queſtion be pro 


its Solution will fallow the ſame Way by an Analytick Series, 


without any other Variation of Circumſtance beſides the feigned 
; Foun or the Names by which we are uſed to di- 


As if the Queſtion be of an Iſoſceles Triangle CBD 
[See Fig. 7.] inſcribed in a Circle, whoſe Sides B C, 

D, and Bale C D, are to be compared with the Di- 
ameter of the Circle AB. This may either be propoſed 
of the Inveſtigation of the Diameter from the given Sides 
and Baſe, or of the Inveſtigation of the Baſis from the 
given Sides and Diameter; or 3 4 of the Inveſtigation 
of the Sides from the given Baſe and Diameter ; but 
however it be propofed, it will be reduced to an Equa- 
tion by the ſame Series of an Analyſis, via. If the Di- 
ameter be ſought, I put AB , CD = a, and BC 
or BD 3. Then (having drawn AC) by reafon 
of the ſimilar Triangles AB C, and CBE, it will be 


+ AB: BC:: BC: BE, or &: 6 :: 6: BE (c). Where- 


fore BE = 5 Moreover CE is 22 CD, or 2 43 
and by reaſon of the Right-Angle CEB, CEg + BE 
= BCg, that is 1 aa + = =I (ad). Which Equa- 
tion, by Reduction, will give the Quantity x ſought (e). 

| F 04 But 


oY — 2 1 
= — 


—— 


(e) Euchd VI. S. (4) Euclid I. 47. 


(e) For multiplying by 4 * (R. 3. of Equations), 
and tranſpoſing (R. 1.), we have 46 = 4b* x*— a? x*; 
and dividing by 46*— 4 (R. f.), and evolving (R. 7, 


LIV. «= i= 


9455 = a** 
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But if the Baſe be ſought, put AB = =c, CD = x, 
and BC or BD = b, Then (AC being drawn) be- 
cauſe of the ſimilar Triangles ABC and CBE, there 
is AB: BC:: * : BE, or c: 5 :: 3: BE (c). 
Wherefore BE = — ; and alſo CE = + CD, or * L &, 
And becauſe the Angle CEB is right, CEq + BE 

3 
= BCg, that i is, E xx 5 — = =bb (d); an Equation 
which will give by Red bes. the ſought Quantity x (. 

But if the Side BC or BD be ſought, put AB Se, 
CD S a, and BC or BD = x. And (AC being drawn 
as before) by reaſon of the ſimilar Triangles ABC and 
CBE, it is AB: wah BC; BE, orc: x: *: BE (c). 
Wherefore BE = ==. Moreoyer CE is = + CD, or 
1 a; and by — * of the right Apgle CEB, CEgq+ 
BER. is = BCg, that is, Þ aa + = = xx (d); and 
the Lquatin, by Reduction, will gire the Quantity 
ſought, viz. x (g)- | 


LXXXV. You + 


———_— —. 


- @—8 * * 1 . 5 MP - * 


., 


82 


(J) After the ſame Manner, #* = 


whence x = / — 


(g) In like manner, x4 = £2 x2 — 2 a c*; whence 


\ 
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LXXXV. Vn ſee therefore that in every Caſe, the Cal- 
culus, by which you come to the Equation, is the ſame every 
where, and brings out the ſame Equation, excepting only that 
I have denatedsthe Lines by different Letters, according as I 
made the Data and Quæſita different. And from different 
Data and Quæſita there ariſes a Diverſity in the Reduction 
of the Equation found: For the Reduction of the Equation 


p þ + 2 dent 255 
4144 ＋ * bb, in order to obtain x = CON 


the Value of AB, is different from the Reduction of the 


þ + 
Equation 4 x x + — = bb, in order to obtain x = 
Lf cc — bb, the Value of CD; and the Reduction of 


2 | 
the Equation T aa + 5 = xx very different to obtain 


7 2 4 c 420 Yee — ag the Value of B C or BD: 
; 13 | 
(as well as this alſo, 4 aa + — = bb, to bring out c, 


a, or b, ought to be reduced after different Methods) 
but there was no Difference in the Inveſtigation of theſe 
Equations (h). And hence it is that Analy/ts order us to 
make no Difference between the given and ſought Duantities. 
For ſince the ſame Computation agrees to any Caſe of the given 
and ſought Quantities, it is convenient that they ſhould be 

conceived 


— 


LXXXV. (Y) As there is no Difference in the In- 
veſtigation, let the Baſe C D be a, the Diameter AB 


4 
Sc, and BC or BD = b; then 2 ＋ will 


be an univerſal Equation, in which ſubſtituting x for c, 


if the Diameter is ſought ; for a, if the Baſe ; and for , 
if a Side is ſought; and the former Equations emerge. 
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conceived and compared without Fee that we 


may the more rightly judge of the Methods of computing 
them; or rather it is convenient that you ſhould imagine, 
that the Ae is propoſe of thoſe Data and Quæſita, given 
and ſought Quantities, by which you think it is moſt eaſy for 
you to make out your Equation, bt 6 N 


LXXXVI. Having therefore any Problem propoſed, com- 
pare the Quantities which it involves, and making no Differ- 
ence between the given and ſaught ones, canſider baw they de- 

one upon another, that you may know what Duantities / 
they are aſſumed, will, by proceeding ſynthetically, give th 
ro To do which, there is no need that you ſhould at 

of all conſider how they may be deduced from one 
another algebraically; but this general Conſideration 
will ſuffice, that they may be ſome how or other de- 
duced by a direct Connexion with one another. For 

Example; If the Queſtion be put of the Diameter of the 
Circle AD [See Fig. 8.], and the three Lines AB, 
BC, and CD, infcribed in a Semi-circle, and from the 
reſt given you are to find BC; at firſt Sight it is mani- 
feſt, that the Diameter AD determines the Semi-circle, 
and then that the Lines AB and CD by Inſcription de- 
termine the Points B and C, and conſequently the Quan- 


tity fought BC, and that by a direct Connexion; and 


yet after what Manner BC is to be had from theſe Data 
or given Quantities, is not ſo evident to be found by an 
Analyſis. The ſame Thing is alſo to be underſtood, of 
AB or CD, if they were to be ſought from the other 
Data. Now, if A D were to be found from the given 
Quantities AB, B C, and CD, it is equally evident it 
could not be done ſynthetically ; for the Diſlance of the 
Points A and D depends on the Angles B and C, and 
thoſe Angles on the Cirele in which the given Lines are 
to be inſcribed, and that Circle is not given without 
knowing the Diameter AD. The Nature of the Thing 
therefore. requires, that AD be ſought, not ſyntheti- 
callys but by affuming it as given to make thence a Re- 


greffivn to the Quantities given. 
| | LXXXVII. 


** 4 
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LXXXVII. When you fhall have thoroughly per- 
ceived the different Orderings of the Proceſs by which 
the Terms of the 9 5 = — Is make Uſe 

of the 4 et uming Lines as give 

Zan ale the Proceſs to 9 very eaſy, and t Re: 
greſſimn to them very difficult. For the Computation, tho? 
It may praceed thraugh various Mediums, yet will begin 
from thoſe Lines; and will be ſooner performed by 
ſuppoſing the Queſtion to be ſuch, as if it was propoſed 
of thoſe Data, and ſome Quantity ſought that would 
eaſily come out from them, than by thinking of the 
Queſtion as it is really propoſed. Thus, in the propoſed 
Example, if from the reſt of the Quantities given you 
were to find AD. Since I perceive that it cannot be 
done ſynthetically, but yet provided it was given, I could 
proceed in my Ratiocination in a direct Connexion from 
that to other Things, I aſſume AD as-given, and then 
I begin to compute as if it was given indeed, and ſome 
of the other Quantities, viz. ſome of the given ones, ag 
AB, BC, or CD, were ſought. And by this Method, 
by carrying on the Computation from the Quantities aſſumed 
after this Way to the others, as the Relations of the Lines ta 
one another direct, there will always be obtained an Equation 
between two Values of ſome one Quantity, whether one of 
thoſe Values be a Letter ſet down as a Repreſentation or 
Name at the Beginning of the Work for that Quantity, 
and the other a Value of it found out by Computation, 
or whether both be found by a Computation made after 


different Ways (i). LXXXVII 


a _— 


LXXXVII. (i) Beſide being directed in the Choice of 
proper Quantities to ſubſtitute for, by the Relations of the 
Lines ; it will be of Uſe to chooſe —_ which lie neareſt the 
known Parts of the Figure, by the Help of which the next 
adjacent Parts may be expreſſed without the Intervention of 
Surdi, by Addition and Subtraction * Thus, if the 
Perpendicular of a plane Triangle is fought, from the 
three Sides given ; 'tis better to ſubſtitute for the Seg- 
ments 
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LXXXVIII. But when you have compared the Terms 
of the Queſtion thus generally, there is more Art and 
Invention required to find out the particular Connexions 
or Relations of the Lines that ſhall accommodate them 
to Computation. For thoſe Things, which to-a Perſon 
that does not ſo thoroughly conſider them, may ſeem to 
be immediately, and by a very near Relation connected 
rogether, when we have a Mind to expreſs that Relation 
algebraically, require a great deal more round- about 
Proceeding, and oblige you to begin your Schemes anew, 
and carry on your Computation Step by Step; as may 
appear by finding BC from AD, AB, and CD. For 
you are only to proceed by ſuch Propoſitions or Enunciations that 
can fitly be repreſented in algebraick Terms, whereof in par- 
ticular you have ſome from Euclid, Ax. 19. Prop. 4. 
Book 6. and Prop. 47. of the firſt. 

LXXXIX. In the firſt Place, therefore, the Calculus may 
be aſſiſted by the Addition and Subtraction of Lines, ſo that 
from the Values of the Parts you may find the Values 
of the Whole, or from the Value of the Whole and 


| one 


ments of the Baſe (by which the final Equation will be 
ſimple, and the Perpendicular will be found from the 
Segments) than to ſubſtitute for the Perpendicular 
(whereby the Segments would be ſurd Quantities, and 
the final Equation a Quadratic). . Again, if two Lines or 
Quantities have the ſame. Relation to other Parts of the Fi- 
gure or Problem, the beſt way is to make uſe of neither, but 
of their Sum, or of their Rectangle, or of the Sum of their 
alternate Quotes, or of ſome Line, or Lines, to which they both 
have the ſame Relation, as in Art. CiX. And aft, if the 
Area or Periphery of a Figure be given, or ſuch Parts there- 
of, as have but a remote Relation to the Parts required, it 
will ſometimes be of uſe to aſſume another Figure, ſimilar to 
the propoſed, 3 one Side is Unity, or ſome other known 
Quantity, from whence the other Parts of this Figure, 
by the known Proportions of the homologous Sides or 
Parts, may be found, and an Equation obtained, 


4 
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one of the Parts, you may obtain the Value of the other 
Part. 


XC. In the fecond Place, the Calculus is promoted by the 
Proportionality of Lines ; for we ſuppoſe 5 above) that 
the Rectangle of the mean Terms, divided by either of 
the Extremes, gives the Value of the sther; or, which 
is the ſame Thing, if the Values of all four of the Pro- 
portionals are firſt had, we make an Equality between 
the Rectangles of the Extremes and Means. But the 
Proportionality of Lines is beſi found out by the Similarity of 
Triangles, which, as it is known by the Equality of their 
Angles, the Analyſt ought in particular to be converſant 
in comparing them, and conſequently not to be ignorant 
of Euclid, Prop. 5, 13, 15, 29, and 32, of the firſt 
Book; and of Prop. 4, 5, 6, 7, and 8, of the ſixth Book; 
and of the 20, 21, 22, 27, and 31, of the. third Book of 
his Elements. To which alſo may be added the 3d Prop. 
of the ſixth Book, wherein, from the Proportion of the 
Sides, is inferred the Equality of the Angles, and e contra. 
Sometimes, likewiſe, the 36th and 37th Prop. of the third 
Bcok will do the ſame Thing. | 


XC. In the third Place, the Calculus is prometed by the 
Addition or Subtraftion of Squares, viz. In right-angled 
Triangles we add the Squares of the leſſer Sides to ob- 
tain the Square of the greateſt, or from the Square of the 
greateſt Side we ſubtract the Square of one of the leſſer, 
to obtain the Square of the other, | 


XCII. And on theſe few Foundations (if we add to them 
Prop. 1. of the 6th Element when the Buſineſs relates to 
Super ficies, as alſo 2 Propoſitions taken out of the 11th and 
12th of Euclid, when Solids come in Queſtion) the whole Ana- 
lyrick Art, as to right-lined Gedmetry, depends. Moreover, 
all the Difficulties of Problems may be reduced to the 
ſole Compoſition of Lines out of Parts, and the Simila- 
rity of Triangles ; ſo that there is no Occaſion to make 
uſe of other Theorems ; becauſe they may all be reſolved 
into theſe two, and conſequently into the Solutions that 


may be drawn from them. And, for an Inſtance of this, 
| I have 


a - 
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I have ſubjvined a Problem about letting fall a Perpen · 
dicular upon the Baſe of an oblique-angled Triangles 
which is ſolved without the Help of the 47th Prop. of the 
firſt Book of Euclid. But although it may be of Uſe 
not to be ignorant of the moſt ſimple Principles on which 
the Solutions of Problems depend, and though by only 
their Help any Problems may be ſolved ; yet, for Expe- 
dition ſake, it will be convenient not only that the 47th 
Prop. of the firſt Book of Euclid, whoſe uſe is moſt og 
quent, but alſo that other Theorems fhould ſometimes be 
made Ee f. 


XClII. As if, for Example, a Perpendicalar being let 
fall upon the Baſe of an oblique-anpled Triangle, the 
Queſtion were (for the ſake of promoting algebraick 
Calculus) to find the Segments of the Baſe; here it 
would be of Uſe to know, that he D:f/erence of the Squares 
of the Sides is equal to the double Reftangle under the Baſe, 
and the Diflance of the Perpendicular from the Middle of the 
Baſis (&). | 


XCIV. If the vertical Angle of any Triangle be bhiſected, 
it will not only be of Uſe to know, that the Baſe is di- 
vided in Proportion to the Sides (I), but alſo that the Differ- 
ence 45 the Rectangles made by the Sides, and the Segments of | 
the Baſe is equal to the Square of the Line that biſefts the 

Angle (m). 


XCV. If the Problem relate to Figures inſcribed in a 
Circle, this Theorem will frequently be of Uſe, viz. 
That in any quadrilateral Figure inſcribed in a Circle, the 
Rectangle 7 the Diagonals ts equal to the Sum of the Rect. 

„ | 


angles of the oppoſite Sides (n). 
| XCVI. The 
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XCIII. (+) See Problem XII. Number 199. 
XCIV. (J) Eucl. VI. 3. 

(n) Whitſton's 1ſt. Schol. Eucl. VI. 17. 
XCV. (n) Whiſton's Schol. Eucl. VI. 16. 
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XC. The Analy/t may obſerve” ſeveral Theorems of this 4 
Nature in his rates and 7 25 them for his 995 but 1 
et him uſe them ſparingly, if he can, with equal Faci- {8 
ity, or not much, mote Difficulty, deduce the Solution ii 
from more ſimple ory ox of Computation. Where- | 
fore let him take eſpecial Notice of the three Principles firſt 
propoſed, as being more known, more ſimple, more general, but 
2 fety, and yet ſufficient for all Problems, and let him en- 
deavour to reduce all Difficulties to them before others. 


| 

XII. But that theſe Theorems may be accommo- 
dated to the Solution of Problems, the Schemes are oft times i 
to be farther conſtructed, and that meſt 3 by pro- | 
| 

l 


ducing out ſome of the Lines till they cut others, or become of an 
Ae Length ; or by drawing from ſome remarkable Point, 
ines parallel or perpendicular to others, or by conjoining ſame 
remarkable Points; as alſo ſometimes by conſtructing after other 
Meibodi, according as the State of the Problem, and the The- 
orems. which are made Uſe of to ſolve it, ſhall require. As for 
Example, If two Lines that do not meet each other, make given 1 
Angles with a certain third Line, perhaps we produce them fo, i} 
that when they concur, or meet, they ſhall form a Triangle, | 
whoſe Angles, and 7 ne the Ratios of their Sides, hall 
be given; or, if any Angle is given, ot be equal to Thy one, 
we often compleat it into a Triangle given in Specie, or ſimilar 
˖ N other, and that by producing ſome of the Lines in the 
cheme, or by drawing a Line ſubtending an Angle. If the 
Triangle be an oblique angled one, we often 2 it into tius 
right-angled ones, by 2 fall a Perpendicular. If the Bu- 
Jineſs concerns multilateral or many-fided Figures, we reſolve 
them into Triangles, by drawing diagonal Lines; and ſo in 
others; always aiming at this End, viz. that the Scheme 
may be reſolved either into given, or ſimilar, or right-angled 
Triangles (e). Thus, in the Example propoſed [SeeFig.g.] 
* ty | I draw 
— — ———ͤ—— —— — — ö 


XCvlI. (e) In this Preparation of the Figure, if an | 
Angle le given, let the Perpendicular be oppoſite to that | 
Angle; and alſo fall from the End of a given Line if poj- | 
fb. oa.” | 


— ——_—— — TO IS 
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I draw the Diagonal BD, and the Trapezium ABCD 
may be reſolved into the two Triangles,, ABD a right 
angled one, and BD C an oblique angled one. Then 
I reſolve the oblique angled one into two right angled 
Triangles, by letting fall a Perpendicular from any of its 
Angles, B, C, or D, upon the oppoſite Side; as from B 
upon C D produced to E, that B E may meet it perpen- 
dicularly. But ſince the Angles BAD and BCD make 
in the mean while two right ones (by 22 Prop. 3. Elem. 
as well as BCE and B CD, I perceive the Angles BA 
and BCE to be equal; conſequently the Triangles BCE 
and DAB to be fmilar. And fo 1 ſee that the Compu- 
tation (by aſſuming AD, AB, and BC, as if CD were 
ſought) may be thus carried on, viz. AD and AB (by 
ws of the right angled Triangle AB D) give you BD. 
AD, AB, BD, and BC (by reaſon of the ſimilar Tri- 
angles ABD and CEE) give BE and CE. BD and 
BE (by reaion of the right angled Triangle BE D) give 
ED; and ED - EC gives CD. Whence there will be 
obtained an Equation between the Value of CD fo found 
out, and the algebraick Letter that was put for it. Ve 
may alſo (and > the greateſt Part it is better ſo to do, than 
to follow the Work too far in one continued Series) begin the 
Computation from different Principles, or at leaſt promote it by 
divers Methods to any one and the ſame Concluſion, that at 
length there may be obtained two Values of any the ſame . 
tity, which may be made equal to one another. Thus, AD, 
AB, and BC, give BD, BE, and CE, as before; then 
CD CE, gives ED; and laftly, BD, and ED (b 
reaſon of the right angled Triangle BED) give BE. 
You might alſo very well form the Computation thus, 
that the Values of thoſe Quantities ſhould be ſought be- 
tween which any other known Relation intercedes, and 
then that Relation will bring it to an Equation. Thus, 
ſince the Relation between the Lines BD, DC, BC, an 
CE, is manifeſt from the 12th Prop. of the ſecond Book 
of the Elements, viz. that BDg —BCqg —CDygis = 
2CDxXx CE: I ſeek BDy from the aimed Ab and 
AB; and CE fromhthe aſſumed AD, AB, and BC. 
And, laſtly, aſſuming CD, I make * 
12 
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CDg —=2CDxCE. After ſucb Mays, and led by he 
Sorts of Conſultations, you ought always to take care of the 
Series of the Analyſis, and of the Scheme to be conſirufted in 


order to it, at once. 


XCVIII. Hence, I believe, it will be manifeſt what Geo- 
metrictans mean, twhen they bid you imagine that to be already 
done which is fought. For making no Difference between the 
known and unknown Qudntities, you may aſſume any of them 
to begin your Computation from, as much as if all had indeed 
been known by a previous Solution, and you were no longer to 
2 the Solution of the Problem, but only the Prodf of that 
Solution. Thus, in the firſt of the three Ways of com- 
puting already deſcribed, although perhaps AD be really 
ſought, yet I imagine CD to be the Quantity ſought, 
as if T had a mind to try whether its Value derived from 
AD will coincide with its Quantity before known, 30 
alſo in the two laſt Methods, I do not propoſe, as my 
Aim, any Quantity to be fought, but only ſome how 
or other to bring out an Equation from the Relations of 
the Lines. And, for fake of that Buſineſs, I afſume-all 
the Lines AD, AB, BC, and CD, as known, as much 
as if (the Queſtion being before folved) the Buſineſs was 
to enquire whether ſuch and ſuch Lines would ſatisfy the 
Conditions of it, by agreeing with any Equations which 
the Relations of the Lines can exhibit. I entered upon 
the Buſineſs at firſt Sight after this Way, and with ſuch 
Sort of Conſultations ; but when I arrive at an Equation, 
I change my Method, and endeavour to find the Quan- 
tity ſought, by the Reduction and Solution of that Equa- 
tion. Thus lafily, we aſſume often more Duantities as known, 
than what are expreſſed in the State of the Dueftion, Of this 

ou may ſee an eminent Example in the 55th of the fol- 
13 Problems, where I have aſſumed a, 6, and c, in 
the Equation aa + bx + cx* = yy, for determining the 
conick Section; as alſo the other Lines , s,.t, v, of 
which the Problem, as it is propoſed, hints nothing. For 
you may aſſume any Quantities by the Help wheresf it is poſ- 
ſible to come to Equations ; only taking this Care, that you ob- 
tain as many Equations from them as you aſſume Quanti ties 

really unknown. 
P | XCIX. 
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XCIX. Aſter you have conſulted your Metbod of Compiita- 


tion, and drawn up your Scheme, give Names to the Quanti- 
ties that enter into the Computation, (that is, from which bei 

aſſumed, the Values of others are to be derived, until at laſt 
you come to an Equation) chuſing ſuch as involve all the Condi- 

trons of the Problem, and ſeem accommodated before others to 
the Buſineſs, and that ſhall render the Concluſion (as far as 
you can gueſs) more ſimple, but yet not more than what ſhall 
be ſufficient for your Purpoſe (p). Wherefore, do not give 
oper Names to Quantities which may be denominated from 
ames already given, Thus, from a whole Line and its 
Parts, from the three Sjdes of a right-angled Triangle, 
and. from three or four Proportionals, ſome one of the 
leaſt conſiderable we leave without a Name, becauſe its 
Value may be derived from the Names of the reſt. As 
in the Example already brought, if I make AD = x, 
and AB = a, I denote BD by no Letter, becauſe it is 
the third Side of a right-angled Triangle ABD, and 
conſequently its Value is xx 2. Then if I call 
BC = 6, fince the Triangles DAB and BCE are ſimi- 
lar, and thence the Lines AD: AB:: BC: CE pro- 
portional, to three whereof, viz. to AD, AB, and BC, 
there are already Names given ; for that Reaſon I leave 
the fourth C E without a =O and in its room I make 


Uſe of 22 » diſcovered from the foregoing Proportion- 


x 
ality. And ſo if DC be called c, I give no Name to 
DE, becauſe from its Parts, DC and CE, or c and 


mods its Value c + — comes out, [See Figure 10.] 
x ',& 


C. But 


— 


XCIX. (2) When nothing is required but an alge- 
braical Expreſſion, the more ſimple it is the better; but 
if we are to proceed to a geometrical Conſtruction alſo, 
it is not ſo much the Simplicity of the Expreſſion, as 
the Eaſe and Simplicity of the Conſtruction, to which 
we are to attend; and we are always to aim at Simplicity 
in the Equation, and Eaſe in the Conſtruction. 
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C. But while I am talking of theſe Things, the Prob- 
lem is almoſt reduced to an Equation. For, after the 
aforeſaid Letters are. ſet down for the Species of the principal 

Lines, there remains nothing elſe to be done, but that out of 


| thoſe Species the Values of other Lines be made out according t 


a preconceived Method, until after ſame foreſeen Way they 
come out to an Equation. And 1 ſee nothing wanting in 
this Caſe, except that by means of the right-angled- I r1- 
angles BCE and BDE, I can bring out a double Value 


| EI | 
of BE, viz. BCg—CEg. (or b—_ =) =BEgz 


. 266 
as alſo BDg —DEg (or 1 = 44 — Cm — 


1 = BE. And hence ( blotting out on both 
K Xx 4 1 On a : : 
Sides =) I ſhall have the Equation bb = xx — a8 
— c — — 3 which, being reduced, becomes 
Wr 0 00 
x* = + bbx + 2abc. 
+ cc 


7 | 

CI. But ſince I have reckoned up ſeveral Methods for 
the Solution of this Problem, and thoſe not much unlike 
one another in the precedent Paragraphs, of which that 
taken from Prop. 12. of the frogs Book of the Elements 
being ſomething more elegant than the reſt, we will here 


| ſubjoin it. Make therefore AD = x, AB =a, BC =, 


and CD c, and you will have BDg=xx— aa, and 


3 6 
CE = =, as before, Theſe Species, therefore, being 


ſubſtituted in the Theorem BDg — BCq— CD/ = 
* X CE, there will ariſe xx = aa 31 — cc = 
2abc naa | 


; and, after Reduction, 


+ as 
* = + bby + 2abs, as before. 
+ cc 
P's But 
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- But that it may appear how great a Variety there is in 
the Invention of Solutions, and that it is not very diff - 
cult for a prudent Geometrician to light upon them; I 
have thought fit to ſhew other Ways of doing the ſame 
Thing. And having drawn the Diagonal B D, if in 
room of the Perpendicular B E, which before was let fall 
from the Point B upon the Side DC, you now let fall a 
Perpendicular from the Point D upon the Side BC, or 
from the Point C upon the Side BD, by which the ob- 
lique angled Triangle BCD may any how be reſolved 
into two right angled Triangles, you may come almoſt 
by the ſame Methods I have already deſcribed to an 
Equation. © And there are other Methods very different 


from theſe. 


CII. As if there are drawn two Diagonals, AC and 
BD [See Fig. 11.], BD will be given by aſſuming AD 
and AB; as alſo AC, by afſuming AD and CD ; then 
by the known Theorem of quadrilateral Figures inſcribed 
in a Circle, viz. That ADX BC +ABxXCDi= 
AC x BD, you will obtain an Equation [See F . 11. J. 
The Names, therefore, of the Lines AD, AB, BC, CD, 
remaining, viz. x, 4, b, c; BD will be = /xx — aa, 
and AC= 4 xx — cc, by the 47th Prop. of the firſt 
Element, and theſe Species of the Lines being ſubſtituted 
in the Theorem we juſt now mentioned, there will come 


out xb þ ac =4/ xx —ccXv/xx—aa. The Parts 
of which Equation being ſquared and reduced, you will 


again have 
| —+ aa 


x3 = + bbx + 2abc. 
+ cc 


- 

CIII. But, moreover, that it may be manifeſt after 
what Manner the Solutions drawn from that Theorem 
may be thence reduced to only the Similarity of Tri- 
angles; erect BH perpendicular to BC, and meeting 
AC in H, and there will be formed the Triangles 
BCH, BDA, ſimilar, by reaſon of the right Angles at 
B, and equal Angles at C and D (by the 21. 3. Elem.) ; 

1 2 as 
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as alſo the Triangles BCD, B HA, ſimilar, by reaſon 
of the equal Angles both at B (as may appear by taking 
away the common Angle DB H from the two right 
ones), as alſo at D and A (by 21. 3. Elem.). You may 
ſee, therefore, that from the Proportionality BD: AD :: 
BC : HC, there is given the Line HC; as alſo AH from 
the Proportionality BD: CD:: AB: AH. Whence, 
ſince AH + HC = AC, you have an Equation, The 
Names therefore, aforeſaid, of the Lines remaining, viz. 
x, @, b, c, as alſo the Values bf the Lines AC and BD, 


viz, Y —cc and y ax — aa, the firſt Proportion- 
bx 


V xx — aa 


ality will give HC = „and the ſecond will 


give AH = — — Whence, by reaſon of 
| x —ag | 4 
b x + ac 


AH HC = AC, you will have 


V xx - 424 
xx —cc; an Equation which (by multiplying by 
\xx — aa, and by ſquaring) will be reduced to a Form 
often deſcribed in the preceding Pages, 


CIV. But that it may yet farther appear what a 
To" of Solutions may be found, produce BC and AD 
[See Fig. 12.] till they meet in F, and the Triangles 
ABF and CDF will be fimilar, becauſe the Angle at F 
is common, and the Angles ABF and CDF (while they 
compleat the Angle C DA to two right ones, -- 13. 1. 
and 22. 3. Elem.) are equal. Wherefore, if beſides the 
four Terms which compoſe the Queſtion, there was 
given AF, the Proportion AB : AF:: CD : CF would 
give CF. Al AF— AD would give DF, and the 
Proportion CD : DF :: AB: BF would:give BF; 
whence (ſince BF CF is = BC) there would ariſe 
an Equation. But ſince there are aſſumed two unknown 
Quantities AD and DF as if they were given, there 
remains another Equation to be found. I let fall, theres 
fore, BG at right Angles upon AF, and the Propor- 
tion AD: AB:: AB : AG, will give AG; which 

P 3 being 
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being m, the Theorem borrowed from the 13. 2. Eu- 
elid, viz. that B Fq + 2FAG is = ABq + AFq will 


ive another Equation. a, b, c, *, remaining therefore 
before, and making AF ), you 1 regs (by 


infifling on the Steps already laid down) 2 CF. 


2 2 — py, And thence e 


5 — „Pp. 


al 2 =, the firſt Equation, Alſo _ will be = AG, 


ayy — 29 ie x2 . 2aay 
and FA DIRTY 2 * + . 
ag + yy for the ſecond Equation. Which two, by Re- 
duction, will give the Equation ſought, viz. The Value 
f y found by the firſt Equation is toes, which 
being ſubſtituted in the ſecond, will give an Equation, 
from which, rightly ordered, will come out 


+ aa 
x3 = + bbz + ba as before (4). 


＋ cc Eres ©. hy fe 


- 
n —— 
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| — 2 395 
cv. (% For = — + = = 
a* by 2; which, by multiplying by c x, by tranſ- 
poſing, and by ranging the Terms —— to the 
| Dimenſions of y, becomes 3 x 4 x — c* x— N 


2 4 —2a*% + a* x* — 22x = 0; which, by 


222 62 33 
fablituting Ee (the Value 


a — „ Xa” — 


ae x 


of y*) for y , and for — 5 (its Value) —— , 


2 — 


wy abbreviating the Terms ey 1.), and by extermi⸗ 
nating 
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CV. And ſo, if AB and CD are produced till they 
meet one another, the Solution will be much the ſame, 
unleſs perhaps it be ſomething eaſier. Wherefore I will 


rather ſubjoin another Specimen of this Problem, drawn 


from a Fountain very unlike the former, viz. by ſeeking 
the Area of the quadrilateral Figure propoſed, and that 
doubly. I draw therefore the Diagonal B D, and the 
Juadrilateral Figure may be reſolved into two Triangles. 

hen uſing the Names of the Lines x, a, B, c, as before, 


T find BD = vV xx — aa, and thence a xx — aa 


975 41 ABN B D) the Area of the Triangle ABD. 
oreover, having let fall BE perpendicularly upon CD, 


you will have (by reaſon of the ſimilar Triangles ABD, 


BCE) AD: BD:: BC: BE, and conſequently BE 


A 5 
= FV - 423. Wherefore alſo — xx — aa 


XN 
(Sr CDX BE) will be the Area of the Triangle 
BCD. Now, by adding theſe Areas, there will ariſe 


2x 
lateral. After the ſame Way, by drawing the Diagonal 
AC, and ſeeking the Areas of the Triangles ACD and 
ACB, and adding them, there will again be obtained 


b 
the Area of the Quadrilateral Figure — - 2 xx - cc. 


Wherefore, by making theſe Areas equal, and multi- 


2.40 v xx — aa, the Area of the whole Quadri- 


plying both by 2 x, you will have ax + bc y/ xx —a@ 


=75FTavzx —cc an Equation which, by (quar- 


P 4 | ing 


”_— 


| nating the Fraction (R. 3.), becomes a* b* c2 x — at x? 


+ 24*h* þ2a*c*x + atx3— a*c*x3— 4c * 


+ @a*ctx=0; which being again abbreviated, and 
the Terms divided by a2 c, and by tranſpoling — x 5 


becomes x* = a* + b* ez X x + 2abc, 


. ˙ A — - CCA —_— 
— — — — 
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ing and dividing by aax — cc x, will be reduced to the 
Form already often found out, | 


r aa 
* = + bbx + 2abc. 
See 


CI. Hence it may appear, how great a Plenty of So- 
Jutions may be had, and that ſome Ways are much more 
neat than others. Wherefore, if the Method you take from 
your firſt Thoughts, for ſolving a Problem, be but ill accom- 
modated to computation, you muſt again conſider the Relations 
of the Lines, until 6. hall have hit on a Way as fit and ele- 
gant as poſſible. For thoſe Ways that offer themſelves at fir/ 
Sight, may often create ſufficient Trouble if they are made uſe 


of. Thus, in the Problem we have been upon, it would 


not have been more difficult to have fallen upon the 
following Method, than upon one of the precedent ones 
[See Fig. 1 3] Having let fall BR and CS perpendi- 
cular to AD, as alſo CT to BR, the Figure will be 
reſolved into right angled Triangles. And it may be 
| ſeen, that AD and AB give AR, AD and CD give 
SD, AD—AR —SD gives RS or TC. Alſo AB 
and AR give BR, CDandSD give CS or TR, and 
BR — TR gives BT. Laſtly, BT and TC give BC, 
whence an Equation will be obtained, But if any one 
ſhould go to compute after this Rate, he would fall into 
larger and more perplexed algebraick Terms than are an 
of the former, and more difficult to be brought to a ene 
Equation (r). VE LOT . 
0 


K 


— 


| CVI. (r) For ſuppoſing AC, and 5B D to be drawn, 


the Triangles ABD, ACD, are rectangular ( Eucl. 


VI. 8.) whence &: 4:: 1 25 and x: c 116 50 and 


RS = DA AR S = ——= 
NH | | ; ** — 42 mf 


x 


— 
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So much for the Solution of Problems in right-lined 
Geometry ; unleſs it may perhaps be worth while to 
note moreover, that when Angles, or Poſitions of Lines, ex- 
preſſed by Angles, enter the State of the Queſtion, Lines, or 
the Proportions of Lines, ought to be uſed inſtead of Angles, 
viz. ſuch as may be derived from given Angles by a Trigono- 
metrical Calculation ; or from which being fone, the Angles 
ſought will come out by the ſame Calculus Several Inſtances 
of which may be ſeen in the following Pages. 


CVII. 4. 


— rc. But BR = VBA*—AR*= 


Var; and CS =+4/CD2— DS = Vet —£ 


K 2 


N d 


x» 


Ver; and BC*= CT2 + T B=: Whence 4* 
* 


& — 24 ̃ — La? 22 C, + 


— / x 2 + a7 — 
. *. „ = LOR oo — - 5 
25 - x2 + +<c "7 II 
Xx | * x 


which, by multiplying by x“, by abbreviating, and by 
ſquaring, becomes 4a*c*x* - 44, — 4a*c > x 
+ a* * = x3 — 245 — 272 — 263 X * + 
Ganct Þ 20% 6* + a4 + b3Þ 2b*%c* Fig gt 
— 44 2 — 442 * — 42 b* 2X x2 + 4a*c+; 
which again abbreviated, and divided by x2, becomes x5 
a PS ͤ T T2 f f +26*® 
X x*— 442 ⁰u io; that is (184), 1 a3 b2 3 


X x nabe = ©; viz. by dividing by x3 = 42 = (3 
Xx +2abc=0. 
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CVII, 4s for what belongs to the Geometry of curve Lines, 
we uſe to denote them, either by deſcribing them by the local 
Motion of right Lines, or by uſing Equations 1 ex- 
preſſing the Relation of right Lines diſpoſed according to ſome 
certain Law, and ending at the curve Lines, The Antients 
did the ſame by the' Sections of Solids, but leſs commodiauſly. 
| But the Computations that regard Curves deſcribed after the 
firſt Way, are no otherwiſe performed than in the precedent 
Pages [See Fig. 14.] As if AKC be a curve Line deſ- 
eribed by K the vertical Point of the Square AK p, 
whereof one Leg A K freely ſlides through the Point A 

iven by Pofition, while the other K of a determinate 
Leogth is carried along the right Line AD-alfo given by 
Poſition, and you are to find the Point C in which an 
right Line C oY given alſo by Poſition ſhall cut this 
Curve: I draw the right Lines AC, CF, which may 
repreſent the Square in the Poſition ſought, and the Re- 
lation of the Lines (without any Difference or Regard of 
what is given or ſought, or any Reſpect had to the 
Curve) being conſidered, I perceive the Dependency of 
the others upon CF andany of theſe four, viz. BC, BF, 
AF, and AC, to be ſynthetical ; two whereof I there- 
fore aſſume, as CF = a, and CB = x, and beginning 
the Computation from thence, I preſently obtain BF = 

eee, * K 
waa xx, and AB = 9 by reaſon of the 
right Angle CBF, and that the Lines BF: BC :: 
BC: AB are continual Proportionals. Moreover, from 
the given Poſition of CD, AD is given, which I there- 


fore call-b; there is alſo given the Ratio of BC to BD» 
which I make as d to e, and you have BD = _ and 


ex » OX» ME. 
AB=56 7 Therefore — 2 N — — 
an Equation which (by ſquaring its Parts, and multiply- 
| ing 


3 
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ing by aa — x x, &c.) will be reduced to this Form, 
25 4% T9044 ,, —2aabdex + aabbdd 


$ l TLaaee 
e 5 dd + ee 
Whence, laſtly, from the given Quantities a, 5, d, and e, 
there may be found x, by Rules hereafter to be given, 
and at that Interval or Diſtance x or BC, a right Line 
drawn parallel to AD will cut CD in the Point ſought C. 


—  ____ 


CVIII. But if we do not uſe Geometrical Deſcriptions but 
Equations to denote the Curve Lines by, the Computations will 
thereby become as much ſhorter and eaſier, as the gaining of 
thoſe Equations can make them ['See Fig. 15.]. As if the 
Interſection C of the given Ellipſis ACE with the right 
Line CD given by Poſition, be ſought. To denote the 
SN I take fome known Equation proper to it, as 


— x# = yy, where x is indefinitely put for any 


Part of the Axis As or AB, and y for the Perpen- 
dicular bc or BC terminated at the Curve; and r and g 
are given from the given Species of the Ellipfis. Since 
therefore CD is given by Poſition, AD will be alſo 
given, which call a; and BD will be a— x; alſo the 
Angle ABC will be given, and thence the Ratio of 
BD to BC, which call 1 to e, and BC (y) will de 
= 2a — ex, Whoſe Square ee — 2ecax Þeexx 


will be equal to rx _ xx, And thence by Reduc- 
2atex FF rx — aa 


tion there will arife x x = —- — —, or 
ee + - | 
+ ; 
. — 
& = * — — 
68. on 


Mr 75 I 


| 
| 
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Moreover, although a Curve be denoted | by-a geometrical 
Deſcription, or by a Section of a Solid, yet thence an Equation 
may be obtained, which ſhall define the Nature of the Curve, 
and conſequently all the Difficulties of Problems propoſed about 
it may be reduced hither, | 


- 


Thus, in the former Example See Fig. 14.], if AB 
be called x, and B Cy, the third Proportional BF will 


be = whoſe Square, together with the Square of B C 


[IS 
is equal to CFg, that 1s, — + yy =aa; or 


xxyy =aaxx. And this is an Equation by which 
every Point C of the Curve AKC, agreeing or correſ- 
ponding to any Length AB of the Baſe (and conſe- 
quently the Curye itſelf) is defined, and from whence 


therefore you may obtain the Solutions of Problems pro- 


poſed concerning this Curve. 


* the ſame Manner almaſt, when a Curve is not given 
in Specie, but propoſed to be determined, you may feign an 
Equation at Pleaſure, that may generally contain its Nature ; 
and aſſume this to denote it as if it was given, that from its 
Aſfumption you can any Way come. to Equations by which the 
Aſſumptions may at length be determined: Examples whereof 


lm have in ſome of the following Problems, which I 


ave collected for a more full Illumination of this Doc- 

trine, and for the Exerciſe of Learners, and which 1 
now proceed to deliver (s). a 

| PROBLEM . 

— — —ͤö—v5—— = 


CVIII. (s) Sometimes the finding the relative alge- 
braic Expreſſion of the Quantities Sught, reſolves the 
Problem; but moſt commonly a geometrical Effection, 
or Conſtruction, is alſo neceffary; and the Problem is 
ſaid to be conſtrued, when the Point or Line which 
reſolves it, is found, And this is done, in Problems of 

8 one 


© 
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_  PrRoBLEM. I. ir seg 
Having a finite right Line BC given, from whoſe Ends the 
-— #0 ug Lines B A, CA, are drawn in the given Angles 
ABC, ACB; to find AD the Height of their Concourſe 
A, above the given Line BC [See Fig: 16. J. 


Make BC a, and AD = y; and ſince the Angle 

ABD is given, there will be given (from the Table of 

Signs or Tangents) the Ratio between the Lines AD 

and BD, which make as d to e. Therefore 4: e:: 
2 


AD (y) : BD. Wherefore BD= 7. In like man- 


* 
2 


8 4 | WY a. | OE 


— — 


one or two Dimenſions, by finding the Right-Lines whoſe 
Sum or Difference is the Value of the Line ſought, and 
connecting them, by Addition or Subtraction, each under 
its proper Sign. In thĩs . FEY 
197. We are to obſerve, that a Fraction ſhews that a 
fourth Proportional is to be found to the three given, the firft 
Extreme being the Denominator, and the two mean Terms the 
Factors of the Numerator: This Proportional is had by 


Eucl. VI. 11. and if the Numerator is of more than two, 


and the Denominator of more than one Dimenſion, this 
Operation is to be repeated. And a | 
198. A Square Roat ſbetus that a mean Proportional be- 
tween the Factors under the Sign is to be found, This, if it 
be a ſimple Term, is found by Eucl. VI. 13. if the Sum 
of two Terms, it will be the Hypothenuſe of a right- 
angled Triangle, whoſe Sides are mean Proportionals be- 
tween the Factors of the Terms, Eucl. I. 47. or, if the 
Terms have a common Factor, it will be a Mean be- 
tween it and the Sum of the other Factors, Eucl. VI. 17. 
if the Difference of two Terms, it wilt be the Side of a 


N Triangle, whoſe Hypothenuſe is the Root 
0 


the poſitive Term, and the other Side is the Root of 
the negative one, and is found by Eucl. I. 47, or it is 
a Mean between the Sum and Difference of the Terms, 
and found by Eucl. II. 5. 


— 
— 
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ner, by reaſon of the given Angle AC D, there will be 
given the Ratio between AD and DC, which make as 


4 to f, and you will have DC =. But BD + 


DC = BC, that is, 7 + 2 2 Which reduced, 
by multiplying both Parts of the Equation by d, and 
* + ol 
ividing b b =, = 
1 ng by e + F becomes y +7 
PROBLEM II. 
The Sides AB, AC, of the Triangle ABC being given, 
and alſo the Baſe B C, which the Perpendicular A D let 


fall from the vertical Angle cuts in D, to find the Segments 
BD and DC [See Fig. 17.] ; 


Let AB=a, AC=6, BCS c, and BD=x, and 

DC will = c—x. Now fince ABq-BDgq (A= 

=ADgq; and ACę- DCF (-c e c = 

 ADg; you will have aa X Le, z 
: f aa —bb Tec 

which by Reduction, becomes = 


But that it may appear that all the Difficulties of all 
Problems may be reſolved by only the Proportionalit 


of Lines, without the Help of the 47th of 1. Euclid, al- 
though not without round-about Methods, I thought 
fit to ſubjoin the following Selution of this Problem over 
and above. From the Point D let fall the Perpendicular 
DE upon the Side AB, and the Names of the Lines, 
already given, remaining, you will have AB: BD :. 
BD: BE. @:x::x: = (a). And BA -BE(s == 
2 A. 


- 
a —_ td a. ah —_— 8 
2 — 


: 


Prob. I. (a) Eucl. VI. 8. 
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= EA. Ao EA: AD:: AD: AB, and conſe- 
quently EAXAB (a —xxz) = ADg. And ſo, by 
reaſoning about the Triangle AC D (6), there will be 


found again ADg = bb — cc + 26x — xx, Whence 
aa—bb + cc 


2c 


you will obtain, as before, x = 


Pan III. 


The "RR and Perimeter of the right-angled Triangle A B e 
bring given, to find the Hypothenuſe BC See Fig. 18.1 


Let the Perimeter be called a, the Area bb, make BC 
, and AC=y; then will be AB = Vxx—yy a); 
whence again the Perimeter (BC ” AC+ 189 | 

x +3 + *x—)J) and the Area (4 AC Xx AB) is 
11718 Therefore # + y + Vir 
= % and * N —yy = bb. | 

The latter of theſe Equations gives xx —7 7 — 

| bb W 
ho. herefore I write — for *Xx— yy in the fore 


7 
mer Equation, that the Aſymmetry may be taken away; 
bb 
and there comes out x + y = = a, or multiply- 


ing by y, and ordering the Equation. yy =ay —#y—248. 
Moreover, from the Parts of the former Equation, I 
take away x + y, and there remains V xx —JJ 2 
— * 1, and ſquaring the Parts to take away again the 
Afymmetry, there comes out X — Jy =a@—2ax 


— 249 + #x + 2#5 Fo, which, ordered. and di- 
 Vided 


— 
2 


„„ i. th. = * — — — 1 
tt. Matt. A 2 — hed "n= 
—— _— I 


Prob. II. (4) i. e. By drawing Bo Prat 
cular to the Side AC, &c. 


Prob. III. (a) Eucl. I. 47. (5) Eucl. I. 41. 


— 


24 RE SOLUTION OF 


vided by 2, becomes yy y - * aK — 4 44. 
Laſtly, making an Equality between the two Values of 
93, I haveay —xy — 2 =ay —&#y + ax — 24a, 


which reduced becomes 2 4 — — r. 


De ſame otherwiſe, 

Let : the Perimeter be = a, the Area = 35, and 
BC = x, and it will be AC + AB = 2a — x, Now 
fince- xx (BCg) is =ACg + ABg, and 455 = 
2ACXAB, x» + 4bb will be = ACq + ABg+ 


2ACXAB= to the Square of AC + AB = to the 
Square of 24 —=#=4aa—4ax + xx. That is, xx +446 


2444 — 44 + * x, e becomes @ — 75 
== . 
P; ROBLEM IV. 


ene given the Perimeter and Perpendicular of a * 
angled Triangle, to find the Triangle ¶ See Fi ig. 67.]. 


Let C be the right Angle of the Triangle ABC, and 
CD a Perpendicular let fall thence to the Baſe AB. Let 
there be given AB + BC + AC a, and CD=—5, 
Make the Baſe AB = x, and the Sum of the Sides will 
be a — x. Put y for the e of the Legs, and 


the RE Leg AC will be = —— — — —— (a) ; the leſs 


BC = — (b). Now, from the Nature of a 


3 3 you oy ACg + BCgq = 1 


AB: AC: BC: D O, therefore AB x DO = 
Acx BC. 


— — 4 8 _—  ' 


* 


Prob. 25 Y Numb. 22. (5) Numb. 36. (c) Eucl. 
I. 47. (4) Eucl. VI. 8. 
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AO C, i 2 —_ N. By 


the former Equation 5 =xx + 2Þ x — 44. By the 
latter yy =*x — 2ax F aa — 4K. And conſe- 
quently xx + 24 —aa =#x —2ax Þ 44 —4bs. 
And, 2 e 5 46 2 W 

g tt N 
r n | 0 

Geometrically, thus . 

In every right angled Triangle, as the Sum of the Peri- 
meter and Perpendicular is to the Perimeter, fo is Hal uf the 
Perimeter ta the Baſe. | 


Subtrat-2x from a, and hate will remain = 7 -, the 


Exceſs of the Sides above the Baſe. Whence, again, as 
in every right angled Triangle, the Sum of the Perimeter and 
Perpendicular is to the Perimeter, ſo is the E as to 
the N Ys the Sides above the Baſe. . | 


— —— — 


11 v. 


Having ** the Baſe . AB of a right angled 7 8 
the Sum” of "the Perpendicular and the Legs, CA + CB 


+ — D; z to find the Triangle. 


Let CA+CB+CD=s, AB=3, cb = 


Aren ene. Put Ac Ch 


= y, and AC will = —.— (a), and CB = 


\F | 188 


ah 
— = 


Prob. V. (a) Numb, 22. (5) Numb. 36: (e) Eu- 
QF ; 


clid I. 47. 29 1 
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—— mw + 


that is, = bb, More- | 
over it is AC K CB'= AB x CD ( that is, 


— — — — = be. Which being com- 


pared, you ow ee 
—2ax + xx — 4bx. And by Reduction, xx 2a 


+ 2bx —aa + _ ny eee, ie 


e dre L 


In- any bee Triangle, from the gun of the L 
and Perpendicular, ſubtract the mean Proportional between 
the ſaid Sum and 5 ee and there-will ro- 
main the Tae. | 


— 4h, TOES ahirwile: © 
| Make CA + BTD S ABS and 
| Ac x, and BC will be = 4b — xa, CD = 


. And x +CB4CD =. or CB + 


CD =# —%. And deset EET IE mT 
4 — K* alt. Hae ory Parts being uae and multiplied 
| | 3; | -by 
| - — ñ— — TY TY Vang 

Prob. V."(4) Eucl. VL 8. AB: Ac f: BC: CD, 
3. e. 52K <= Q . . 8 —— I ; whence © 


— BC. AB:: CD.: AC (Eve, V. 40.), i.e. 


* 
M= e x3 and AC+AB 


: AB::DC+CB: BC © (Euel, v. 18,), Le. 1 +4 


e$::484 


— — — 
— ns 
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by 45, there will be made — * — 2b. + 2 x + 4 
E=28aabb — 2abbx'+ bbxx. Which Equation being 
ordered, by Tranſpoſition of . after this Manner, 


＋ 33b „ ＋ 255 IF: » 000 | 
＋ 2ba ** + 2055 "ie 


2, nn 2 (f) and extracting the 


Roots on both Sides, there will ariſe xx + bx +46 
＋ ab = x +by/2ab 286. And the Root be- 
ing again extracted, x = - b þ+ + 736 +73 ab 


Vie 


The Geometrical Conſtruttion [See Fig. 68. ]. 


Take therefore AB = b, BC SAZ, CD = Ag, 
AE a mean Proportional between b and AC, and EP on 
both 


— — — —_ A 1 
— * V > — = — 


23222 —5 : xX; whence a — x = DC + 
322 z Gd W119 


(// By Franſpoſition it becomes x* + 2b x* + 
BR x*—b* + a*b2 = 2b* + Tad c; and adding to 
each Member [in order to compleat the Square (CXL11)] 
2ab + 262 X XT bx +b* = 26* + 24 X x* + 
23 T26h*xx + 26+ + 2447, we ſhall have x* + 
210 * + 36* ＋T 24 NA + 243 +2493 X x + b+ 
+ 208 ＋ 2; =2Þ Þ2abxxi +430 £3a0 
X x +26* + 2463. | | 


Q 2 


1 
—ͤ— 


— * 
- 
- 


— 1 ÄÄĩ ET Tr YT „% ¶3gZʃ4Ze We 1„% 
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both Sides a mean Proportional between b and DE, and B F; 
BF _ be the f tr uw. 140 the pee h. TY 


"SLE 


PROBLEM VL * 


Having given, in the right angled Triangle ABC, 1 * 
_ of the Sides AC + BC, me the a wager C BY to 
ford the Triangle. 


| Let AC+BC=a, CD=3, N and BC 
will be = -, AB Jaa 24 ＋ 2A * (a). 


Moreover, CD: AC:; BC: AB (8)-.. Therefore, 


again, 


1 


3 * 


Prob. V. 3 For the Side x = = 4 
VV DD ei; but (be- 


; cauſe AB = 1 5, and BC = = EY therefore AC=AB 


+ BC = 2 b ＋ 4.3 and the mean Proportional be- 
tween 2b + 2 4 and b (198) is V bs + 2 45), 


MTTEFTG3 =—AE; and (becauſe B DBC 


S b;anddAD = AC - CD = + b: + 
La—ih=tb+£4; and becauſe DE AE — 
AD; thence DE + b2 + E ab — ib —a; 
and the mean Proportional between b, and / —. + 1 ab 

+ b=2 (198); is VI /EPF Fab eh, 


Y b TSF FiEab —%b2— 4b EF; and (be- 
cauſe BF = AE . EF — AB) TDI. 


N 5 % — — 4 —4 BP; 


therefore, x = BF. | 1 | 
Prob. VI. (@) Eucl. I. 4. (5) Eucl, VI, 8. 


GEOMETRICAL QUESTIONS. 229 


X — XX 


again, AB = = . Wherefore, ox — xx=6 


Vaa —2ax + Tr; and the Parts being ſquared and 
| ordered, K — 24 T — 3 * T2724lDůX— 2235 


So. Add to both Parts 4 4 5 U ＋ (c), and there. 


will be made x* — 248? ud a +6 


= aabb + 4+, * And the Root being extracted on 
both Sides, xx - 2 — bb-=-— bu aa * bb, 
and the Root being again extracted, x = * a + 


Hein 


The Gemetrical Cofrution [See Fig. 69. 1 


Take AB = —=BC=Z a At C erect the Perp pen. 
dicular CD = 3. ,. Produce DC to E, ſo that DE hall 
be = DA. And between CD and CE take a mean 
Prop portional CF. And let a Cirele G H deſcribed. from 
the Center F and the Radius BC, cut the right Line 
BC in G and E, and BG and BH will be the two 


Sides of the Friangle (4). 
The 


Problem VI. (c) Article XLII. 


(a) For GH is biſected in C (Eud. III. z.), wh GC 
= CH = VYBCG —<CF3; now the. Side x 2 44 


Vat +3b—bJaa+ 06; but 1 a = BC, and 
( becauſe DE = 4 a> + 47, whence,CF (198) = 

V — +b/@ FB) VLa+ÞF—b/eFF = 
CH (198); whence 4a + VAG + —bv/@+F 


= BH = BC+ CH; and Fe- VfL 
=BG = BC=CH. = 
QZ + 


a 


— 
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The * aui. 


Let AC+BC=0, AC--BC= y, AB=s, | 


and DC B, and — will be 2 AC (a), —= 


= BC (b), — 2 () =ACg + BCg =AB9 (4) 
3 2 AC Xx BC 


* ——⁵5 = AB (e) SK. There- 


fore, 1 3 Y 44 - 4, and xx =aa 
— 2bx(f), and the Root being extracted, x = — 6 
+ 4bb + aa. Whence, in the Conſtruction above, CE 
is the Hypothenuſe of the Triangle ſought. ' But the 
Baſe and Perpendicular, as well in this as the Problem 
above being given, the Triangle is thus expeditiouſly 
conſtructed {See Fig. 70. ]. Make a Parallelogram CG, 
whoſe Side CE ſhall be the Baſis of the Triangle, and 
the other Side CF the Perpendicular. And upon CE 
* | deſcribe 


- a — "0 3 7 eee 45 m—_ ' R by 
” - 


Problem VI. (#) n 22. 
(5) Number 36. 


10 For DESDE A 
4 4 -- 4 
= EL 


(4) Eucha 1. 47: | 

( For AB: AC:: BC: CD. Enel. VI. 8. 

— 24 + yy = 2xx; whence 24 — 44 rA 
424 95 2 4 r; whence aa — 4b = yy: There- 


fore 2x x — aa 244 — 4bæ; and 2xx - 4x, 
and xx a aa — 2bx, | 


%. 


GEOMETRICAL QUESTIONS. 2 


deſcribe a Semicircle, cutting the oppoſite Side F G in 
H. Draw C * EH, and CHE will be the "I 


fought l. 
N VII. 


— boning ginen Us Sin, of ts 


Legs, and the Sum of the Tepee and 2 to find 
the Triangle. 


Let the Sum of the Legs AC and BC be a, the Sum 
of the Baſe AB and of the Perpendicular CD be þ, the 
Leg AC = x, the Baſe AB =, and BC will be = 


a—x CD=b—y aa — 22 +2xx C + 


BCqg=ABg= , CEE AC x BO AD 
X CD (a) =by - = by — aa ＋ 222 2, 
and þy =aa—ax-Hxx Make its Square 2 


243 x ＋ Jaaxx — 2 ＋ equal to yy x bb, that 


is, equal to aabb —2abbx + 2bbxx (a). And orr 
dering the Equation, there on come out * —- 2@ x 
+ 34 % —24* + @ 4 
3333 nn T2 T =% Add to each 
Side of the Nw 42 cabb 21 and there will come 
+ 

Þ+ 300, ,— — i 
3 And the Root won extratied on both 
Sides * — ax Þ ag — bb = —b of ˙ as, 
and the Root being again extracted, x = 24 K 


Vi = (e). 
Problem VI. (g) Eudl II. Zr. 


Prob. VII. (a) Euclid VI. 8. and 16. 
0 Article CXIII. 


The 


0) For'oa == bb tranſpoſed, is bb z to which © 
Q 4 adding 


— — — U ĩ%ð7.ñ%,é3;,.Qe; 


42 "RESOLD TON on. 


T 21 'The — ih 


Take R a mean Proportional between 5 + a and 
b—a, and 8 a mean Proportional between R and 
b — R, and T a mean Proportional between 3 a + 8 
and 14 — 8 and 24 T T, and n will be 
the Sides of che Triangle (e). | 


PROBLEM VIII. 5 


Having given the e Perimeter, and one of the Angles A 
of any Triangle ABC, to determine the way [See Fi- 


_ gure 19. ]. X + $6 Ie” 


Let the Perimeter he wn a, ay, the S285 = bb, and 
from-either of the unknown Angles, as C, let fall the 
Perpendicular C D to the oppoſite Side AB; and, by 
reaſon of the given Angle A, AC will be to CD in a 
given . ſuppoſe as d to . Call, therefore, / AC 


— — — — — — 
* . y F 3 


6 


adding + aa, it is 4b —aa+ 409 = —='bb — 7 4a3 


whence the Root is * bb — 444 —5 bb ad. 
Problem VII. (+) For the Side * 1 4 + 
Vi*—23a*—by/b*—@*; ind = d is 
the mean > ET] between 3 | a, and b— 4 
©2908) = R; and VV Fo is 
the mean * Fre between 4/ b* — 4, and þ — 
V- es; and Vi — $&— bY is the 
mean Dope between La = VB vy | P=a 9 — e an 


and T - b/PIB- ET, wherefore 
S222 4 F. 2 


| 
| 
| 
| 
| 


| 
| 
| 
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= x, and CD vil be , by which divide the 


Double of the Area, and there will come out 208 = 


AB. Add AD (iz. YK DV or 3 K 


Vd ec (a) and there will come out BD = 2224 


1 - X VIT= Pl OG whereof add CDg, 
N 422 
and there will . porn LY * 4 — 2 


= BCg. Moreover, from the N take away 
2654 


ex 
= BC, the Square whereof ag — 2ax + xx — 
42554 — 454d 

_— 40Vbd , 4bbd + — — „ make equal to the bo 


before found; 2 neglecting the 88 you will 


have . e = = 2 — i 2 


AC and AB, and there will remain a — x — 


4534 And this, by aſſuming 4 4. for the given 


* 
bbd bb 
aa + —.— — — 7 — ee, and by re- 


ducings 


Terms 


— 


Cn 


Prob. vm. 00 er c= V — 


FP e 
"MET SE = PER 
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ducing, becomes x# = 2fx — 222%, or = & 


V7, — (3). 


The fame Equstiom would have come out alſo by 
ſeeking the Leg AB; for the Sides AB and AC are 
indifferently alike to all the Conditions of the Problem. 


Wherefore, if AC be made =f — V if — 3222, 


_ AB ben fo . and recipro- 


cally ; and the Sum of theſe 27 ſubtraed from the 
Perimeter, leaves the third Side BC=a—2 27 


n IX. 


| Having given the Altitude, Baſe, and Sum of the daa, to 
find the Triangle. 


Let the Altitude CD be = Sa, half the Baſis AB 
== 6, half the Sum of the Sides = Cc, and their Semi- 
| difference 


— 


Prob, VII. For ELL IM =. 


2 


Io 
_ - = 4af; which, multiplied by 755 


| 2b*d 
and _— by 2a, and tranſpoſing —— ; becomes 


=2ax + 


25 a 
* , and tranſpoling 5 is * — 
265g - WE * 4, TT 
2/x == — * AA VH == 
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difference = z ; and the greater Side as BC will be = 
£+ xz (a), and the leſſer AC =c—=z (). Subtrah 
CDꝗ from CBg, and alfo from AC g, and hence will 
BD be = vV cc - + 2cz + zz — 44, and thence AD = 
Tc — 2% ＋ zz — ag, Subtratalſo AB from BD, 
and AD will again be = = VN eZ +Fzz—aa 
— 2b, Having now ſquared the Values of AD, and 
ordered the Terms, there will ariſe % + cz = b 
v cc + 2c3 + zz — aa, Again, by ſquaring and re- 
ducing into Order, you will obtain ccz2 — bbzz = 


Ile bbaa -“. And z = b X Wires: 


cc — 7 (e). 
Whence the Sides are given. 


PROBLEM X. 


Having given the Baſe A B, and the Sum of the Sides AC 
4 BC, and alſo the 2 Angle C, to determine the 


Sides. [See Fig, 20.] 


Make the Baſe = a, Half the Sum of the Sides = 3, 
and Half the Difference = x, and the greater Side BC 
will be =b + x, and the leſſer AC - x. From 
either of the unknown Angles A, let fall the Perpen- 
dicular AD to the oppoſite Side BC; and, by reaſon 


— Ih 1 
” * »„— — 


— 


Problem IX. (a) Number 22. 


(3) Number 36. 
| PW 7 AS... 
| (e) For 9 ESD . whence z = ? 
5262 —3232— * 
y 22 —ͤ— b+ WIN 5.29 


= 


—_ TS — 


—_—_ 
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of the n Angle C, there will be given the Ratio of 
| AC. to CD, ſuppoſe as d to e, and then CD will be = 


2225. Alſo, by 1 13. 2 Elem: ACoABg+BCg 
— 4 250 PS ON 
250 — | 
At is = B Aen. 
an Equation between the Values of C D. And chis re- 


ductd, a bern 
| 24+ 2e 
the Sides are given. ho 


— 5 whence 


If the Angles at the Baſe were 8 the Concluſion 
would be more neat; as draw E C biſecting the given 
Angle, and meeting the Baſe in E; and it will be 
AB: AC + BC (:: AE: AC) : : Sine Angle 
ACE : Sine Angle AE C. And if from che Angle 
AEC, and alſo from its Complement BEC, vou ſub- 
tract = the Angle C, there will be left the Argles ABC 


and BAC. 


* PROBLEM XI. 


Having the Sides of a Triangle given, to find the lui. 
f | [See Fi igure 72.] . 


| Let the given Sides be AB a, AC = 5, BC= , 
to find the Angle A. Having let fall to AB the Per- 


pendicular CD, which is oppoſite to that Angle, you 
will have in the firſt Place, bb — cc = ACg — BCg 


—— — 


en Q = AD BD AD = ED () 
= AB 


* * NY 3 
* — 


— 


Problem XI. (a) For Ac: CD- — DA, and 
BC: = BC DC*; whence AC: — BC* = 

CD: + DA* — BD* — CD» =DA* — BD». | 
(5) Euclid, II. 5. 


GEOMETRICAL QUESTIONS. 437 
= AB 2AD AB (e) =2ADXea—aa.- And 
conſequently 4 a + © << =AD (4). Whence 
comes out this firft Theorem. 


I. As AB to AC + BC, AB —BCto x fourth 
Proportional N. AY L 1 = AD. As AC to AD, 


—_ — =- 


ſo Radius to the Co-kins bf the Angle A. 


Moreover, DC = Ac — AD 7 = 
. 4 + 2a acc + 2 bee — at — þ* — 4 


I 48 — * 
44 4 
a + b + Ter od r . 
44 à4 


Whence, having multiplied the Roots of the Numerator 
and Denominator by b, there is made this ſecond The- 
rem. | 3 

II. As 2ab to a n between a+b e 


* a+b—c and a —b + c X - Te, ſo is 
Radius to the Sine of wg Angle A (9) 


— 


Prob. XI. (c) For AD + DB = AB; whence ſub- 
ducting 2AD, then DB AD = AB - 2A D; or 
if 2 AD is greater than AB, then B D - AD 2AD 


— AB; whence AD FBD'x AD= * 
245 — AB. 

| (a) For 2ADa=aa+bb—c,, therefore AD = 
aa +bb—ce __ = 42% % Oo ", TY 


4 * 
1 1 cd 


2 


2 4 2a 


(e) For putting AC the Radius, DC is the Sine of A, 


. Mean P — 
PENN 
. 2 4 24 X 
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Moreover, on AB take AE = AC, and draw CE, 


and the Angle ECD will be equal to Half the Angle 
A (J). Take AD from AE, and there will remain 


93 2121 . 2 —.— 4.2. —#5 
2a 2 4 

| 33 Whence D E g = 

CET . 


4aa 


And hence is made the third and * Theorem, viz. 


III. As 245 to e+ a—b Xea+6 (fo AC to DE}. 


& Rodius v0 the verſed Sine of the Angle A. fe). 


IV. And, as a mean Proportional between a+b+c 
and a + — e, to a mean Proportional between c þ a 
— 3 and c - 4 +3, (fo CD to DE) fo Radius to the 
Tangent of Half the Angle A, or the Co-tangent of 
Half the Angle to Radius (5). 

; Beſides, 


8 _—_— * ab. on” . _ 


” — — 


* 


Prob. XI. (F) 8 being right, then 
(Eucl. I. 32.) DAC+DCA=DEC+DCE= 
ECA (Eucl. I. 5.) = DCA + DCE; whence DAC 
+ DCA = DCA + 2DCE, and. DAC = 2DCE. 


(gs) For putting AC the Radius, DE is the verſed 


Sine of AF and DE = A D. 
a 


— * c—=@+4 X þ b, 
, 2a * 5 


655 C S SITE, 


1 


and 
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' Beſides, CEg is = CDq+DEg = 22 +> bee b? 


GS & >&f 
e 


= = x c+$a—bXc—a+b. Whence the fifth 
and foxth Theorem. 50 


V. As a mean Proportional between 24 and: 26, 
to a mean Proportional between c + a — and 


c—=a+38, e 


* nn A =, L 


Or 


55 * - - - — — 4 1 


— 


— 2—ꝛ— —— — cet > cr re at. 


and DE* = a—bFexa—bye . b+c. 


&@* 
and therefore CD-: DE-; * 


a+b+c Xa+ + bÞ—c 2 | 


- © $<WV..: > FEET 
AAA 
| - — — 


x 42 4a 

1 a—b+c. * — +85. + © 
i. e. (by dividing by + © 3 — 9: 
a+ bbc X 4＋ - abc x —2+ÞÞc; 
therefore CD: DE: re 
=== 
ViETFo x —a+3+« | 
Frob. XI. (i) For AC®: e.: db: I nal 


N r i. e. by dividing wi 2 
2 -I Whence AC: CE :: 


a: Va—bÞFix—a+b+:::2yat: 
| | 27 


— 2 —ñ—ñ—ñ ͤ— 


— $9 
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or CE to DE) ſo Radius to the Sine of 4 the 
—_— A (4). 


VI. AST as a mean | Propocticnd! between 4 24 2 d 25; 


to a mean Proportional between a + b þ canta +b—c 


(fo CE to CD), fo Radius to the Co-line 1 Half the 

Angle A (2. A nds pace if” 
But if, belides 8 8 the Area of the Triangle 

be alſo ſought, multiply CDg by E ABg, and the Root, 


VIZ. ep 4 owe” eXa+b—exa—bÞex—a+b+c 
will he the Area ſought. | 


* 23 43 v4 * „„ oe a4 3 * 


th. 


— — — — — 


” 4 — » - — . = _— 2 -- 


— —— — ——. A _ — * 


V — AC : 2y/ab 


(VA) :: CE: V 


1 4 


(Eucl. V. 16.) : ==: V Fe. 


Prob. XI. (4) For the Angles at D being right, and 
CEA and CED being equal (Eucl. I. f.), AC: + CE 
2: CE.: ED. #14 BP Y 

| | 3 | 
(1) For CE“: CD*::=c+a—6b.X< —a+b 


— — 
„ | 


\ | 


** wo ö * * 


i. e. dividing by 1... — 2 5: 


ARES r 4ab : rf , 


— 


4 a 


X as 61 EO Ve Te 


— 


8 kanne 


/ 
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ee 
Having the Sides and Baſe of any right lined Triangle given, 
to Fad the Segments 7 A Baſe, the Perpendicular; the 
Area, and the Angles [See Fig. 40. J. 


Let there be given the Sides AC, BC, and the Baſe 
AB of the Triangle ABC. Biſect AB in I, and take 
on it (being produced on both Sides) AF and AE equal 
to AC, — 50 and BH equal to BC. Join CE, CE; 
and from C to the Baſe, let fall the Perpendicular CD. 
And ACq— BC will be = ADgq + CDg— CDyg 
— BDg = ADqg — BDq =AD FBD x AD—-BD 
=ABx2DI (a). Therefore — DI. 
And 2AB: AC+ BC :: AC - BC: DI. Which is 
a Theorem for determining the Segments of the Baſe (4). 

From TIE, that is, from AC — + AB, take away 
DI, and there will remain DE K 
eie: 0, ou b, 


BC 


— —_ 


Prob. XII. (a) 199. For AD = ALA ID'= BT + 
ID = BD + ID + ID; whence AD — DB = 2ID: 
Therefore, becauſe AB = AD + BD, ACq—BCg 
= ADg - BDS S AB Xx 21D: i. e. The Difference of 
the Squares of the Segments of the Baſe ; i. e. the Rect- 
angle under the Sum and Difference of the Segments of 
the Baſe is equal to the Rectangle under the whole Baſe, 
and double the Diſtance of the Perpendicular from the 
Middle of the Baſe. (5) See Theorem I. of Prob. XI. 

£ 2 AC*— BC 
For DES AC —- AB — (DIS) — 

n 83 2 0 e ; 
„r 
_ BC* — AC* ＋ 2AC x AB — AB* 

ON Ely 2AB * 
R 
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N —AB x BC —AC +4AB or = 
2AB | 


HE x EG G9. Take away DE from FE, or 2AC, 


and there will remain FD = 
ASZ + 24C x AB + ABg -es, dat is, 


ZE 
ANB r 
8 


B And ſince CD is a mean Proportional between 
DE and DF, and CE a mean Proportional between DE 


and EF, and CF a mean Proportional between DF and 


— /FGXFHx HEXEG 
EF (e), CD will be = I CE = . 


of ACA BEARS and CF = VEB. 


8 
Multiply CD go 2 2 AB, and yon will have the Area 


—_ 4 
W 5 E * ͤ—— — —— —ͤ—-— 


— a. — 2. 


(4) For BC + CA=BH+AE=BE+EH 
4+ AH + HE, bu BE + EH + HA = BA; whence 
BC + CA = BA +HE; and BC + CA — AB = 
HE; and BC —CA =BG — AE; and AE + EB 
= AB: Whence BC - CA + AB = n 
AE ＋ EB = EG. 


: (e) For EA, AC, AF, being equal, a Semi-circle 

from the Center A, with the Radius AF, will paſs | 
through C, and E; whence FCE is a right Angle, [ 

Euclid III. 31; where the Troponin follow, by 

Euclid VI. 8. 


— — — 
a ts. ů — ů — —Uᷣ— — —— — 


** — ww» 
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= 1: TTX FHxXHExEG. But for determining 
the Angle A, there come out ſeyeral Theorems : 

I, | As 2ABXAC: HE x EG (:: AC: DE) 
: Radius: verſed Sine of the Angle A. 
2. ABK AC: FG x FH (:: AC: FD) :+ 

| Radivs : verſed — of A. 

AC CD): * Radivs : Sine of A. 

4. * FH. „HEN TEN (:: CF. CE) 
: Radius 2 _—_— of > A. 
: Radius : dhe * + A. 


6. 2 VIFFIT: HEXEN (1 FE: CE) 
9: Radius : Sine of 2 A, | 


7. a VEEFKT VETIFA (:: FE : FC) 
3 Radius : Co- ſine of ; A (VJ. 


(:: CE: FC) 


Paoztzeax XI. 


To ſubtend the given Angle CBD with the giuen ri TR Line 
D; ſ that i AD be drawn from the Bud of that 
right Line D to the Point A, given on the right Line CB 
produced the Angle AD C ſhall be qui to the Angle 
ABD [See Fig. 71. ]. 


Make CD = a, AB = 4, BD = und it will be 
BD BA CD DAS 20. Let fall the Perpen- 
dicular 


* ny ) This Problem is the ſame with XI. and the 
IV. and V. VI. VII. Theorems of this, fall in with 
thy III. II. IV. V. VI. of the XI, reſpectively. 


Prob. XIII. (a) For the Triangles ABD, AC D, 
have 
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dicular DE, and BE will be = 1. 78 =; (3) 


— 5 — - By reaſon of the given Tri- 
SR 2c) FIT XA e 
angle DBA, make BD : BE:: 5: e, and you will 


ex 42411 
é bb = 
7 * 


2ex, And x* — 20x? * bbax —aabb = ; 


have again BE = —, therefore x x — 


| Re PROBLEM XIV. 

To find the Triangle AB C, whoſe three Sides A B, AC, 
BC, and its Perpendicular D C are in arithmetical Pro- 
greſſion [See Fig. 46.]. 5 0 

Make AC a, BC x, and DC will be = 2K 
— 4, and AB = 24 — * (a). Alſo AD will be (= 
ACDC Y) S V4 - 4x, and BD (= 
| © £7) . 4 BCg 


— — 


have the Angle at A common, and the Angles AB D, 


' ADC, equal; and are ſimilar, 


() For AE = EB — BA, and AE? = EB*— 2AB 
x BE + BA*(Eucl. II. 7.) = AD* — DE?, the Tri- 
angle DAE being rectangular; but DE? DB — 
B E, the Triangle DB E being alſo rectangular; 
whence EB 2AB X BE + BA = AD — DB 
| + E B*; whence 2 8 and divid- 
BD — AD* + AB 
ing by 2 —_— ——— — 
ey 268, 5 
Prob. XIV. (a) For AB, AC, BC, DC, being in 
arithmetical Progreflion, if AC = a, and BC = x, then 
AB = 22 — x, and DC =2x—a; becauſe 24 — 
x, a, x, and 2x — @, are in a Progreſſion, whoſe com- 
mon Difference is a = x 


-0 4 $4 
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+BT7-DC 12 Jax — a0. And ſo again 


ABS VNA TVA 3. -a. Where- 
fore 24 —=x = Var AX V4 34 4 — 24, 
or 24 — x - Var —xx = V4 — Z*x 44. 
And the Parts being ſquared, 424 — 3* — 44 ＋T2K* 
X V4aax—4xx = 442 — 32 — 4, or 544 
— Lax 1 — zr Xx VIA —4xx. And the Parts 
being again ſquared, and the Terms rightly diſpoſed, 
16 x4 — 80 4 + 144 aaxx— 104 a x + 25 at 
= o. Divide this Equation by 2x — a, and there will 
ariſe 8 x3 — 36 4 * K ＋ 54aax — 25 4 = ©; an 
Equation, by the Solution whereof x is given from a, 
being any how aſſumed. à and x being had, make a 
Triangle, whoſe Sides ſhall be 2 4 — x, @ and x, and 


a Perpendicular let fall upon the Side 24 — x will be 


2X —= 86. 


If I had made the Difference of the Sides of the Tri- 
angle to be d, and the Perpendicular to be x, the Work 
would have been ſomething neater ; this Equation at 
laſt coming out, viz. #* = 24 dds + 48 4* (3). 


— A a I A. 


———— 


Prob. XIV. (3) For DC, BC, AC, AB, being the 
Terms, and DC = x, and the Difference = 4d, the 
Terms will be reſpectively x, x ＋ d, x +24, x +3d; 
and AD = v 4dx + 44d, and BD v2ds + 2d; 
whence AB =x+34 = V4dx+4,dd+y/2dsÞ47; 
and x ＋ 3d — Nd +4dd=vV 2dx + 4d; and 
ſquaring the Parts, and reducing, and tranſpoſing, 3 + 
8dx +12dd = 2x +67vVj3dz TIA; and 
ſquaring again, x* + 16 4x3 + 88 4dx* + 192 43 x 
+ 144 44 = 2404" ＋ 124* x* + 16 4 + 144 d“; 
that is, by tranſpoſing, and dividing by x, Ix = 24 4* x 
+ 48 47, 

R 3 


PRoBLEM 


RESOLUTION or 


* / 
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ProE xv. 


Ta find x Triangle ABC, whaſe three Sides AB, AC, 
BC, and ene S oc in . 
n Progreſſion, | 


Make AC= 5, BC=az and AD will be =** 
And CD = 2 — (a). And AD (= RET, rz 70 
Wr and BD (= \ | ) = 

x x 


— and * x x (=AB) = 


9 


K * 
5 2 
a 2 72 


0 


2xx e , e It 
Jared, 3 my 7 ack = 


2 * e 
N that is, 4* — a4 U, ＋ 4a“ 244 * 
* 5 


v xx — 44 


_— « ** a. — — 2 — — ah. „ \ * * 
- Fx 3 - 9 E I Br gt | i: ood Mad — een 


Prob. XV. (a) For AB, AC, BC, DC, being ia 
| a 3 and BC = then 
AB = , . == =; bor g as 2 are in 


4. 


2 Frogrefion, whoſe common Djviſor is =, 
a 


GEOME TRICAL QUESTIONS. 2% 


xx —aa (b). And the Parts being again ſquared, 
** — 2aax% + n eee + 2 =24a*x* — 
4a*xx., That is, «* — 244. — a+ x4 + 24 xx + 
a* = 0. Divide this Equation by x#— aa x — 22 
and there will ariſe x* — 42 — a*. Wherefore 47 

is = aaux . And extracting. the Root xx = 4 


44 TVI or y=aui (g. Tus there. 
fore a of BC, of any Length, and make BC: AC : 


AC: AB:: 1. VTV and the Perpendicular D C 
of » Trianglo AB C made of theſe Sides, will be to the 
Side BC in the ſame Ratio. 


a «4.0 . 
UP FT FF ADD ſo. A _ = — * — 
* * — — : = — 
Sv... 


Prob. XV, © For #2 _ 225 *. — — 2 «ib any 
* 
22 2— © 25 which, by — KS 


s _— 4 +} : pr? 
mg by a*, becomes x* — 24 x* 59749 —2＋ 


4 x*; and by tranſpoſing, * — a* x* + a*= 22 
a2 — — ; or putting x * under the Sign, we have 
* 2 
24 42 x* 29 3; and the radical Part divided by 
a, gives x2 — 4 ; which being kept under the 
Sign, and the Root of the Diviſor, viz. a xy being 
drawn into 24, we have 2a * > >. 


(c) For x* = = + +Vs ; that is, by dividing 
V ; 49% ee „ 


** 25 + aa V #5 that is, by dividing by 9 5 
V *. Ra | 4 
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Ve ſame otherwiſe--[See Fig, — 
Since AB: AC:: BC: DC. 117 the Angle Ac B 


is a right one. For if you deny it, draw CE, making 


the Angle ECB a right one. Therefore the Triangles 
1 


BCE, DBC, are ſimilar, by 8. 6. Elem. and conſe- 
quently EB: EC:: BC: DC; that is, EB: EC:: 
AB: AC. Draw AF perpendicular to CE, and b 
reaſon of the parallel Lines A F, BC, EB will be: E 
:: AE: FE :: AB: FC (d). Therefore by 9. 5 Elem. 
AC is FC; that is, the Hypothenuſe' of à right- 
angled Triangle is equal to the Side, contrary. to the 
19. 1 Elem. Therefore the Angle ECB is not a right 
one; wherefore it is neceſſary AC B ſhould be a right 
one. Therefore ACA BCA is = AB. But 
ACg=AB x BC, therefore AB BC + BCz 
= ABgq,and extracting the Root AB = 3.BC + 
* 4 BC. Wherefore take BC: AB:: 1 L= 
and AC a. mean Proportional between BOC and AB, 
and a Friangle being made of theſe Sides, AB, AC, 
BC, DC, will be continually Proportionals. | 
Nr nvie t bar fs nin I; 
yd bobivth nz] lo PROML BM AVE Tc... 
To make the Triangle A B C upon the given Baſe A B, whoſe 
Vierter C. Hall be in the right Line E C given in Po- 
tion, and the Baſe an arithmetical Mean between the 
Sides [See Fig. 48-] * 


Let the Baſe A B be biſected in F, and produced until 
it meet the right Line given in Poſition EC in E, 
and let fall to it the Perpendicular CD; and — 
r ee ee ee „ Ae, 


_ * _ 
. S a- , " * 568 N 


— 


* , 
, 


Prob. XV. (d) For EB: EC :: BE + EA: CE 


.+ EF (Eucl. V. 12.), i. e. BA: CF:: BA: AC. 


— 
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AB S a, FE =b, and BC - AB = x, BC will be 
=a+x AC=a=—x; and by the 13. 2 Elem. BD 
* 382 — 282 AB 9 * 
(= TAB 4 2 * + 22. And 
conſequently, FD 2K (a), DE =I + 2.x, and CD 
(= TByg — 557) = v aa — 3x x. But by 
reaſon of the given Poſitions of the right Lines CE and 
AB, the Angle CED is given; and conſequently the 
Ratio of DE to CD, which, if it be put as d to e, 
will give the Proportion d: e;:b + 2x: Viaa — Jxx. 
Whence the Means and Extremes being multiplied by 
each other, there ariſes the Equation 5 + 26 = 4 


V 3aa—3xx, the Parts whereof being ſquared and 
34* - eebb - 4eebny 
rightly ordered, you have xx = 


4 344 
and the Root being extracted x = f 


—2 2. + 4 v 3eeaa — Feebb + 2 ddaa 
| 7er FJ | But x 
being given, there is given BC = 4 & Ne" 400 Ac 


4 — Xo 


— 


Prob. XVI. (o) For BD = ene 


"Wat — 


22 122 now BD BFA FDS 20 


＋ 23; and BF= 4a; whence FD = 2 x, | 


PROBLEM 


„ RESOLUTION of 


k. 4 es ba XVII. is 
Having e am Parallæligram AB. ND, DC, 
and AC, and one of the _— BC, to find the other 
Diogo a N {See Fig. 2. ]. | 


Let E be the Concourſe of the Diagonals, amt to the 
Diagonal BC ſet fall the Perpendicular AF, and by the 


73. 2 Clem. DK CF, and als 

. = 2 { = CE. Wherefore, ſince 

EC is = BE or ank A E = £ AD, it will be 

AC — 8B 4+ B e bz z Bg, 
| BC. 

and traving redueed, AD = e + ak; ef z&Bq CY (3). 


Whenca, by the byz, is any Poralthgram, the Sum 
the Squares of ak t tr the Sow of CIIJSS 
the Diagonals (c _ 
| n 


11 — Pry 
—— 


— * 


Prob. XVII. (a) 200. — every Parallehgram the Di- 
agonale be each other 3 for the Triangles CE D, AEB, 
Wving the Angtes C EP, AEN vertically oppolite, 
equal (Euel. I. 15), and the alternate Angles, C DA, 


AB, equal ack. I. 29. % will be equiangular x but | 


alſo theBaſes & D, AB, a are _ Euct. I. 34.) there- 
fore the Fange art vie CES EB, 
and DE EA (Eucl. I. ** | 
an For multipl ying to exterminate the F ractions, 
dividing the T erms by BC, we have AD 
$AC* H2AB®.— 1 TY whence AD= 
VA C&* ZAB —BC*. 
(c) 201. In every Parallelogram, the Sum of the geen 


of the Sides is equal to the Sum of the Squares of the — 
or 


\ 
1 


GEOMETRICAL QUESTIONS. 2 


PROBLEM XVIII. 


| Having given the Angles of the Trapezium AB CD 43 iti 


Perimeter and Area, to determine the Sides [ See Fig. 22.] 


Produce any two of the Sides AB and D C till they 
meet in E, and let AB be =, and BC =y, and 
becauſe all the Angles are given, there are given the 
Ratio's of BC to CE and BE, which make d to e 
and f; and CE will be = 2 and BE= I, and 


conſequently AE = 44 + There are alſo given 
the Ratio's of AE to AD and to DE; which make as 
g and as þ to d; and AD will be C3. and ED 


4 
4 H. and conf ob = 424. 
Z., and the Sum of all the Sides T U 


8 
+ 4x 5 2 Sk 3 which, fince it is given, call it a, 
and the Terms will be abbreviated by writing | for the 


- 


given 


. m 


7 * * 


for if the Parallelogram is rectangular, it follows from 
the 45. of I. of Euclid; and if not, the Angles at the 
ſame Side are equal to two right ones (Eucl. 27. I.); 
whence if one is obtuſe the other is acute, and raiſing 
Perpendiculars from the Ends of the oppoſite Sides, the 
Square of the Diagonal oppoſite the obtuſe Angle will 
exceed the Sum of the Squares of the Sides of that Angle 
(Enct. H. 12. ), by the fame double Rectangle, by which 


the 3 of the Diagonal oppoſite the acute Angle is 


exceeded by the Sum of the Squares of the Sides contain- 
ing the aeute Angle (Eucl. II. 13.) . 
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given W 1 1 7 2 3 and - for the given 1 


+< x+ 3 55 1 will wa the > Equation 
2 2 * 


” Moreover, 71 reaſon of all 95 Angles 3: given, 


there j is given the Ratio of B Cg to the Triangle BC E, 


. 


tgp =p, 7. There is alſo given the Ratio of AEg to 
the Triangle ADE; which make as m to 4; and the 


Triangle ADE will be = i 4dxx + 2 2 


Wherefore, fince the Area A C, hich f. is the Differ- 
ence of theſe Triangles, is given, let it be bb, ' and 


ddxx + _ 20 eee 
mm 


And io you have two Equations, from the ReduQion 
whereof all is determined, viz. Te former Equation 


* = x, and by writing — wg 


for x in the 


Lft, Ne comes. our . Zderay + 44975 


ppm 57 


De 2: 55. And the 
pm d m 


Terms vr abbreviated by writing 5 for the given 
Quantity 5 — . + LM Ir. and ol for the 


445 and stv for the ben bbm 


a” 


r thenp piles Jy = 2:9 +% ary=t + 
Vit Nas 


5 nar 


Alan LM = £52, nom £22, 
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5 XIX. 


— re with a Walk ABCD 
EFGH of a given Area, and of the ſame Breadth every 
where (See Fig. 23. ]. 


Let the Breadth of the Walk be x, and its Area ad. 
And, letting fall the Perpendiculars AK, BL, BM, 
CN, CO, DP, DQ, Al, from the Points A, B, 
C, D, to the Lines EF, FG, GH, and H E, to di- 
vide the Walk into the four Trapezia I K, LM, NO, 
PQ, and into the four Parallelograms AL, BN, CP, 


DI, of the Latitude x, and of the ſame Length with 


the Sides of the given Trapezium. Let therefore the 
Sum of the Sides (AB ＋ BC + CD + DA) be = 8, 
and the Sum of the Parallelograms will be = YK. 


Moreover, having drawn AE, BF, CG, DH; ſince 
Al is = AK, the Angle AE will be = Angle 


AEK = IEK, or + DAB. Therefore the Angle 


AEI is given, and conſequently the Ratio of Al to IE, 
which make as d to e, and IE will be = 7. Mul- 


tiply this into + AI, or — x, and the Area of the Tri- 


angle AE I will be = - . But by reaſon of equal 
Angles and Sides, the Triangles AE I and AE K are 


equal, and conſequently the Trapezium IK (= 2 Tri- 


angles AE = == _— In like manner, by putting B L 


:LF::4: % nd CN: NO:. 4: f. and DP: 
PH :: d: 5 (for thoſe Ratio's are alſo given from the 
given Angles B, C, and D), you will have the Trape- 


xx hxx 
ö 
Wherefore 


— err — — 


„ 
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Wherefore 5 4. £72 4. £52 4. + 7” -s or 22, 
by writing p for e + f + g + h will be _ to the 
four Trapeziums IK + LM + NO + PQ; and 


conſequently PEE + bx will be equal to the whole 


Walk aa. Which Equation, by dividing all the Terms 
by 4 E, and extraQing its Root, x will become = 


dl — 44 +v 7bad +4494 And the Breadth of the 


25 
Walk being chus bound, it is eaſy to defcribe it. 


8 XX. 
From the given Paint C, t draw the right Lime CF, which 


together with two other right Lines A E and AF given by 


- Poſition, ſhall comprehend or conflitute the Triangle AEF 
Na given Magnitude See Fig. 24] 


Draw CD parallel to A E, and CB and EG perpen- 
dicular to AF, and let A D g a, CB , and AF 
= x, and the Area of the Triangle AEF be cc, and 
by reaſon -of the proportional Quantities DF : AF 
(:: DC: AE); e EG; that is, a TK: : 5: 


= it will be I = KEG. 1 7 this into 


L AF, and there will come out — —— 72 the Quan- 
tity of the Area A E F, which is = cc. And ſs the 


Equation being ordered x x will be = —— 
r 


— — — et 


b 


After 


GEOMETRICAL QUESTIONS. agg 


After the fame manner a right Line may be drawn 
through a given Point, which ſhall divide any Triangle 


or Trapezium in a given Ratio (a). 
Ws 


| PrRoBLEM XXI. 
To determine the Point C in the given right Line DF, fro 
which the right Lines AC and B C drauw w1twe tler 


Points A and B given by Peſtian, ſhall bave @ given 0 
Ference, See Fig. 25.] {See Prom. adv.) 


From the given Points let fall the 8 AD 
and B F to the given right Line, and make AD = @, BF 
=b, DF =, DC x, and AC will be = /aa + xx, 
FCS - , and BC =V/bb+xzx—2cx+cc 
Now let their given Difference be d, AC being 
greater than B C, then Tr — 4 will be = 

Tb Fxx—2cx ec. And ſquaring the Parts 
aa+xx+dd—2dvaa + xx=bb+xx—2cx 
+ cc. And reducing, and (for Abbreviation fake) 
writing 26 inſtead of the given Quantities an + dd 
— 32 — cc, there will come out ee+ cx = A Xx 
aa + xx. And again, having ſquared the P 
e* - 2ceex=Fecxx = ddaa *+ ddxs, And the 

' Equation 


1 


—_— 


—v— — 


Prob. XX. (a) For let the Area of the given Triangle 
AE F be to the Area of the ſought Triangle, as m to n; 
then the Area of the ſought Triangle muſt be equal to 
the Arca of the given one multiplied into — and will 

11 


_ therefore be given; and the Problem will be the ſame us 
this twentisth. 
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Equation being reduged. px = 2222 at — 
Add — cc Mo 
eec+ Sad —aad's + aaddce 
dd — cc 


The Problem will be reſolved after the ſame Way, if 
the Sum of the Lines AC and B C, or the Sum or the 
Difference of their Squares, or the Proportion or Rect- 
angle, or the Angle comprehended by them be given : 
Or alſo, if inſtead of the right Line DC, you make uſe 
of the Circumference of a Circle, or any other curve 
Line, ſo the Calculation (in this laſt Caſe eſpecially) 
relates to the Line that joins the TIN A and B, 


or x = 


. XXII. 


Haas the three right Lines AD, AE, BF, given by 
Poſition, to draw a fourth DF, whoſe Parts DE and 
EF, intercepted by the former, * be of N Lengths 


[See Fig. 49. 


Let fall E G perpendicular to BF, and draw E C pa- 
rallel to AD; and, the three right Lines given by Po- 
ſition meeting in A, B, and H, make AB=a, BH 
= b, AH c, ED = ad, EF =e, and HE = x. 
Now, by reaſon of the ſimilar Triangles AB H, EC, 


it is AH : AB + HE :EC = _ and AH: HB 


:: HE: CH = . Add HB, and there comes CB 
. 


— _— — Moreover, by reaſon of the ſimilar Tri- 
angles FEC, F DB, it is ED: CB :: EF: CF = 


ebx nk -.. Laſtly, by the 12 and 13. 2 Elem; you have 
EC 7 


Oo 
* 
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HEg—EC9g 
SH 


ECe—EFg, re 
—Fo—_++FC=(C6)= 


. a 3 er + ebe 
e CH (, tut TE > Ge 
| ac 


7 aaxx | 
. bs . aa dæ x 42 
. 2c eb Tele 
— — 
c 


eSe:" | cer == MEY 2 Here, for Abbrevia- 


2 th a 


7 n— 
tion ſake; for << = — — 7 write m, and you 


will have — + == mx; and all the 


Terms 


= .D4 | 7 1380 — 4 2 mn. 6 $4 r ** 3. 
” 


* MO. 


— 


Prob. XXII. (a) For EF* = EC* + FC2 — 2FC 
& CG (Euel. II. 13.); whence CG x 2 FC = EC; 
—EF2 4 F Ca, and 00s EE: . 
but FCS 2FCXk 4 FC (Eucl. II. 2.) : Whence 
CG= EZ Arc. A% EH*=CEs 
-+ CH: + CG x 2 CH (Eucl. II. 12.) ; whence 


CG = EH —CE*—CH". ac CH- 2CH 


azCH © 
X 4 CH (Eud. II. 2.); whence CG = — 8 
ch 2 FS ++FC. 


8 0 
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Terms being multiplied by x + e, there will come out 
a adxx —eedc ebcx eber 


— Eo 


Again, for 9 — mM write p, and for nc 


= write 


277 and pt eber ee dec 


eb 

will derbe Pri and » = = — mp 
Having found x or . E, draw E C parallel to AB, and 
take FC: BC :: e : d, and having drawn F E D, it 
will / ſatisfy the Conditions, af the Queſtion. * 


PR OBLEM- XXIII. 


To determine the Point Z, from which. if FRE 6 * 


Z A, Z B, Z C, and E D, are drawn at given Angles 
to four right Lines given by Poſition, viz, FA, EB, 
FC, G D, the ReAangle of two of the given Lines Z A 
and Z B, and the Sum of the other two Z C and ZL D 


may be giden [ See Fig. 20.] 


From among the Lines chuſe one, as FA, en by 
Poſition, as alſo another, EA, not given by Poſition, 
and which is drawn to it, from the Lengths whereof 
the Point Z may be determined, and produce the other 
Lines given by Poſition until they meet theſe, or be pro- 
duced farther out if there he Occaſion, as you fee here. 
And having made EA Ax, and AZ = y by reaſon of 
the given Angles of the Triangte AEH, there will be 
given the Ratio of AE to AH, which make as 5 to , 


and AH wil be * Add AZ, and 2 H will be 


2512. And thence, fire by reaſon oſ the given 


7 
Angles of the Triangle HZB, there is given the Ratio 
of HZ 


+ —— write pres and x x 


ö 
> 
: 
* 
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of HZ to BZ, if that be made as 1 to ꝓ you will have 
ZB= 2. : 


— 


8 if the given EF be called a, AF will be 
=a=— x, and thence, if by reaſon of the given Angles 
of the Trigngſe AFI, AF be made to AI in the ſame. 


Ratio as p to r, AI will become = = =. Take this 


2 — 2. | 


from AZ and there will remain IZ = y — 


And by reafon of the given Angles of the Triangle 
ICz, if you make IZ to Z C in the ſame Ratio as m 


to p, Z C will become = —— . 


After the ſame Way, if you make EG b. AG: 
AK: : 1: and Z K: Z D: : , there will be ob- 


tained ZD = . 
Pp 


: Now, from the State 6f the Queſtion, if the Sum of 
the two Lines 20 and Z D, Viz, 2 — * 


2 — 75 . be made equal to any given Quantity f; 


and the Rectangle of the other two 2 * {7 he made 


= 2, you will have two Equations for . * 
nyg — 222, 


and y. By the latter there comes out x = 


73 
and by writing this Value of * in the room of 
that in the former Equation, there will come. out 


22 + Caf = + eddy 


2 4 al TP. 
r 


'Ta 


—— 


— . — OOO . — —— OOO 


* 
—— . — —— _ | | —— 


— — — — , = 
” 
— — ͥ "02" — — iy 9 cut} 4 


— EE Po ene RE —— G4 
: 
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CCN. 5629 = f; and by Reduction yy = 


b 75 A | 
apgry —bmgsy + fmpay + ggmnt —g8"p7 ); 
| po —ppr— mig + mp 


and for Abbreviation ſake, writing 2 þ for | 
Sor SMEs D and 4 K for 
FFF 
, une y 7 = 
ir = r + mpe' ? 4 
2 by + kh, or y=h TVD. And ſince y 
is known by means of this Equation, the Equation 
288 =D) will give x» Which is ſufficient to 


17 
determine the Point Z. 


After the ſame Way a Point may be determined from 
which other right Lines may be drawn to more or fewer 
right Lines given by Poſition, ſo that the Sum, or Dif- 
ference, or Rectangle of ſome of them may be given, or 
may be made equal to the Sum, or Difference, or Rect- 
angle of the reſt, or that they may have any other aſ- 
ſigned Conditions: | <a 


Wh 5 i . 
a. — 88 > WP": n 1 — >» + 65x dS. . 


Prob. XXIII. (a) For tranſpoſing, and abbreviating, 
e HER 
S * 3 * 4 +2 

8877, and multiplying by m gy p, we have p*gy* — 


n y = 4 22 

p*ry* - mgly? + pmsy? = apgry - bmsgy + 
pfmqy + my*ns —g*npr ; which dividing by 
pig —pir —mgl +pms, „ 


ruten er. 
2 1 


PROBDEM 


> 
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PROBLEM XXIV. 


To ſubtend the right Angle E AF with the right Line E F 
given in Magnitude, which ſhall paſs' through the given 
Point C, eguidiſtant from the Lines that comprehend the 
right Angle (when they are produced) ¶ See Fig. 27.]. 


Complete the Square AB C D, and biſect the Line 
EF in G. Then call CB or CD, 3; EG or FG, 5; 
and CG, x; and CE will be = * — b, and CF 
+ 5. Then ſince CFq— BCqg= BFS, BF will 
be = xx + 2bx + bb — aa. Laſtly, by reaſon of 
the ſimilar. Triangles C DE, FBC, CE: CD:: CF: 
BF, orx—b:a::x+b:4/ xx+2bx+6bb— aa. 
Whence ax + ab =x — b Xv/xx + 2bx + bb — aa. 
Each Part of which Equation being ſquared, and the 
Terms that come out being reduced into Order, there 


comes out ** = + 7 e And extra- 


. 


ing the Root as in Quadratic Equations, there comes 
out xx =aa + bb + / a* + 44aabdb; and conſe- 
quently x = V aa +bb + /a* +4 aabb. And 
CG being thus found, gives CE or CF, which, by 
determining the Point E or F, ſatisfies the Problem. 


The ſame otherwiſe. 


Let CE be , CD=a, and EFI]; and CF 
will be =x +4, and BF VU xx +bb+26bx — aa, 
And then ſince CE: CD:: CF: BF, or x: 4: 
x+b: xx + 2bx + bb —aa, ax + ab will be 
=xXV xx + 2bx + bb —aa. The Parts of this 
, 83 Equation 


— — oe — .. PF En apes oe Wo agg — 7 —— 3 


— — — 8 _ 
. 
VI" a Ad. OE area ä — — — 
—ñ— — 1 


- we. — —— 2 
— — . — 4 
1 


— 


9 * 
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Equation being ſquared, and the Terms reduced into 
Order, there will come out „ 2 hb * 3 * Xx — 
a2 4 p⁰ — aabb = ©, a biquadratic Equation, the In- 
veſtigation of the Root of which is more difficult than in 
the former Caſe, But it may be thus inveſtigated; put 
x* + 2bx3 4+ + xx —2aabx + a* =aabb ＋ 4% 


—2 44 
and extracting the Root on both Sides xx + bx — aa 
= +tavaa+bb, ne, 33 


Hence I have an Opportunity of giving a Rule for the 
Election of Terms for the Calculus. 


CX. Viz. When there happens to be fuch an Aﬀinity or 
Similitude of the Relation of two Terms tg the ather Terms of 
the Dueſtion, that you ſhould be obliged in making Uſe 0 

either of them to bring out Equations exattly alike ; or th 

both, if they are made Uſe f together, ſhall bring out the 
fame Dimenfions and the ſame Form (only excepting perhaps 
'the Signs + and — ) in the final Equation (which will be 
eaſily ſeen) then it will be the beft Way to make Uſe of neither 
2 but in their roam to chuſe ſome third, which ſhall 
bear a like Relation to bath ; as ſuppoſe the half Sum, or half 
Difference, or perhaps a mean Propopurtional, or any other 


Quantity related to bath indifferemtly, and without a lite. 


Thus, in the precedent Problem, when J ſee the 
Line EF alike related to both AB and AD (which 
will be evident if you alſo draw EF in the Angle 
BAH) and therefore I can by no Reaſon by perſwaded 


why ED ſhould be rather made Uſe of than BF, or 


AE rather than AF, or CE rather than CF for the 
Quantity ſought : Wherefore, in the room of the Points 
E and F, from whence this Ambiguity comes (in the 
former Solution), I made Uſe of the intermediate Point 
G, which has a like Relation to both the Lines AB and 
AD. Then from this Point G, I did not let fall a Per- 
pendicular to AF for finding the Quantity ſought, an 
1 : | . cauſe 
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cauſe I might, by the ſame Reaſon, haye let one fall to 
AD. And therefore ] let it fall upon neither CB nor 
CD, but pr poſed CG for the Quantity ſought, which 
does not admit of a like; and ſo I obtained a biquadratic 
Equation without the odd Terms. EM Es wa 


I might alſo (taking Notice that the Point G lies in 
the Periphery of a Circle deſcribed from the Center A, 
by the Radius EG) have let fall the Perpendicular & E 
upon the Diagonal AC, and have ſought AK or CK, 
(as which bear alſo a like Relation to both AB and AD) 
and ſo I ſhould have fallen upon a quadratic Equation, 
viz. yy = — 4 ey 2 bb, making AK g=, AC e, 
and EG = (a). And AK being ſo found, there muſt 

of FF 84 have 


ä * — WY __ ated. ꝶ the... 


Prob. XXIV. (3) For drawing AG, and writing 
CE ga, ED=x; then AE =a—x, and CG = 
b.+ 2. In the Triangle ADC, Ac = 2CD#; whence 
e 24. In the Triangle CDE, CE = ED* + 
CD?*; whence 2 =a* + x*. In the ſimilar Tri- 
ox ba FEA, CDE, AE: ED::FE (=2EG): 
EC; whence AEXEC=2EG x ED; and az — 
x% = 2bx; and az = 2bx + x2; whence x = 

1 8 1 | . 
2 and 2 . e Laſtly in the 
obtuſe-angled Triangle CAG, GC* = AG* (= EG*) 
+ AC*+2AC x AK; whence b* ＋ 2 bz + zz 
= 32 + e ＋ 2 ey, or 263 - 2 2 = e* ++ 2 6. 
Now, becauſe 4 + x* = 22; therefore a* + 

2 22 | | ; 

——_— IS = 223 that is, Ya! 22 + 42 bz 
＋ 44*b* =2* +4523 +46b*2*; but 24* = 22; 
and 2 + 46b2* + 4þ*2* ＋4 % + 4232; 
. whence e3 23 + 2e*bZ + 2 8 A= e + 4 ey 4 

5 | 43 
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have been ereted the Perpendicular K G meeting the 
aforeſaid Circle in G, through which CF would paſs. 


Taking particular Notice of this Rule in Prob, IX. 
and X. where the like Sides BC and AC of the Tri- 
angle were to be determined, I rather ſought the Semi- 
difference than either of them. But the Uſefulneſs of 
2 <1 will be more evident from the twenty-eighth 

roblem. | BI + 


Fannie XXV. 


To a Circle deſcribed from the Center C, and with the Ra- 
dius CD, to draw a Tangent D B, the Part whereof P 


placed between the right Lines given by Poſition, AP and 


AB, ſhall be of a given Length [See Fig. 50. J. 


From the Center C to either of the right Lines given 
by Poſition, as ſuppoſe to AB, let fall the Perpendicular 
CE, and produce it till it meets the Tangent DB in H. 
To the ſame AB let fall alſo the Perpendicular PG, and 
making EA = a, EC=6b, CDS e, BP = 4, and 
PG S x, by reaſon of the ſimilar Triangles PG B, 


CDH, you will have GB (/ dd -&) : PB:: CD 
:CH = — 2 . Add EC, and you will have 


EH 14 — Moreaver PG is : GB : 
EH: EB 


n 


178 r 4. 


4e?y*; that is, dividing by et, 2 +2bz+24* 
Se + 4ey +4y*; and becauſe 2* ＋ 2b Z 


+2e9, e +2: +2b*=e* + 4e3 + 4 y*; that 


is, by Reduction and dividing by 4, +b6*= 3ey5 + 57; 


2 
or * er; andy == -e +2. 


| 
| 
{ 
| 
| 
\ 


— — = — — = 
P n 


| 
| 
{ 
| 
\ 
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of the given Angle P AG, there is given the Ratio of 
PG to AG, which being made as e to /, AG will be 


T. Add EA and BG, and you will have, laſtly, 
- | 


EB = a + £2 + VTT—xX* Therefore it is . + 


= — 
9 Ja- 1 = ETV and by Tranſ- 


poſition of the Terms, 4 += 2 


* * 
Ir. And the Parts of the Equation being 
n 2 — nx 


x ee 4 


+ ccdd 8 7242 %. U þ 2b* + dd 


xXx x x 
— *x. And, by a due Reduction 
+ aaee 


20%} þ& 4 „T2 ecddee 
23. — dd. ade *— ddee 


_—2cdef 


ky 77 


PROBLEM XXVI. 


To find the Point D, from which three right Lines D A, 
DB, DC, let fall perpendicular to ſo many other right 
Lines AE, BF, CF, given in Poſition, ſhall obtain a' 
given Ratio to one another ¶ See Fig. 44. ]. 


Of the right Lines given in Poſition, let us ſuppoſe 
one as BF be produced, as alſo its Perpendicular BD, 


till they meet the reſt AE and CF, viz. BF in E 
I and F, 


— — 0. 


— — — 


- = — — 


— 


— —— Ceo en ͤ (ͤ , ˖˙⁰ w? 
* oy 


__ PT ICAL > . ͤ TTT 
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and F, and BD in H and G. Now let EB be = z, 
and EF =a; and BF will be = a — x. But ſince, 
by reaſon of the given-Paſitian of the right Lines EF, 
E A, and F C, the Angles. E and F, and coniequently 
the Proportions of the Sides of the Triangles E 3H and 
FBG are * let EB be to BH as d to e; and 


BH will be = _ and EH (=4/EBg +BHy) 


ee 


. that is, 7X Met. Let 
alſo BF be to BG, as d to /; and BG will be 


E, and FG f= 
S 


that is, = —.— dd + F. Beſides, make BD = y, 


and HD will be = —y, and eo EA, 
and ſo, ſince AD is : HD (: 7 


Jad Tee, and DC: GD (:: BFT: FTG) 


Ox — 4 


47d + ff, AD will be = and DC = 


ee 
4 == e 57A = Laſtly, by reaſon of the 9 Pro- 


portions of the Lines BD, AD, = let BD: AD 


by 
f: bs &; nnd TIE vill be (=AD) | 


ex—dy 


> or hy Sex. Let alſo BD: DOC: 


dee 
| kt y 
N k — 8, and 


— 49 
f n be (=DC) 
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a—fx—dy 
= or hy u. Therefore = 


(=x y) is *; and by Redufion fg = 5 


Wherefore take EB: EF: : 5: +6, then BD : 
EB :: : +, and you will haye the Point ſought D. 


 ProBtemM XXVII. 


To find the Point D, from which three right Lines DA; 
DB, DC, drawn to the three given Points, A, B, C, 


ſhall have a given Ratia among themſelves. [See Fi ig. 45] 


Of the given three Points, join any two of them, as 
ſuppoſe A and C, and let fall the Perpendicular BE 
from the third B, to the Line that conjoins A and C, as 
alſo the Perpendicular D F from the Point ſought D; 

and making AE , AC l, EBS e, AF = x, 
and FD =y; and ADq will be 2 Xxx ＋ . FC 
=b—x CDqyg(=FCq+FDg) =bb—2bsx+ 
#x + yy. EF= x 4, and BDg (= EFqg + 
EB +FDg) (a) =*#x—-24s a0 +ic+2cy 
＋ yy. Now, fince AD is to CD in a given Ratio, 


let it be as 4 to e; and CD will be == VaxÞ 57 
Since alſo AD is toBD in a given Ratio, let that be as 
4tof, and BD will be = L = Ani taw- 

*. | — 


* be . 
* — -- „ Ss - "* 


Prob. XXVII. "wy For if DF was produced, ſo as its 
0 Length ſhould be equal to D ＋ EB, it would 
be the Se of a right-angled Triangle, whole Baſe — 
EF, and Hypothenuſe is B D. 


— 


— r ̃ ——_g—n—— Ys a - 
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ſequently it is 2 (= CDgq) - 2bs 


+ xx +9, * (= BDg) = xx — 


2ax + aa + c{&Þ+2cy + yy. In Bl if, for Ab- 


d d — 


breviation ſake, you write p for 2 and 9? for 


2. there will come out bb = 24 + Ear + 


775 =0 (b), and aa + cc — 2ax + 2:5 +S * * 


+£ 5 = © (e). And by the former you have 
. 2bqgx —bbg 


_ 


(5) For by multiplying - —_ l 
K* + 32, by 45 it becomes c2 x* þ #2 y* = 6 
— 2bxd* + #*d* + e d which, by tranſpoſing, 
and dividing by 4*, it becomes b* — 2bs + 297 


n+ LSE 


4 = o; and bySubſtitution, b*— 2bx 


rr. — rr 


X di, the Terms then being tranſpoſed into one Mem- 
ber, and divided by 4*; and the Subſtitution 0 


mage, it AE SORE UT 7 


755 = O. 


GEOME TRICAL QUESTIONS. 269 


n 7 9 Loy (d). Wherefore, in 


the latter, for Us +59, write — and 


there will come out —.— + aa + cc — 2ax + 
2 4 o. Again, for Abbreviation ſake, write m for 
a — . and 20 for — — 44 — c, and you will 
have 2msx +2cn = 2cy, and the 1 being divided 
by 2 c. there ariſes — +2 = y. Wherefore, in the 
Equation bb —2bx +'£ «x +£ yy =0, for yy 


write the Square of — = + u, and you will have bb — 


vet Lax 4 19 SR + 222 51092 =2.0. 


Where, ally, if, for Abbreviation ſake, you write 7 
5 + Ker. g for 222, and 222 rows 


+ pon you will have ra nl And hay- 


ing extracted the Root, x =s + 4/55 — tb, Having 
| | found 


* * * — — 


— 


\ 


(4) For 7 x* + 9 = 2bx - b*; which, mul- 


We into d 7 becomes Ea +5 252 — 245 2 


7 
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found æ, the Equation _ ＋ 7287 will give 7; and 


from x and y given, that is, AF and FD, the given 
Point D is determined. | $7 


| Pn o EN XXVIII. 
85 75 inſcribe tht tight Line DC of a given Length in thi 
| (on one Section DA Cy; thut it may paſs threugh the 
Point G given by Poſition. See Fig. 28. ] A 


Let AF be the Axis of the Curve, and from the 
Points D, G, and C, let fall to it the Perpendiculars 
DH, GE, and CB. Now to determine che Poſition 
of the right Line DC, it may be propoſed to find out 
the Point D or C; but” fince theſe are related, and {6 
alike, that there wöuld be the like Operation in deter- 
mining either of them, whether I were to ſeek CG, CB, 
or AB; or their likes, DG, DH, or AH; therefore 
I look after a third Point, that regards D and C alike, 
and at the fame Time determines them. And 1 ſee F 


to be ſuch a Point. ; | 


: 
1 


Now let AE be =a, EG, DCS e and EF 
zz; and beſides, ſince the Relation between A B and 
BC is had in the Equation, I ſuppoſe, given for de- 
termining the , conic Section, let AB = x, BC = , 
and FB will be=x—a + z. And berauſe G E: 
EFI CB TB, FB wilt again be = L. \ There- 


fore, Rx — 2 ＋ 5 2 . 
Thee Things being thus laid down, take away &; 
by the Equation that denotes the Curve. As if the 
Carve be 4 Parabola expreſſed by the Equation r a= 


3 y, write JY for x; and there will ariſe A. 
r | 


r 
＋ 2 22 


GEOMETRICAL QUESTIONS. * 
£4 2: ant the Root ) = £2 T3: 


rr FY ITY A 


VIII e White it b evident; that 


VIE + | EL Pet Is the Difference of the 


PIs _—_ of y; that is, of the Lines +- BC and 
— DH, and conſequently (Having let fall D K per- 
pendicular upon CB) that Difference is equal to C to CK. 


But FG: GE:: DC: — that is, „T zz: 3 


14: VIE + $67 fre. WE. ö A 


And by multiplying the Squafes' of me Meads, and 
alſo the Squares of the Extreams into one another, and 
ordering the Products, there will ariſe 2 = 


—4abbr 7 zz + 665 EB 
＋ an Equa- 


tion of four Dimenſions, « A, monk ide riſen to 
one of eight n. if 1 m * * CG, 


1 * —＋π⏑ 


To e 6 2 a given Angles by a given Me. 
C407 [See Figure 29.] 


In any. 2 le FAG inſcribe the Lines AB, BC, 
CD, DE Ke. of 5+; e fame Bength, and the Tri- 
angles ABC, BCD E, DEF, fue &c. il be Iſoſceles, 


and conſequent! by the 32.1. Eudl. the Angle) C BD 
will be r Angle AAB Angle A, and the 
Angle DCE = Ng A 3 Angle A, and 
the Angle EDF S ATA 8 Angle A, and the 
Angle FEG = 5 Angle A, — 50 6nwards. Now, 
| making 
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ö 

| 

| making AB, BC, CD, &c. the Radii of equal Circles, 

| the Perpendiculars BK, CL, DM, &c. let fall upon 

| AC, BD, CE, &c. will be the Sines of thoſe Angles, 
I and AK, BL, CM, DN, &c. will be their Sines Com- 
| | plement to a right one ; or making AB the Diameter, 

| 

| 

| 


the Lines AK, BL, C M, &c. will be Chords. Let 
therefore AB=2r, and AK = x, then work thus: 


1 | AB: AK :: AC: AL. 
| | | 27: x::2x: 52. 
| | 8 


| | AL — wen 12-8 

| And 2 — 27 = BL, the Duplication. 
| r | 

AB: AK:: AD (2AL —AB): AM. 


1 | 2 * 4 * 
r 


AM - AC J 2 8 
A 2 = = CM, the Triplication. 
4 


AB; AK:: AE (AM - Ac): AN. 
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Now if you would divide an Angle into any Number 
of Parts, put g for BL, CM, DN, &c. and you will 
have x x 211 = qr forthe Biſection; xxx - Zr rA 
= for the Triſection; xxxx —4rrxx + 211 = 
q r* for the Quadriſection; xxxxh = 5 ＋5 
= 4 r+ for the Quinquiſection, &c. 


| PROBLEM XXX. 

To determine the Poſition of a Comit's Courſe that moves uni- 
formly in a right Line, as B D, from three Obſervations, 
[See Fig. 30. 


Suppoſe A to be the Eye of the Spectator, B the Place 
of the Comet in the firſt Obſervation, C in the ſecond, 
and D in the third; the Inclination of the Line BD to 
the Line AB is to be found. From the Obſervations, 
therefore, there are given the Angles BAC, BAD; and 
conſequently if BH be drawn perpendicular to AB, and 
meeting AC and AD in E and F, aſſuming any how 
AB, there will be given BE and BF, viz. the Tangents : 
of the Angles in reſpect of the Radius AB. Make 
therefore AB = a, BE = 8, and BF = c. Moreover, 
from the given Intervals of the Obſervations, there will 
be given the Ratio of BC to BD, which, if it be made 
as 5 to e, and DG be drawn parallel to AC, ſince B E is 
to BG in the ſame Ratio, and BE was called 5, BG 
will be = e, and conſequeatly GF = e — . Farther, 
if you let fall DH perpendicular to BG, by reaſon of 
the Triangles ABF and DHF being ns and alike 
divided by the Lines AE and DG, FE will be: AB:: 


ae — Ac 
— — — 


FG: HD (a), that is, e— 5: 4 :: ec! 


— 


— — 


Prob. XXX. (a) Becauſe A F E, FG D, are ſimilar, 
FE: EA:: FG : GD; and becauſe AE B, DG, 
ate ſimilar, EA: AB :: GD : DH; whence FE: 
AB:; 210 r DH r 18.) 
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= HD. Moreover, FE will be: FB :: FG : FH (5), 


that is, cb: c: „ku. to which 
Ss 4+ $ -_ 


add BF, or 'c, and BH will be = =P, Where- 


ce — e. * 
18 to 


040 — . 0 — 


or —— to c) as BH to H D; that is, as the Tan- 
gent of the Angle HDB, or AB K to the x 
c 


fore 


I © (or ce—cb to ae - ac, 


Wherefore ſince a is ſuppoſed to be the Radius, 


O—C 
will be the Tangent of the Angle AB K; and there- 
fore, by reſolving them into an Analogy, it will be as 
e—ctoe—b(oGFtoGE), ſo e (or the Tangent 
of the Angle 2 0 ) to _ Tangent of the Angle 
ABK. 


Say, a as the Time n the firſt and ſe 
cond Obſervation to the Time between the firſt and 
third, ſo the Tangent of the Angle BAE to a fourth 
Proportional. Then as the Difference between that 
fourth Proportional and the Tangent of the Angle 
B A F, to the Difference between the ſame fourth Pro- 
portional and the Tangent of the Angle B A E, fo the 

angent of the Angle BAF to the Tangen of the 
— . 


8 5 1 
* * ” - 7 7 = oy 


(6) f . FE: EA:: FG: GD, and AE: 

DG : GH, therefore FE : EB: FG: GH 
(Eucl. IV. i8.); whence FE-: FB FG F H 
{ nth V. _ 


f 


PROBLEM 
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P Aan M XXXI. 


Rays of Luk om any ſhining ar lucid Point diverging to 4 
 refratting ſpherical Surface, to Yind the Concourſe of each 
ef the refrated Rays with the Axis of the pal paſſing 
through that lucid Paint. [See Fig. 31.] 


Let A be that lucid Point, and BV the Sphere, the 
Axis whereof is AD, the Center C, and the Vertex V; 
and let AB be the incident Ray, and BD che. gefracted 
Ray; and having let fall to thoſe Rays the Perpendicu- 
lars CE and CF, as alſo BG perpendicular to AD, and 
having drawn BC, make AC a, VC or BC r, 
CG = x, and OD = z, and AG will be =4 — x, 
BG = = Nr x, AB =4/aa—2ax+rr; and 
by reaſon of the ſimilar Triangles ABG and ACE, 


OBO. LAST Ke Ap'GD == + 
| vVaea—2ax+rr 


BD = Vr + 22x +77; and by reaſon of the ſimilar 


oth 2 r —xx_ 
Triangles DB G and DCF, CF= = JETT KE 


Beſides, ſince the Ratip of the Sines of Incidence 
and Refraction, and conſequently of 17 A to CF, is 
given, — that Ratio to be as 4 to 7, and 


2 will be — , 
2 — "my 
—— zZ ＋2Z K 


and multiplying croſs- ways. an and dividing by a . xg 


it will be VAR + 22x +I = z24/ag —2 x8 + rr, 
and by ſquaring and reducing the Terms into Order, 


2ffx% a 7 es 7 Then for the given —= 2 


aq — 24 ＋ „ 
write p, and q for the given a + — and zz will 
Wo: 4 be = 


z= = 
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be = 27 +77; and s = 2X 4v/PÞ*6=2prrx +6977, 
82 WE 4.4 - | * 7 — 2* 
Therefore 2 4s found; that is, the Length of CD, and 
conſequently the Point ſought D, where the refracted 
Ray BD meets with the Axis. Q. E. F. Ie 


! 

Here I made the incident Rays to diverge, and fall 

upon a thicker Medium ; but changing what is requiſite 

to be changed, the Problem may. be as eaſily reſolved 

when 1 Rays converge, or fall from a thicker Medium 
into a thinner one. 


PROBLEM XXXII. 
If a Cone be cut by any Plane, to find the Figure of the 
Section. [See Fig. 32 and 33.] 


Let ABC be a Cone ſtanding on a circular Baſe B C, 
and IEM its Section ſought ; and let KI LM be any 
other Section parallel to the Baſe, and meeting the for- 
mer Section in HI; and ABC a third Section, perpen- 
dicularly biſecting the two former in EH and K L, and 
the Cone in the Triangle ABC. And producing E H 
till it meet AK in D; and having drawn EF and DG, 
parallel to K L, and meeting AB and AC in F and G, 
call EF=a, DG =b, ED c, EH gx, and HI =y; 
and by reaſon of the ſimilar Triangles EH L, EDG, 


ED will be: DG :: EH: HL = E. Then by 
reaſon of the fimilar Triangles DEF, DH K, DE will 
be: EF:: DH: (c—x in the thirty-ſecond Fi- 
gure, and c + x in the thirty-third Figure) HK = 
— . Laſtly, ſince the Section KIL is parallel to 
the Baſe, and conſequently circular, HK x HL will 
be = HIg, that is, 2 N 2 55% an Equa- 

5 $7 tion 


7 "_ - "1 25 
. © 
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tion which. expreſſes the Relation between E H (x) and 
HI (5), that is, between the Axis and the Ordinate of 
the Section EI M; which Equation, ſince it expreſſes 
an Ellipſe in the thirty-ſecond Figure, and an Hyperbola 
in the thirty-third Figure, it is evident, that that Sec- 
tion will be Elliptical or Hyperbolical. 5 


Now if ED no where meets A K, being — 
it, then HK will be = EF (a), and thence — * 


| c 
(HK x HL) = yy, an Equation expreſſing a Parabola. 
| ProBLEm XXXIML 
If the right Line X Y be turned about the Axis A B, at 
" the Diſtance C D, with a given Inclination to the Plane 
D CB, and the Solid PQRUT'S, generated by that 
Circumrotation, be cut by any Plane as INQLK, t 
find the Figure of the Section. [See Fig. 34. "EY 


Let BHQ, or GH O, be the Inclination of the Axis 
AB to the Plane of the Section; and let L be any Con- 
courſe of the right Line X Y with that Plane. Draw 


DF parallel to AB, and let fall the Perpendiculars 


LG, LF, LM, to AB, DF, and HO, and join 
FG and MG. And having called CD a, CH =, 
HM = x, and ML = y, by reaſon of the given Angle 


GHO, making MH: HG :: 4: , 7 will be = 


GH, and b + 7 = GC or FD. Moreover, by rea- 
ſon of the given Angle LDF (viz. the Inclination of the 
right Line XY to the Plane G CDF) putting FD : FL 


2 27 5, it will be =+ SE = FL, to whoſe Square 
add FG? (DCg, or aa) and there will come out GL 
| T 3 = 86 
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W 2 Be bb eaxs Hence TI 
| ence ſub- 

94 F. Br "agg. * * FTE 
ma MGg (HMyg—HGg, en re 0 and 


8 will remain ieee + 2b bb, UP x = 


agg 

Are Pare X xx T= — :MLy) = 55. an 
Equation that expreſſes the Relation between x and 
that is, between HM the Axis of the Section, aud 1. 
its Ordinate. And therefore, ſince in this Equation x 
and y aſcend only to two Dimenſions, it is evident, that 
the Figure INQLE is a conic Section. As for Ex- 
ample, if the Angle MHG is greater than the Angle 
LDP, this Figure will be an Ellipſe ; but if leſs, an 

Iyperbola 3 and if equal, either . or (the 
Points C and H moreoyer coincidiag) a Parallelogram. 


2 22 + 


| C343 » 
Parr Nix. 42 
If yo ref AD of a given Length dicular to AF; 
and E D., one Leg of à Square D E F, puſi continually 
| through the Point D, while the ather Leg EF qual 10 
. AD ſlide upon A F; 10 nd the Curve HA C, which the 
Le * F. deſcribes by i ts middle Point, C. [See Fig. 35 J 


| Let EC or CF be = a, the Perpendicular CB , 
AB=x; and on account of the ſimilar Triangles 
FBC, FEG (a), it will be BF lag = : BCA 
CF (y+34) ::,EF F (44) 3 £6 * wh ot: * 
| „„ 


v 1 + \ 
4 


| "1 
1 11 


© $ © Fx 
+4 4 1 4 - 


LE A424 — ns ad : * 
- 


— — 


8 1: 
2 ow 


Fab. xxxlv. 10 For ther are „ e in E. 
and B, and have the Angle EF G common. 


-- 
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or Ar (b). Wherefore de (= AF = AB 
PS. fd) ww 


+ BF) = x + AEST Now by multiplying by 
| 2 there is made 225 + 244 44 — 595 
T= Vi , or 20% + 4a +15 Q . 
and by ſquaring the Parts, divided by 4/ a +4 (c), 
and ordering them, there comes out gp + 3ayy 


The ſame thera [See Fig. 36. j. 


On BC take at each End, BI, and CK, equal to CF; 
and draw KF, HI, HC, and DF; whereof let HC 
and DF meet AF, and IK, in M and N, and upon HC 


let fall the Perpendicular IL; and the An 75 K will be 
=4 BCF =: EGF = GFD=AMH=MHt 


= CIL (d); ; 1 EE the PI TH 
angle, 


Mens 
. _ 4 — — * * p 2 


(5) The Triangles DAG, FEG, are roftingulas' in 
A, and E, and have the Angles at G vertical, that is, 
equal, and the Side D A equal to E F by Sappoſition, 
wherefore AG = = GE; and Triangle DAG = FEG. 


(c) For a* +205 +3 =@F 75 =7 TIX 
VII xVatz; but I Md wr 
X VNL whence dividing 
by Va +5 + y, and ſquaring, 43 + 3a* y + 3ay* yt +97 

= #24 — yx*, and tranſpoling, P + 35 +3 +# + x* 
Ky + toy on” Tp. 3 

(d) The Triangle CKF being Ne" Or by Con- 


ſtruction, the exterior BCF is double of C KF, or 
: 5 ay CFK; 
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angles K BF, FBN, HLI, and ILC will be fimilar, 
Make therefore FC =a, HI = x, and IC ); and 
BN (24 - y) will be: BK (y) :: LC:LH :: Clg 
(yz) : HIg (xx), and conſequently 2 axx —yx# 
= y*. From which Equation it is eaſily inferred, that 
this Curve is the Ciſſoid of the Antients, belonging to a 
Circle, whoſe Center is A, and its Radius AH. 3 


* 


ProBLEM XXXV, | 
If a right Line ED of a given Length ſubtending the given 
% EAD, be /o pA that its Ends D — E —— 
touch the Sides AD and AE of that Angle; let it be 0 
275 to determine the Curve FC , which any given Point 
in that right Line ED deſcribes. [See Fig. 37.] 


From the given Point C draw CB parallel to EA; 
and make AB =x, BC , CE =a, and CD , 
and by reaſon of the ſimilar Triangles D CB, DEA, it 
will be EC: AB:: CD: BD; that is, : „:: 35: 
BD = **. Beſides, having let fall the Perpendicular 


— — 
CH, by reaſon of the given Angle DAE, or DBC, 
and conſequently of the given Ratio of the Sides of the 


right- 


3 


— ol. SS” ”5 Wa >» — * * 2 


CFK; but the Triangles B CF, and EGF, bein 
ſimilar, EG F is double of GF D, or GDF, (EG 
and BCF being equal) therefore the Triangle DGF is 
equicrural; whence the Angles FDG, D, KFC, 
CK F, are equal: But the * BCF + CFB make 
one right Angle; whence NFK is alſo a right Angle; 
and a Circle, whoſe Center is C, and Radius C K, will 
aſs through the Points F, and N: Whence NC = 
C = DH, and HC and DF are parallel; and 
GFD = AMH; and AMH = MHI; and MHI = 
CIL, for the Triangles HIC and CLI, being rect- 
angular at I and L, and having HCI common, are 
ſimilar. 
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right-angled Triangle BCH, you will have a: :: BC 
| : BH, and BH will be = _ Take away this from 


BD, and there will UD kes Now in 
the Triangle B CH, becauſe of the right Angle B H C, 
it is BCg — BHq = CHg; that is yy — = CHg. 


In like manner, in the Triangle C DH, j of che 
right Angle CHD, it is CDg = CHq = HDg; that is, 


bb —yy t 2 (=HDg = , * 


22 24222-2422 and by Redadden y y = | 


aa 
2be aabb — bbxx Wo | 
o Where, ince the un- 


known Quantities riſe but to two Dimenſions, it is evi- 
dent that the Curye 1 is a conic Section. Then extracting 


the Root, you will have y= ro Ie — 
Where, in the radical Term, the Coefficient of xx is 
ee — aa. But it was a: :: BC: BH; and BC is 

neceſſarily a greater Line than B H, viz. the Hypothe - 
nuſe of a right · angled Triangle is greater than the Side 
of it; therefore à is greater than e, and e 44 is 2 
negative Quantity, and conſequently the Curve wil be 


- an Ellipſis. 


PROBLEW 
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0 3328 N " by LO 4 8 2a. T I * 44 
non 2462. 5 PROBLEM XXXY 1. a! 38:7 

If the Ruler EB D, forming a right Angle, be fo moved, 
that one Leg of it, EB, 7 the right 
Angle E A B, while the End of the other Leg, B D, de- 
ſcriles ſome curve Line, as FD; io find that Line FD, 
which the Point D deſcribes. [See Fig. 38. 88 


From the Point D let fall the Perpendicular D C to 
the Side AC; and making AC D x, and DC = yy 
and EB, and BDS. In the Triangle BDC, 
by reaſon of the right Angle at C, BCq is,= BDg — 
DCF =bb—yy. Therefore BC =V/bb — yy; and 
AB N VN =. Beſides, by reaſon of the ſimilar 
Triangles BEA, DBC, it is BD: DO:: EB: AB; 
that is, 64.9.3: 0: x + /IÞb.— . Wherefore by —bx 
v bb — Jy = 43, or by —ay N 77 — 75. 
And the Parts being ſquared and duly reduced 55 = 
— — 1 — b l — And ang _ Root y = 
— is — 2 Whence it is again evi- 


dent, that the Curve is an Ellipſis. 


This is ſo where the Angles E B D and EAB are 
fight; but if thoſe Angles are of any other Magnitude, 
as long as they are equal, you may proceed thus : bay 
Fig. 39.] Let fall DC perpendicular to A C as before, 
and draw DH, making the Angle D HA equal to the 
Angle HA E, ſuppoſe obtuſe, and calling EB = ay 
BD =, AH=x, and HD = y; by reaſon of the 
ſimilar Triangles EAB, BHD, B 5 will be: DH :: 


EB: AB; that is, 5 n,. AB 7. Take 


this from A H and there will remain BH = x — 2. 


Beſides, 
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Beſides, in the Triangle DH C, by reaſon of all the 
Angles given, and conſequently the Ratio of the Sides 
given, aſſume DH to HC in any given Ratio, ſuppoſe 


as b to e; and ſince DH is y, HC will be =, and 


HB x'HC = : — . Laſtly, by the 1a, 


2 Elem. in the Triangle BHD, itis BDg = BHg + 
DHq + 2BH x HC; that is, bb = xx — 2 + 


572 +2 J + — _— — — And extracting the 


— oy + — 
Root x = 23 25 — — . 
when 6 is greater than e, that is, when ee — 33 is a 
negatire Quantity, it is again evident, that the Curve is 


an Ellipſe. 


PROBLEM XXXVII. 


In the given Angle PA B having any how drawn the oe 
Lines, BD, PD, in à given Ratio, on this Condition, that 
BD ball be parallel to AP, and PD terminated at the 
given Point P in the right Line A P; 10 22 the Locus 7 
the Point D. See Fig. 41.] 


Draw CD parallel to AB, and DE eG to 
AP; and make AP g a, CP = x, and CD = = , and 
let BD be to PD in the ſame Ratio as 4 to e, and AC. 
or BD will be = a—x, and PD ===>. More- 
over, by reaſon of the given Angle DCE, let the Ratio 


of CD toCE beas d to f, and CE will be = 2. 


and EP . But by reaſon of the Angles at E 
being 
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being right ones, it is CDg—-CEg (= EDg) =PDg— 


EPg; that is, yy I = —— —— N 


— xx þ+ —2 . and blotting out on each Side 


— 2 2 and the Terms being rightly diſpoſed, y y = 


2fxy 1 ce -e fers —ddxs and ex- 
| dd : | 


tracting the Root y = 

| / E + Pr” aus 

VY cvean —2ttcax —ddxx 

+ 8 — : on +Ff 4 ; « 


fr 
p git 
Where, ſince x and y in the laft Equation aſcends 


only to two Dimenſions, the Place of the Point D will 
be a conic Section, and that either an Hyperbola, Para- 


bola, or Ellipſe, as ee — dd + V, (the Co- efficient of 
xx in the laſt Equation) is greater, equal to, or leſs than 
nothing. 


ProBLEM XXXVII. 
The two right Lines V E and V C being given in Poſition, 
and cut any haw in C and E by another right Line, PE 
turning about the Pole P, given alſo in Poſition ; if the 
intercepted Line C E be divided into the Parts CD, DE, 


that have a given Rats to one another, it is propoſed to 
find the Place of the Point D. [See F ig. 42. propoſe 


Draw VP, and parallel to it, DA and E B, meeting 
VC in A and B. Make VP=a, VA=x, and AD 
y; and ſince the Ratio of CD to DE is given, or 
converſely of CD to CE, that is, the Ratio of DA to 


EB, let it be as @ to e, and EB will be = J. Be- 
ſides, 


+ 
$% 
4 
* 
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fides, ſince the Angle EV B is given, and r 
the Ratio of EB to VB, let that Ratio be as e to f, and 


VB will be = 27. Laſtly, by reaſon of the fimilar 


Triangles CEB, CDA, CPV, itis EB: CB:: DA 
:CA::VP: VC, and by Compoſition EB + VP : : 
CB+VC:: DAT V: CA TC; that is, 


275 E. 21 T2: x, and multiplying together 


— Means 2 Extremes eyx + dax = fyy Jay. 
Where ſince the indefinite Quantities * 201 y 3 
only to two Dimenſions, it follows, that the Curve VD, 
in which the Point D is always found, is a conic Sec- 
tion, and that an Hyperbola, ecauſe one of the inde- 
finite Quantities, viz. æ is only of one Dimenſion, and 
in the Term ey is anlupliel by the other indefinite 
one 5. | 


ProB LEM XXXIX. 


If two right Lines, AC and BC, in any given Ratio, are 
drawn from the two Points A and B given in Poſition, to 
a third Point C, to find the Place of C, the Point 7 Con 


courſe, [See Fig. 43. 


Join AB, and let fall to it the Perpendicular CD; 
and making AB = a, AD x, D Cg), AC will be 
Vr, BDS -a, and BC (= /BDg+DC3) 
=vVxx - 2% + aa + yy. Now lince there is given 

the Ratio of AC to BC, let that be as d to ; and the 
Means and Extremes being multiplied together, you will 


have evxx+yy=dv/#a—2ax 4 ＋ , and 
ddaa — 2ddax ͤji 

by Reduction 7 xx =y. Where 

fled) xx is negative, and affected only by Unity, and 


alſo the 8 ADC a right one, it is evident, that the 
Curve 
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Curve in which the Point C is placed is a Circle; vis. 
in the right Line A B take the Points E and F, ſo that 
4: e:: AE: BE:: AF: BF, and EF will be the Di- 
ameter of this Cirele. CAS | 9 0 

And hence from the Converſe, this Theorem comes 
out, that in the Diameter of any Circle E F produced, 
having given any haw the two Paints A and B on this Condi- 
tim, AE: AF:: BE: BF, and having drawn from 
theſe Points the two right Lines AC and BC, meeting the 
— in any Point C; AC will be to BC in the 
given Ratio , AE to BE. e 


28. panfu XI. + 
If a lucid Point, as A, dart forth Rays towards a refra- 
ing plain Surface, as CD; to find the Ray AC, whoſe 

— Part CB will firite the given Point B. [See 

igure 51.] : | 


From that lucid Point let fall the Perpendicular AD 
to the refracting Plane, and let the refracted Ray BC 
Meet with it, being produced out on both Sides, in E; 
and a Perpendicular let fall from the Point B in F, and 
draw BD; and making AD =a, DB =}, BF = c, 
DC = x, make the Ratio of the Sines of Incidence and 
Refraction, that is, of the Sines of the Angles CAD, 
CE D (a), to be 4 to e, and fince EC and AC 
(as is known) (5) are in the fame Ratio, and AC is 

| * 4 4 ＋ x x, 
Prob. XL. (a) For, drawing through the Point C a 
Line perpendicular to the Surface C D, the Angle CAD 
is alternate, and therefore equal to the Angle of Inci- 


dence, and CE is oppoſite at the interior Parallel, and 
therefore equal to the Angle of Refraction. | 


(4) For in the Triangle ECA, the Sides EC, CA, 


* » „ 
—_—_ 


are as the Sines of the oppe fue Angles CAE, or CAD, 


and CEA. 


f 


Ty 
f: 
4 
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E225 EC will be =S VToFTe Beſides, 


ED > (= /EE7= EDT) * 88 


x, and DF = FF — 3 and EF VI 
97. — — xx. x, Laſtly, becauſe of the ſimi- 


* wem rE 


4 


kur Triangbes ECD, EBF, it is ED: DC: EF: FB, 
and multiplying the Values of the Means and — 
— r 


„ e 


into one b c 


N= —cA+x X 3 n 7 — 2 


LEE EET a 21 2 aid Pers 
of the erde being ſquaſed and —_ diſpoſed, 1 


＋Adce 
' + ddaaaxs = 24dgacx + ddgace 
* WY” - 22 1 11 a 
2 I : 7 29 


PROBLEM XLI. 


7 find the Focus or Place of the Vertex of a Triangle D, 
275 age AB. is given, and the Angles at the. Baſq 
DAB, DBA, have à given Difference. ['See Fig, 52. 


Where the Angle at the Vertex, or (which is the 
fame Thin bent the Sum of the Angles at the Baſe 
is 22 2 Cin. 29. 3. ] has taugbt us, that the 

Locus of the Vertex is 2 the Circumſerence of a Cirele; 
but we have propoſed the finding the 2 when the 
Difference of the Angles at the Baſe is Let the 
Angle D BA be greater than the Angle AB, and. let 
ABF be 2 given Difference, the right Line BF 

meeting 


A 
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meeting AD in F. Moreover, let fall the Perpen- 
dicular DE to B F, as alſo D C perpendicular to AB 
meeting BF in G. And making AB =*a, AC = 
and C D = y, BC will be = a — x. Now, ſince in 
the Triangle BCG there are given all the Angles, there 
will be given the Ratio of the Sides BC and GC, let 
chat beas d to 4, and CG will be = = ==; take 
away this from D C or. y, and there will remain D G 
==. Belides, becauſe of the fimilar Tri- 
angles BGC, and DGE, it is BG: BC :: DG: DE. 
But in the Triangle BG C, it is a:d:: CG: BC, 
And conſequently aa : dd: 12 * BCg, and by 
compounding 2 ＋ 4% dd: ad : : BGg : BC, and 
extracting the Roots / aa +4dd:d(::BG: BC) 
:: DG: DE. Therefore DE = dy ooo 

4 + dd 

Moreover, ſince the Angle AB F Is the Difference of 
the Angles BA D and ABD, and conſequently the 
Angles BAD and FB D are equal, the right-angled 
Triangles CAD and E BD will be fimilar, and there- 
fore the Sides proportional, or DA: DC:: DB: DE, 


But DCis=y DA (VAC DC) = 

of xx ＋ 57. DB (= + BCz + DC) = 

4a — 2 ＋ xx + yy, and above DE was 
ES” 1... Db 22 Wherefore / F777 : Wo. 


aa + dd 7 = 
— 2 
Wr = Fax Foo : eater, 


and the Squares of the Means and Extremes being 
e * $i other, Ne — 2@xyy + 


4 42 75 


E 
s 


» 
ww -. 
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* dd xx yy. + 4d yt 
3 ſp © —— 1 
A-2424. +2adys" Ka 4 EK . yy 
bas: TY” aa + dd 9 
eee. * 
* aa + dd | n nr 
all the Terms by aa dd, and reduce thoſe Terms that 
come out into due Order, and there will ariſe 


— 2 —24 + 5 — ddyy 


x * x3. xXx x — 24) =0, 
2dd 
+2, +a + . 


Divide this Equation by xx — a x 49 and there 
; eos v yy 

_ off _ FF 
+ = „ © —dy 
therefore two Equations in the Solution of this Prob- 
lem: The firſt, xx — ax TY =0 is to a Circle, 
viz. the Place of the Point D, where. the Angle FBD 
is taken on the other Side of the right Line B F than 
what is deſcribed in the Figure, the Angle AB F being 


the Sum af the Angles DAB and DBA at the Baſe, 
and ſo the Angle ADB at the Vertex being given. 


will ariſe xx =0; there come out 


| — 2 has” 
Fhelaf, Viz. xx + 24, x 2 = o, is an Hy- 


perbola, the Place of the Point D, where the Angle 
"BD obtains the Situation from the right Line B F, 
which we deſcribed in the Figure; that is, ſo that the 
Angle ABF may be the Difference of the Angles DAB, 
DBA, at the Baſe, And this is the Determination of 


the Hyperbola : Biſect AB in P; draw PQ, making the 
Angle BPQ equal to Half * Angle ABF: To * 
| Ww 
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draw- the Perpendicular P R, and PQ and P R will be 
the Aſymptotes of this Hyperbola, and B a Point thro? 
which the Hyperbola will pass. 


Hence ariſes -this Theorem. Any Diameter, as AB, 


of a right-angled Hyperbola, being drawn, and having. 
drawn the right Lines AD, BD, AH, BH, from its 


Ends to any two Points D and H - of the Hyperbola ; 
theſe right Lines will mate equal Angles D AH, DB, 
at the Ends of the Diameter. 


The ſame after a ſhorter Way, 


At PROBLEM xxiv. I laid down a Rule about the 
moſt commodious Election of Terms to proceed with in 
the Calculus of Problems, where there happens any Am- 
biguity in the Election of ſuch Terms. Here the Dif- 
ference of the Angles at the Baſe is indifferent in reſpect 
to both Angles; and in the Conſtruction of the Scheme, 
it might equally have been added to the leſſer Angle 
DAB, by drawing from A a right Line parallel to BF; 
or fubtradt 


tract it, but add Half of it to one of the Angles, and 
ſubtract Half of it from the other. Then ſince it is alſo 
doubtful whether AC or BC muſt be made uſe of for 
the indefinite Term whereon the Ordinate D C ſtands, 
I uſe neither of them; but I biſect AB in P, and I 


make uſe of PC; or rather, having drawn MP 
[See Figure 53.] making, on both Sides, the Angles 
A 


PQ, BPM, equal to Half the Difference of the 
Angles at the Baſe, ſo that it, with the right Lines 
AD, BD, may make the Angles DQP, DM, equal; 
J let fall to MQ the Perpendiculars AR, BN, DO, 
and I uſe DO for the Ordinate, and PO for the in- 
definite Line it ſtands on. I make therefore PO = x, 
DOS, AR or BNS , and PRorPN =<c. 
And by reaſon of the ſimilar Triangles BNM, DOM, 

BN will be: DO:: MN: MO. And by Diviſion 
'DO—BN (H-) : DO (C.) :: M 68 N 


ed from the greater Angle DBA, by drawing 
the right Line BF. Wherefore [ neither add nor ſub- 


GEOMETRICAL QUESTIONS. 29# 


{ON or c ); : MO. Wherefore MO = — — 


In like manner on the other Side, by TEE, of the 


fimilar Triangles ARQ, DOQ, AR wilt be : DO 
:: RQ: Q ©, and by Compoſition DO—+AR 


(y +85) : DO()): : QO+RQ(OR or c+x) 
: QO. Wherefore 20 = 4 = Laſtly by rea- 
ſon of the equal Agles DMQ; DQM; MO ind Q0 
are equal, that i is, LEY = = 2 24.2 2. Divide all 


, and multiply by the Dessins e, and thete will 
9 c = - e- A -, 
or c =-xy, the moſt noted es that * the 


Hyperball.,, SWORE 1 f 


| Moreover, the ecus or Place of the point D might 
hays been found without an algebraic Calcuhus ; for 
oo wha t we have fald above, DO — BN': ON 
O (QO): : DO + AR OR. That is, 
DO N DO -- BN : : ON : OR. And 


iixtly (e, DON un. 


OR — ON (0 P). And conſequently, DO Ne; OP 
— BN * * 


Prob. XLI, (a) For DO —B 

ON : OR; whence DO — 

(= 2DO) : DO + BN :: NO + OR : OR; 
u 


— 


whence alſo DO BN: DO + BN — DO + BN 
(=2BN)::OQR: OR — ON; conſequently 
ex æquo ord. 2 DO: 23BN :: R : 
RO - ON; and dividing by 2, DO: BN :: 


RO+ON. RO—ON 


6 2 
. U 2 PROBLEM 
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P ROBLEM XLII. | 


| To find the Locus or Place of the Vertex of a Triangle whoſe 
| Baſe is given, and one of the Angles at the Baſe differs by 
| a given Angle from being double of the other, - 


In the laſt Scheme of the former Problem, let ABD 
be that Triangle, AB its Baſe biſected in P, APQ or 
BPM the third of the given Angle, by which DBA 

8 exceeds the double of the Angle DAB; and the Angle 
DM will be double of the Angle DQM (a). To 
PM let fall the Perpendiculars AR, BN, DO, and 
biſect the Angle DMQ by the right Line MS meetin 
DO in S; and the Triangles D 6 SOM, will 
ſimilar; and conſequently OQ : OM :: OD :' OS, 
and by dividing OQ— OM: OM :: SD: Os: :: 
(by the 3. of the 6th Elem.) DM : OM. Wherefore 

by the 9. of the 5th Elem.) OQ - OM = DM. 
ow making PO g x, OD =y, AR or BN g=, 
and PR or PNS c, you will have, as in the former 


cy —x cc +xy 
and conſequently O OM = LEY, 


| yobb 
Make now DOg + OMgqg = DM g, that is, yy + 
cc - 2c ͤ + xx _4bbcc — 8bexy + 4xxyy YH 


Jy —2by +36 77© y* — 2bbyy + 64 


and 


— — 
* . > 


Prob. XLII. (a) Becauſe BPM = PERS 
and becauſe DBP = DMQ + BPM, therefore 
DMQ = 2 DAQ + 3 BPM — BPM = 2DAQ_ 
+ 2 BPM = 2 DAQ + 2APQ; but DM 
DAQ + APQ; therefore DMQ = 2 DQM, 
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and by due Reduction there will at length ariſe - 


Xe, 721 - Ws * 
** — 2c 177721175 22 PP. 


— 31. nn + bbxx 


Divide all by y — 5, and it will become 
1 5 
2777 A y if 454 ako 
— 3xx —bxx F 


Wherefore the Point D is in a Curve of three Dimen- 
foal ; which, however, becomes an „ when the 
tigle B M vaniſhes or becomes not ing; or, which 

is the ſame Thing, when one of the Angles at the Baſe 
DBA is double of the other DAB. For then BN or 5 
vaniſhing, the Equation will become y „ 234 + 


2X - cc. 


And from the | Conftraion of this Neno there 
5 con this Theorem. [See Fig. 54.] F to the Center 
and Aſymptates CS, CT, Sd. the Angle SCT 

f 120 egrees, you de ride - Flyperbola, as DV, 
2575 Semi- Axis are CV, 3 produce CV to B, 
Re LS ſhall k=Vvc, ond fron A ond . 
how the right Lines 'AD D, mettin the 
4755 ; the ang BAD will be Half i Angl: 
D, but a third Part of the Angle ADE, which the 
right Line AD comprehends with B D produced. This 
is to be underftood of the Hyperbola that paſſes through 
the Point V. But if the two right Lines Ad and Ba, 
|  U3 drawn 


* 
— - FRY $64.4. A 18 _ 
— 


(b) Becauſe 5 259 b4 =3F—=3T5 + 37 
it is ſufficient to multiply 7 > wry 265257243173 


and c — 2c ͤ ＋ N by y® — 2by ＋ 5*; then 
abbreviating, and tranſpoſing, the Biquadratic emerges, 


* 
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drawn from the ſame Points A and B, meet in the op- 
polite Hyperbola that paſſes through A, then of thoſe 


two pn eagle of the Triangle at the Baſe, that 
at B will be double of that at 4. * 


Erol XIII. 
To deſeribe @ Circle through two given Points, that Hall touch 
4 @ right Line given in Poſition [See Fig. 55] 8 


Let A and B be the two given Points, and E F the 
right Line given in Poſition, and let it be required to 
deſcribe e AB E through thoſe Points which ſhall 


touch that right Line FE. Join AB, and biſect it 


in D. Upon D erect the Perpendicular DF meeting 
the right Line FE in F, and the Center of the Circle 
will fall upon this laſt drawn Line DF, as ſuppoſe in 
C. Join, therefore, C B; and on F E let fall the Per- 
pendicular CE, and E will be the Point of Contact, 
and CB and CE equal, as being Radii of the Circle 
ſought. Now ſince the Points A, B, D, and F, are 
given, let DB = a, and DFS I; and ſeek for DC 
to determine the Center of the Circle, which therefore 
call x. Now in the Triangle C D B, becauſe the Angle 
at D is a right one, you have//DBg + DCg, chat 
Is vV aa xx = CB. Alſo DF — DC, or b — x 
= CF. And fince in the right-angled Triangle CFE 
the Angles are given, there will be giyen the Ratio of 
the Sides C F and CE. Let that be as d to e; and CE 
will be = x CF, that is, = . Now 
put CB and CE (the Radii of .the Circle ſought) 
equal to one another, and you will have the Equa. 
tio TT TT = = Whoſe Parts being 
| Fquared* and multiplied by 4 d, there ariſes * - 
Gadd ＋ 4A = eb! — z cebæ + eqxx; or x& 
i 960 Wrs'lh WE. £05: | ; : f = 
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71 —2 agdd + ren? And extracting the 

3 — 22 
LDeelrdVeebb + ecaa = ddaa 

Roots 1 dd — ee | 


— 
— 


Therefore the Length of D C, and conſequently the 
Center C is found, from which a Circle is to be deſ- 

cribed through the Points A and B that ſhall touch the 
1 ight Line E. : n 


7 PROBLEM XLIV. | 
To deſcribe a Circle through a given Point, that ſhall touch 
two right Lines given in Poſition, [See Fig. 56.] 


N. B. This Propo Jon is reſolved as Prop. 43. 
1 for the P 25 A Fu Lge there is alſo 
given the other Point B. 055 4.9 


Suppoſe the given Point to be A; and let EF, FG, 
be the two right Lines given by Poſition, and AE G 
the Cirele ſought touching the ſame, and paſſing through 
that Point A. Let the Angle E FG be biſected by the 
right Line C F, and the Center of the Circle will be 
found therein. Let that be C; and having let fall the 
Perpendiculars C E, CG, to EF and FG, E and G 
will be the Points of Contact. Now in the Triangles 
CEF, CGF, ſince the Angles at E and G are right 
ones, and the Angles at F are. Halves of the Angle 
E FG, all the Angles are given, and conſequently % 
Ratio of the Sides CF, and CE or CG. rs that be 
as d to e; and if, for determining the Center of the 
Circle ſought C, there be aſſumed CF-= x, CE or CG 


will be = . Beſides, let fall the Perpendicular A H 


to FC, and ſince the Point A is given, the right Lines 
AH and FH will be given, Let them be called @ and 6, 
and taking FC or x from FH or b, there will remain 
CH:=b—x. To whoſe Square bb — 25 * ＋ xXx 
add the Square of AH or aa, and the Sum aa + bb — 

v4 2bxa + xx 
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23 + xx will be ACq by the 47. 1. Eucl., becauſe the 
Angle AHC is, by Suppoſition, a right one. Now 
make the Radii of the Circle AC and CG equal to each 
other ; that is, make an Equality between their Values, 
or between their Squares, and you will have the Equa- 


EEXNXN 


tion a + bb — 2bx + ## Q Take away x « 
from both Sides, and changing all the Signs, you will 
have — 324 — bb + 2bx = xx — _ . Multiply 
all by 4d, and divide by dd — ee, and it will become 
—aadd —bbdd + 2bdds _ _ 

7... ̃ Tf es. Gabon Wahi a 

The Root of which Equation being extracted „ is & 
[heme Lb LL 2. Therefore the 
Length F C is found, and conſequently the Point C; 
which is the Center of the Cirele ſought. 

If the found Value x or FC be taken from 5 or HF, 
there will remain HC = =£2b+4v/2ebb+eran—ddas 

#4 44 — ce 

the ſame Equation which came out in the former Prob- 
lem, for determining the Length of DC. 


PROBLEM XLV. 


To deſeribe a Circle through two given Points, which ſhall 


touch another Circle given in Poſition, [See Problem 21, 


Let A, B, be the two Points given, EK the Circle 
given in Magnitude and Poſition, F its Center, AB E, 
the Circle ſought, paſſing through 7 Points A and B, 
and touching the other Circle in E, and let C be its 
Center. Let fall the Perpendiculars CD and FG to 
AB being produced, and draw CF cutting the Circles 
in the Point of Contact E, and draw alſo „ 

; | 5 


bi 
: ; 
*. 
*. 
| 

* 
5 
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, meeting CD in H. Theſe being thus con- 
PRIN D or DBS 4, DG or HF = 5, 
G Fg e, and EF (the Radius of the Circle given) 
= d, and DC x; and CH will be (= CD — FG) 
= X — C0 LT CHE RE 7 nes 
+ cc +bb, and CBq (= CDg + DBg)==#*#*+ as, 


— — T— 


and conſequently CB or CES N + aa. To this 
add EF, and you will have CF = ATV + aa, 
whoſe Square dd + aa xx +244 xx + aa, is 
equal to the Value of the ſame CF found before, viz. 
xx —2cx cc. Take away from both Sides 
xx, and there will remain 4d + aa + 24 xx aa 
=cc+bb—2ex. Take away moreover 4d + aa, 
and there will come out 2 4 V Ta + bb — 
dd —aa—2cx. Now, for Abbreviation ſake, for 
cc + bb — dd — aa, write 2 gg, and you will have 
2d xx TA = 222 — 2, or dy) xx Þ+ aa= 
zg — cx. And the Parts of the Equation being ſquared, 
there will come out ddxx + ddaa = g* — 28 ger 
＋ecxx. Take from both Sides 4dag and cc x, and 
there will remain dd && -C = g* — ddag = 
22gcx. And the Parts of the Equation being divided by 
17 | 94 — ddaa = 2g9c x 
dd — cc 
And by Extraction of the affected Root, x = 
— ggc + v g*dd — d* aa + ddaacc. | 
: | dd — C - xd 


_ Having found therefore 4 or the Length of D C, 
biſect A B in D, and at D erect the Perpendicular DC 
_wmggc+dy/ g+* —aadd=t aacc Then from 
hs {> "a dd — cc K l 

the Center C, through the Point A or B, deſcribe the 
Cirele ABE; for that will touch the other Circle E K, 
and paſs through both the Points A, B. Q. E. F. 


d d 299 you will have xx => 
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Des XI VI. 


Tod ſcribe 5 Circle through a given Point which ſhall touch 
a given Circle, and ah a * Line, both given in Po- 
fitton, [See Fig. 58. ] | 


Let the. Cirdle to be deſctibed be BD, its ter 8 
and B a Point through which it is to be deſeribed, and 
AD the right Line which it ſhall touch; the Point of 
Contact D, and the Circle which it ſhall touch GE M, 
its Center F, and its Point of Contact E. Join CB, 
CD, CF, and CD will be perpendicular to A D, and 
C F will cut the Circles in the Point of Contact E. 
Produce CD to Q, ſo that DQ ſhall be =EF, and 
through Q draw CN parallel to AD. Laſtly, from B 
and F to AD and MN, let fall the Perpendiculars BA, 
FN; and From C to AB and F N let fall the Perpen- 
diculars CK, CL. And ſince BC is = CD or AK, 
BK will be (= AB—AK)= AB—BC, and coa- 
ſequently B = AB —2AB x BC —+BC . 
Subtra& this * B C 4 and there will remain 2 AB 
X BC — ABg for the Square of C K. Therefore 


AB Xx 25 — AB is =CKg; and for the ſame 


Reaſon it will be FN X 2FC— FN — =-CLg, and 
conſequently Sr EL {EF AB'=2BC, and * + 
FN=2FC. ch if for AB, CK, FN, KL, 
and CL, you write a, y, b, c, and c —y, you will 


bare 22 +4 BC. and NA: þ 


= FC. From FC- take away BC, and there will re- 
* Ec — 2 cy ＋ 22 x x 
main EF = _ I WT þ 2 = 4 4: 
Now, if the Pet, where FN. beigg produced cuts the 
right Line A D and the Circle. G EM, * marked with 
the Letters H, G, and M, and upon HG produced -2 
2 = AB, fince H N (=DQ=EF) is = 


by 
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by adding FH-on both Sides, you will have FN = GH. : 
and — AB - FN (= HR — GH) = GR, 

and AB FEN +2EF; chat is, a = b+2EF=RM, 
and 2a 2D ＋ EF= 3 RM. Wherefore, ſince 
aboye EF was = — — +27 +236 — == — 2 a, 


if this be written for EF you will have + RM = 
n 2 —2 . Call therefore RM, 4; and 
- + # 22 ; . 


jill wat 2-2 22 — —— Multiply all the 


l 


will ariſe 


— 20, =) And extracting 
— * 2 e — " 


the Root, y = —— ＋ * 


Which Concluſions may be thus abbreviated; make 
c 3 :: die, then a—b:a::c:f; and e — e 
+ 2 fy will be = yy, or y = F+4/ ff +fe—fe 
Having found y or K C or AD, take AD = f + 
Fr Fc, and at D erect the Perpendicular DC 


* KC AB; 
(= BC) =-IÞ +3 AB; and from the Center C, 


at the Interval CB or CD, deſcribe the Circle BDE, 
for this paſling through the given Point B, will touch 
the right Line AD in D, and the Circle GEM in E. 


Q. E. F. * 


Hence alſo a Circle may be deſcribed which ſhall 
touch two given Circles, and a right Line given in Po- 
ſition. [See Fig. 59.1 For let the given Circles be RT, 
SV, their Centers B, F, and the right Line given in 
Poſition PQ, From the Center F, with the Radius 

| 3 FS 
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FS — BR, deſcribe the Circle EM. From the Point 
B to the right Line PQ let fall the Perpendicular BP, 
and having produced it to A, fo that PA ſhall be = BR, 
through A draw AH parallel to PQ, and deſcribe a 
Circle which ſhall paſs through the Point B, and touch 
the right Line AH and the Circle EM. Let its Center 
be C, join BC, cutting the Circle RT in R; and the 
Circle KS deſcribed from the ſame Center C, and the 
Radius C R will touch the Circles RT, SV, and the 
right Line PQ, as is manifeſt by the Conſtruction. 


Pros XLVII. 


To deſcribe a Circle that ſhall paſs through a given Point, 
and touch twa other Circles given in Poſition and Mag- 
nitude. [See Fig. 60.] | N 


Let the given Point be A, and let the Circles given in 
Magnitude and Poſition be T IV, RHS, their Centers 
C and B; the Circle to be deſcribed AIH, its Center D, 
and the Points of Contact I and H. Join AB, A 
AD, DB, and let AB produced cut the Circle RH 
in the Points R and 8, and AC produced, cut the Circle 
TIVin T and V. And having from the Points D and 
C let fall the Perpendiculars DE to AB, and DF to 
AC meeting AB in G, and CK to AB; in the Tri- 
angle ADB, it will be ADg —DBqg+ABzg=z 
2AE x AB, by the 13 of the 2 Elem. But D | 
AD + BR, and conſequently DBq= ADS + 2A 
Xx BR 4+ BRg. Take away this from AD ABg, 
and there will remain ABq—2AD x B R — BR 
for 2 AE x AB. Moreover, AB % - BR is = 


AB — BR N ABFBK=AR x AS. Where- 
fore, AR N AS — 2 AD x BR=2AE x AB. 

ARX AS - 2ABXT AE . 
And Fx —=2AD. 


And 
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And by « like resſoning in the Triangle ADC, 


chere will come out again 2AD = = 
Winde Ne TAL CAT 
r = Ge A 
Th | 8 71 * — AP; 
Whence fince it is AK: AC:: AF: AG, AG will be 


TAV 8 2BAE LANG 


hy ad RAS | = 2 2KAE . 
main GE = IT.” FT r 


AIK. Whence ſince it is * KO ar . DE; 


A "Av 2 RAB 
DE will be = FK AK T T 


1. men take AP, which let be to AB as 


* 


TKC 

2 PAE 2BAE 
CT toBR, and "cx will be = —— BR au fo 
2PEXAL wn 2 2 KA E and ſo DE 2 


| CT r 
lt. — TAY — "PEE, * es Upon AB 


"TAV ,, CT 
ereQt the Perpendicular e - 


I and 
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and in it take S- * and A0 will be 
— DE. ' —IÞ'e 5 


Join DO, DQ, * CP, and the Triangles 90 
0 P, will be ſimilar, becauſe their Angles at O an 
K are right ones, and the Sides (KC: PK:: AE, 
or DO: 8 )- propgryjonal. Therefore the Angles 
OQD, K are equal, and conſequently QD is 
perpendicular: VB CP. Wherefore if AN be drawn 
N to CP, and meeting QD in N, the Angle 

en be a right one, and the Triangles AQN, 

ſimilar ; 5 and —R—_ £* KK _ 4% 


RAS N 


er KS AV CT: 
Il be 6 
RC- AN wn R TT ape Produce 


ANtoM, ſo that NM ſhall be = AN, and AD will 
be =DM, and Oo the Circle will paſs through 
the Point M. 1 


Since bebe thy Point Mi is given, mw follows 
this Reſolution of the * 2 any farther 


Analyſis. 


Upon AB take AP, which muſt be to AB as Fr. 
to BR; join CP, and draw parallel to it AM, which 


RAS TA 
mall be to AIR as CT to PC; and by the 


Help of the forty- fifth Problem, deſcribe through the 
Points A and M the Circle AT H M, which ſhall touch 
either of the Circles 1 R * and the ſame Circte 
ſhall touch both. Q. E. F 


And hence alſo a Circle 1 may be deſcribed, which 
ſhall touch three Circles given in Magnitude and Poſi- 
tion. For let the Radii of the given Circles be A, B, C, 
and their Centers D, E, F. From the Centers E and F, 

wit 


1 
, 
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with the Radii B + A-and C + A deſcribe two Circles, 
and let a third Circle which touches theſe two be alſo 
deſcribed, and, let it paſs through the Paint D; let its 
Radius be G, and its Center H, and a Cirele deſcribed 
on the ſame Center H, with the Radius G + A, ſhall 
touch the three former Circles, as was required. 


ESE ProBLEM 'XLVIM: © th 
F at the Ends of the Thread DAE, moving upon the fixed 
Tack A, there are hanged two Weights D and E, whereof 

the Weight E ſlides through the oblique Line BG; to find 


the Place of the Weight E, where theſe Weights are in 
Aquilibrio, [See Fig. 68.] 


Suppoſe the Problem done, and parallel to AD draw 
EF, which let be to AE as the Weight E-to the Weight 
D. And from the Points A and F to the Line BG let 
fall the Perpendiculars AB, FG. Now ſince the Weights 
are, by Suppoſition, as the Lines AE and EF, expreſs 
thoſe Weights by thoſe Lines, theWeight D by the Line 
EA, and the Weight E by the Line EF. Therefore the 
Body E, directed by the Force of its own Weight EF, 
tends towards F, and by the oblique Force EG tends 
towards G. And the ſame Body E by the direct Force 
AE of theWeight D is drawn towards A, and by the ob- 
lique Force BE is drawn towards B, Since therefore the 
Weights ſuſtain each other in Æquilibrio, the Force by 
which the Weight E is drawn towards B, ought to be 
equal to the contrary Force by which it tends towards G, 
that is, BE ought to be equal to EG. But now the 
Ratio of AE to EF is given by the Hypotheſis ; and by 
reaſon of the given Angle FEG, there is alſo given the 
Ratio of FE to EG, to which BE is equal. ercfore 
there is given the Ratio of AE to BE. AB is alſo 
given in Length; and thence the Triangle AB E, and 


the Point E will eaſily be given, viz. make AB = a, 
BE x, and AE will be 28 ag + xx ; moreover, 
let AE be to BE in the given Ratio. of d to e, and 


e /aa+xx 
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ev aa +xx will be = da. And the Parts of the 
Equation being ſquared and reduced, eeaa = ddxx— 


ea 


den 07 TEES = Therefore the Length BE 


is found, which determines the Place of the Weight E. 
Q. E. F. 


But if both Weights deſcend by oblique Lines, the 
Computation may be made thus. [See Fig. 64.] Let 
CD and BE be oblique Lines given in Poſition, through 
which thoſe Weights D and E deſcend. From the fixed 
Tack A to theſe Lines let fall the Perpendiculars A C, 
AB, and let the Lines EG, DH, erected from the 
Weights perpendicularly to the Horizon, meet them in 
the Points G and H; and the Force by which the 
Weight E endeavours to deſcend in a perpendicular 
Line ; that is, the whole Gravity of E, will be to the 
Force by which the ſame Weight endeavours to deſcend 
in the oblique Line BE, as GE to BE; and the Force 
by which it endeavours to deſcend in the oblique Line 
BE, will be to the Force by which it endeavours to de- 
ſcend in the Line AE, that is, to the Force by which 
the Thread A E is diſtended or ſtretched, as B E to AE, 
And conſequently the Gravity of E will be to the Ten- 


fion of the Thread A E, as GE to AE. And by the 


ſame reaſon the Gravity of D will be to the Tenſion of 
the Thread AD, as HD to AD. Let therefore the 
Length of the whole Thread DA + AE be c, and let 
its Part'A E be = x, and its other Part A D will be 
Sc xk. And becauſe AER — AB is = BEg, 
and ADg—ACqg,=CDy; let moreover, A B 
be = 4, and AC = 6, and BE will be = 
xy xx —aa, and CDS VK —2cx+tcic— bb, 
Farther, fince the Triangles BEG, CDH, are given 
in Specie, let BE: EG:: F: E, and CD: DH 3 7 4 
and E G will be = 7 — aa, and DH == 
y xx — 20x ++ c bb, Wherefore ſince G E: AE 

| :: Weight 
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: Weight E ; Tenfion of AE; and HD : AD: 
Weight D: Tenſion of AD; and thoſe Tenſions are 


Ex 


equal, you will wal E FE 97 þ. = Tenſion of AE 


X - 7 2 


De—Dx 
=" the Tenſion AD = 2 Fe from 


the Reduction of which] Equation there comes out gx x 
| xx —2cx + co—bb = Dc —Dxy/ xx —aa, 


2 + ggce 
FAE 2664 
5 — 55 ** + 2DDc 3 BDce * 

| —— . | 
2DDeaax DD. = 0. 3 1 


But if you deſire a Caſe wherein this problem may be 
conſtructed by a Rule and Compaſs, make the Weight D 


BE CD 
to the Weight E as. the Ratio Fe 9 the Ratio Dr 


and g will become = D (a); and ſo in the Room 
of the precedent Equatian you will have this, 


2 xx — 2acx *ÞFaaacc= o, or * = 33 


— 35 4 4 
8 — Sm tnnceeinns — 1 


—_— 


Prob. xLvni. (a) For DE 5 = and 5 Cc 8 1. 


and £:L£::D:E; whence Dr _ "mis 
5 
D g. | 


$3 Prone 
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B PROBLEM XLIX. | 
F on the String DACBF, that flides about the two Tacks 
A and B, there are hung three Weights, D, E, F; D 
and F at the Ends of the String, and E at its middle 
Point C, placed between the Tacks: From the given 
Weights and Poſition of the Tacks, to find" the Situation of 
the Point C, chere the middle Weight hangs, and where 
they are in Æęuilibrio. { See Fig. 65.} | 


Since the Tenſion of the Thread AC is equal to the 
Tenſion of the Thread AD, and the Tenſion of the 


Thread BC to the Tenſion of the Thread B F, the 


Tenſions of the Strings or Threads AC, BC, EC, will 
be as the Wei D, E, F. Then take the Parts of 
the Thread CG, CH, CI, in the fame Ratio as the 
Weights. Compleat the Triangle GHI. Produce I C 
till it meet GH in K, and GK will be = KH, and 
CK = + Ch, and. conſequently C the Center of Gra- 
vity of the Triangle GHI. For, draw PQ through C, 
perpendicular to CE; and perpendicular to that, from 
the Points G. and H, draw GP, HQ. And if the Force 
by which the Thread AC by the Force ef the Weight D 
draws the Point C towards A, be expreſſed by the Line 
G C, the Force by which that Thread will draw the 
ſame Point towards P, will be expreſſed by the Line CP; 
and the Foree by which it draws it towards K, will be 


expreſſed by the Line GP. And in like manner, the 


Forces by which the Thread B C, by means of the 
Weight F, draws the ſame Point C towards B, Q, and 
K, will be expreſſed by the Lines CH, CQ, and HQ; 
and the Force by which the Thread CE, -by means of 
the Weight E, draws that Point C towards E, will be 
expreſſed by the Line CI. Now fince the Point C is 
ſuſtained in Æquilibrio by equal Forces, the Sum of the 
Forces by which the Threads A C and B C do together 
draw C towards K, will be equal to the contrary Force 
by which the Thread E C draws that Point towards E; 
that is, the Sum GP + HQ will be equal to CI; 'and 
he Force by which the Thread AC draws the Point C 

3 towards 


— — ö 
= = —_ 
— Dae ara od 1 3 
SG Crimes. . 2 
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towards P, will qual to the contrary Force b 
which the Thread BC draws the ſame Point C — 
Q that is, the Line PC is equal to the Line C 
Wherefore, fince PG, CK, and QH are parallel, 


GK will be alſo = KH, and CK (= SE Fw) 
=: CI. Which was to be ſhewn, It remains there- 


fore to determine the Triangle GCH, . whoſe Sides GC 
and HC are given, together with the Line CK, which 
is drawn from the Vertex C to the Middle of the Baſe. 


Let fall therefore from the Vertex C to the Baſe CH 
the Perpendicular CL, and EAT bo CH will be = 


KL = CIT rnd nd on Tot, For 2 G K write 
GH, and having rejected the common Diviſor G H, 
and ordered the Terms, you will have GCg - 2K Cę 

CHyq = 2G Kg, or viGCq—KCg++: CH/ 
2 GK. Having found GK, or KH, . a 
together the Angles GCK, K CH, or DAC, FBC, 

zerefore, from the Points A and B in theſe given 
Angles DAC, FBC, draw the Lines AC, BC, meet- 
ing in the Point C; and C will be the Point ſought, 


But it is not always neceſſary to ſolve Queſtions that 
are of the ſame Kind, particularly by Algebra, but from 
the Solution of one of them you may moſt commonly 
infer the Solution of the.other. As if now there ſhould 


be propoſed this Queſtion, 


The Thread ACDB being divided into the given Parts 
AC, CD, DB, and its Ends being faſtened to the tuns 
Tacks given in Poſition, A and B; and if at the Points 

Diviſion, C and D, there are hanged the two Weights 
and F; from the given Weight F. and the Situation 
of the Points C and D, to know the Weight E. [See 
Figure 66.] WO LIPS © OP 
From the Solution of the former Problem the Solur 


tion of this may be eaſily enough found. Produce the 
2 Lines 


8 
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Lines AC, BD, till "they meet the Lines DF, CE, in 
G and H; and the Weight E will be to the Weight F 
as DG to CH. 


And hence, by the bye, ma; p car a Method of 
making a Balance of only may s, by which the 
Weight of any Body E may 1 known, from uy one 
gen W. F. 


P ROB LEM L. 
A Stone falling down into a Well, from the Sound of the 


_ firiking the — to determine the Depth of the 
Ve 


Let the Depth of the Well bed x, and if the Stone de- 
ſcends with an uniformly accelerated Motion through 
any given Space à in any given Time 6, and the Sound 
paſſes with an uniform Motion through the ſame given. 
Space à in the given Time d, the . r will deſcend 


through the Space x in the Time þ . 1 but the Sound 


which is cauſed by the Stone ſtrikimg upon the Bottom 
of the Well, will aſcend through the ſame Space x, in 


the Time = For the Spaces deſcribed by deſcending 


heavy Bodies, are as the Squares of the Times of De- 


ſcent; or the Roots of the. Spaces, that is, / x and / a 
are as the Times themſelves. And the Spaces x and 4, 
through which the Sound paſles, are as the Times of 


Paſſage. And the Sum of theſe Times 5 * and — E. 


is: the Time of the Stone's falling to the neben of che 
Sound. This Time may be known by Obſervation. 


Let it be t, and you will have i 75 ＋ = =t. And 5 
| — * ZE 


4 


v = —_ 1 — = And the Parts being + na ey 


pp 
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3 + <= =; And by Reduction x x = 
| - Fe 


* 
2adt + abb nd PTS Al having extracted the 
dd dd | | 


.- dt ＋ 2433 b : | 
Root x = = 47 — DNN 


PROBLEM * | * 


ry 
Having given the Globe A, and the Poſition of the Wall 
D E, and BD the Bong of the Center of the Globe B 
from the Mall; to find the Bulk of the Globe B, on. this 
Condition, that if the Globe A: (whoſe Center is in the 
Line BD, which is perpendicular ta the Wall, and pro- 
duced out beyond B), be moved in free abſolute Space, and 
where Gravity cannot act, with an uniform Motion towards 
D, until it ſtrikes againf} the other quieſcent Globe B; and 
that Globe B, after it is reflected from the Wall, ſhall meet 
the Globe A in the given Point C. [See Fig. 81.] 


Let the Velocity of the Globe A before Reflection 
be a, and by Problem XII. p. 192. the Velocity of the 


Globe A will be a a db == Ep and 
the Velocity of the Globe B after Reflection will be = 


2 -- A ; Therefars the Velocity of the Globe A to 


the Velocity of the Globe B, is as A—=Bto2A, On 
GD take gp D = GH, viz. to the Diameter of the 
Globe B, and thoſe Velocities will be as GC to G g 4 
g C. For when the Globe A ſtruck upon the Globe B, 
the Point G, which being on the Surface of the Globe 
B, is moved in the Line AD, will go chrough the 
Space G g before that Globe B ſhall ſtcike againſt the 
Wall, and through the Space g C after it is reflected 
from the Wall ; that is, through the whole Space & g 
A g C, in the ſame Timg wherein the Point F of the 
| 3 Globe 
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Globe A ſhall paſs through the Space G C, ſo that both 


2 meet and ſtrike one another in the 


8 Point C. Wherefore, ſince the Intervals B C and 


D are given, make BC=m, BD TCD =, and 


BG = x, and GC will be = m + x, and G5 778 
2G DDC - 22D =GB +BD+DC— 
2 GHS Ax, or n zx. 1 
had A — B to 2A, as the Velocity of the Globe A to 
the Velocity of the Globe B, and the Velocity of the 
Globe A to the Velocity of the Globe B, as GC to 
Gg +2gC, and c6hfequently A—B to 2 A, as GC 
0 5 ＋8 C;' therefore fince G C is m + x, and 
. N 


to G 

G 

mM * ton 34. Moreover, the Globe A is to the 
Globe B, as the Cube of its Radius A F to the Cube of 
the others Radius GB; chat is, if you make the Radius 
AF to be , as 54 to x*; therefore 31 -* ; 257 
65 A— B: 2A): : ＋＋ = : 32. And mul- 
fiplying the Means and Extreams by one another, you 
will have this Equation, * —- 3 - + 3x+ 
=2ms* +25*%, And by Reduction, 4 +* —#x? 


5 12 == 0. From the Conſtruction of which 


Equation there will be given x, the Semi- diameter of 


the Globe B; which being given, that Globe is alle 
5 But note, when the Point Clies on contrary Sides of the 
Globe B, the Sign of the Quantity 2 m muſt be changed, 
| PX - 4 an ; nn. | 
and written 35 e 2 
If the'Globe B were given and the Globe A ſought 
eh this Condition, that the two'Globes, after Reflecti 
ſhould meet · in C, the Queſtion would becafrer; viz. in 
the laſt Eguation found, & would be ſuppoſed to be given, 
and 7 to be ſought. Whereby, dy a due Reduction of 
that — beg Tertns ='58# - 2 being 
granflated to the contrary Side of the Equation, and — 


C= = 3x, A- B will be to 2 A as 


ff 2er 


: 8 ” * * Log 
Ks aro =" MEALS 
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Part divided by 54 — a+ zm, there would come out 
14 4 3. Where 5 wil be obtained by the 


— ck 


5* —n oF 2M 1 
bare Extraction of the Gabe Root. "SU I 


But if both, Globes d ing given, you were to find the 

Point C, in which th would. fall upon one another 

after RefleQion : FINES aboye it was A B to 2 A a8 
th 


| G C.to Gs + erefore by Inverſion and Com- 
poſition 3 12 Þ vill be i A —B A 
ast Ditanee 9b. Sy 


Pao LII. 


If two Globes, A and B, are joined tog gether by a ſal! Tir 
PQ, and the Glabe B hanging on the Globe A; if yo 
fall the Globe A, fo that both Globes may be in to Il to- 
ether by the ſole Force of Gravity in the ſame 4 
dicular Line PQ; and" then the lower Globe B, after i 
reflefled upwards from the Bottom or borizonta} Plane F6. 
it 'ſball meet the upper Globe A, 4 „ in a certain 
Point D: From the given Length of the Mead PQ, and 
the Diſtance D F of that Point D from the Bottom, ib fin 
- the Height PF, from which the 3 to be 


Att falls caufe this Effect. [See Fig. 53. ] 


Let a be the Length of the Thread PQ.” In the per- 
pendicular PORF from F upwards take F E equal to 
QR the Diatheter of the lower Globe, fo that when the 
loweſt Point R of that Globe falls upon the Bottom in 
E its upper Point Q ſhall poſſeſs the Place E; and let 

D be the Diſtance through which that Globe, after it 
is reſſected from the Bottom, ſhall, by aſcending, paſs, 
before it meets the upper falling Globe i in the Point D. 
Therefore, by reaſon. of the given Diſtance DF of the 
Point D from the Bottom, and the Diameter EF of the 
inferjor Globe, there will be given their Difference DE. 


Let that be , and let the Height RF, or QE, which 


that lower Globe * by falling * it before 
4 it 
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it touches the Bottom, be = x, by, reaſon it is un- 
known. And having found x, if to it you add EF and 


PQ, there will be had the Height PF, from which the 
upper Globe ought to fall to have the deſired Effet, 


Since therefore PQ is = a, and QE = x, PE will | 
be = a + x. Take away DE or 5, and there will re- 
main PD=a+x— 5. But the Time of the Deſcent 
of the Globe A is as the Root of the Space deſcribed in 
falling, or Y +- x — 6, and the Time of the Deſcent 
of the other Globe B as the Root of the Space deſcribed 
by its falling, or / x, and the Time of its Aſcent as the 
Difference of that Root, and of the Root of the Space 
which it would deſcribe by falling uy; femme Q to D. 
For this Difference is as the Time of Deſcent from D 
to E, which is equal to the Time of Aſcent from E to 
D. But that Difference is ,/ x —y x —b, . Whence 
the Time of Deſcent and Aſcent together will be as 
24/*#=——4/x — b. Wherefore, ſince this Time is 
equal to the Time of Deſcent of the upper Globe, it 
will be Y = =24/x——vVx—6. the Parts 
of which Equation being ſquared, you will have @ ＋＋ x 
—=b=5x—=b —avf x#— bs, or 4 2 4x— 
4 Vr — bx; and the Equation being ordered, 4 x — 4 
=44/xx rz; and ſquaring the Parts of that Equa- 
tion again, there ariſes 16 xx — © ax +.a4 = 16 xx 
— 16bx, or 4 =8ax 16 b and dividing} all 
I_ | mT 
een 
therefore as 8a — 165 to a, ſo 4 to * and you will 

But if from the given QE you are to find the Length 


of the Thread PQ or a; the ſame Equation 42 8 . 
16 bx, by extracting the affected quadratic Root, 


would give @= 4 N * — 10 %% ; that is, if 


you 
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you take QY a mean Proportional between QD and 
QE, PQ will be = 4 EY. For that mean Propor- 
tional will be Vx x x =, or „r =; which 
ſubtracted from x, or QE, leaves E Y, the Quadruple 
whereof is 44 —4y/ xXx — bx. 


But if from the given Quantities QE, or x, as alſo 
the Length of the Thread PQ, or a, there were ſought 
the Point D in which the upper Globe falls upon the 
under one; the Diſtance D E. or 5, of that Point from 
the given Point E, will be had from the precedent 
Equation aa 8 — 16 bx' by transferring 42 and 
165 x to the contrary Sides of the Equation with the 
Signs changed, and by diyiding the whole by 16 x, 
For there will ariſe — . Make therefore 
| * "Tr i | 
as 16 x to 8 - 4, ſo a to b, and you will have 6 
DE.) 1, „„ „ 6 ede 


Hlitherto I have ſuppoſed the Globes tied together, by 
a ſmall Thread to be let fall together. Which if the 

are let fall at different Times connected by no Threa 

ſo that the upper Globe A, for Example, being let fall 
firſt, ſhall deſcend through the Space P T before the 
other.Globe begins to fall; and from the given Diſtances 
PT, PQ, and DE, you are to find the Height PF, 
from which the upper Globe ought to be let fall, ſo that 
it ſball fall upon the inferior or lower one at the Point 
D; make PQ =a, DE =I, PT = 0, and QE x, 
and PD will be =a + — , as above, And the 
Times wherein the upper Globe, by falling, will de- 
ſcribe the Spaces PT and T D, and the lower Globe by 
falling before, and then by re-aſcending, will deſcribe 
the Sum of the Spaces QE + ED, will be as / PT, 
/PD—y/PT, and 2 QE -D; that is, as 
e, Va FF x—b—y/co and 2 % - N — 6. 
But the two laſt Times, becauſe the Spaces T D and 
QE + ED are deſeribed together, are equal. There- 
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fore TY T= -N = vx—b. Abd 


the Parts being ſquared a + — 2 4/ca Ter | 
=4+x —4Vxx — bx. Make a +c D e, and a — 6 


=, at and by a due Reduction it will be 4 x — e + 
24 cf +icx=44xx r, and the Parts being 
ſquared ee — Bex+1bxx+4cf+4cxÞ+16x — 4e 


XV cf +cix = 16xx — 16bx, And blotting out on 
both Sides 16 x , and writing an for ge. 4c, and alſo, 
writing for 84 — 166 — 4c, you will have by due, 


Reduction 16x —4eXvcf pos gu n. And 
the Parts being ſquared you will have 256 . + 
256 * — 128 cer = l cexg + ice + 16722 x 
Sn - 2mnx 1 mm. And 1870 ordered the Equa- 
n 25060 — I28 c: 
tion . — 9 ＋Tröcee * T beef =o. 0. 
— 2 1 ＋ ann 
By the Conſtruction of which Equation x or QE will 
be given, to which if you add the given Diſtances P 
and, EF, you will have the Height E. r was 0 
be found. | 


8 Lt. 


Tf two quieſcent Globes, the upper one A and the under ong 


B, are let fall at diffetent Times ; and the Inver Globe 
begins * fall in the _ Moment that the upper one, by 
falling, 41 pou PT; to find the Places 
a, f, which t 


terval or Diflance 1 x is given. [See Fig. 84. 


Since the Diſtances PT, PQ, and 7 are given, 
call the firſt a, the ſecond 5 the third c, and for P 
or the Space that the ſuperior Globe deſcribes b falling 
before it comes to the Place ſought a, put x. Now the 
Times whefein the upper Globe deſcribes the Spaces 
PT, Pn, Tx, and the lower one the Spare Q x, are 
as PT, VP, n and / Qx· IT 

| attcr 


falling ct, bes ſhall occupy when their In- 
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latter two of which Times, becauſe the Globes by fall. 
ing together deſcribe the Spaces T and Q x, are 1 
hence alſo 7 PY - PT will be equal to / Qx. 
Pe Was 2 4, and PT a, and by adding æ x, orc, | 
to P, and ſubtracting PQ, or 5, from the Sum, you 
will have Qz= r+ c=24, Wherefore ſubſtituting 
theſe, you will have KNV. And 
ſquaring both Sides of the Equatien, there will ariſe 
x+4#—24/#+=x +£= 5: And blotting out on 


- both Sides 4, and ordering the Equation, you will have 


d+ D e Ve. And having ſquared the Parts, 
the Square of a + 5 t will be = 4 ax, and that 
Square divided by 4% will be = #, or 4% will be to 
4 ** as un ＋ 5 c is to x. But from + found, 
or Pn, there is given the Place ſought, viz. à of the 
ſuperior Globe. And by the Diſtance of the Places, 
there is alſo given the Place of the lower one g. 


Arid heince; if Je were to fd ths Polit whete che 


leer Globe, by falling, will at length fall upon the 


ower one; by putting the Diſtanee x x = o, or by ex- 

tirpating c, ſay 4 is to a + as 42 ＋ 6 is to x, or Pa, 
and the Point T will be that ſought, | | 
And teciprocally, if that Point æ, or x, in which 
the upper Globe falls upon the under one, be given 
nd. you are to find the Place T which the lower Point 
of the upper falling Globe poſſeſſed, or was then in 
when the lower Globe began to fall; becauſe 4@ is to 
a.+b as a +b is to x; or multiplying the Means and 
Extremes together, 4ax = aa +2 ab + bb, and by due 
ordering of the Equation a@ = $45 — 2ab — bb; ex- 
tract the Square Root and you will have a = 2x — b — 
2 M - bx. Take therefore V, a mean Propor- 
tional between P and Q 7, and towards V take 
VT = V, and T will be the Point you ſeex. For 
V+ will be PA x Qs, that is = xXx I. 
or = / xx — x; the double whereof ſudtrated from 
2x —6, or from 2 Pr — PQ, that is, from PQ + 
; 2 QT 


x1 GHS AH. An 
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2 Qn. leaves PQ — 2VQ, or PV — VQ, that 


is, Wl. 


If, laſtly, the lower of the Globes, after the upper 


has fallen upon the lower, and the lower, by their Shock 


upon one another, is accelerated, and the ſuperior one 


retarded, the Places are required where, in falling, they 
ſhall acquire a Diſtance equal to a given right Line. In 
the firſt Place you muſt ſeek the Place where the upper 


one falls upon the lower one; then from the known 


Magnitudes of the Globes, as alſo from their Celerities 


where they fall on each other, you muſt find the Cele- 


rities they ſhall have immediately after Reflection, after 
the ſame Way as in Prob. XII. p, 192. Afterwards you 


muſt find the higheſt Places to which the Globes "= 
I 


theſe Celerities, if they were carried upwards, wou 
aſcend, and thence wy Saad will be known, which the 
Globes will deſcribe by falling in any given Times after 
Reflection, as alſo the Difference of the Spaces; and 
reciprocally from that Difference aſſumed, you may go 
back analytically to the Spaces deſcribed in falling, 


As if the upper Globe falls upon the lower one at the 
Point æ, [See Fig, 85.] and after Reflection, the Cele · 
rity of the upper one downwards be ſo great, as if it 
were upwards, jt would cauſe that Globe to aſcend through 
the Space 7N ; and the Celerity of the lower one down- 
wards was ſo great, as that, if it were upwards, it would 
cauſe the lower one to aſcend through the Space M; 
then the Times wherein the upper Globe would reci- 
procally deſcend through the Spaces N, NG, and the 
inferior one through the Spaces M, MH, would be as 


VINx, VNG, Mx, YM; and conſequently the 


Times wherein the upper Globe would run the Space 7 G, 
and the lower one x H, would be as 7 NG-yYNæ, 
to MH -V Mz. Make thoſe Times equal, and 
NG- VN will b=y/MH—y/Mrz. And, 
moreover, ſince there is oo the Diſtance GH, put 
by the Reduction of theſę 

two Equations, the Problem will be ſolved. As if M x 
is = , Nz =b, GH =c, G = x, you will have, 
| according 


75 
7 
. 
« 


4 
1 
4 
0 * 
E 
1 * 
. 
54 
* 
1 
* 
*7 
v5 ? 
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e to the latter Equation, e H. Add 
Me, you will have MH =a+c+ x. To * G 


add Nx, and you will have-N G = 6 + #, Which 


being found, according to the former Equation, Vb+x 
- b will be VTS -N. Write e for 
a+ , and /f for ya + l, and the Equation will 
become NTT = ve +x . And the Parts 
being ſquared þ + x = e + x +f—2 vef + f», or 
e+f—b=2vef+fx Fore +f—6 write gy 
and you will have g=24/ef+Ff x, and the Parts 
being ſquared, gg = 4*f + x, and by Reduction 


Kenn. | 
47". 


PROBLEM LIV. 


F there are twa Globes, A, B, wheresf the upper ane A fall- 
ing from the Height G, firikes upon another lower one B 
relies from the Ground H upwards ; and theſe Globes 
fo part from one another by Reflection, that the Globe A 
returns by Force of that Reflection to its former Altitude G, 
and that in the ſame Time that the lower Globe B returns 
to the Ground H; then the Globe A falls again, and frites 
| 1 the Globe B, rebounding again back from the 
. Ground ; and after this Rate the Globes always rebound 
| from one another and return to the ſame Place: From the 
given Magnitude of the Globes, the Poſition of the Ground, 
and the Place G from whence the upper Globe falls, to find 
the Place where the Globes ſhall /irike upon each other, 
[See Fig. 86. J 


Let e be the Center of the Globe A, and F the Center 
of the Globe B, d the Center of the Place G wherein 
the upper Globe is in its greateſt Height, g the Center 
of the Place of the lower Globe where it falls on the 
Ground, à the Semi-diameter of the Globe A, 6 the 
Semi-diameter of the Globe B, e the Point of Contact 
of the Globes falling upon one another, and H the Point 
of Contact of the lower Globe and the Grgund. And 

the 
2 


ee 
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the Celerity of the Globe A, where it falls on the 
Globe B, Vil be the fame which is generated "by the 
Fall of the Globe from the 2 de, and confequently 
Je 2s s y/ de, With this ſame Celerity the Globe A ought 
be reflected upwards, that it may return to its former 
Place G. And — Globe B onght to be reflected with 
the ſame Celerity downwards ; herewith it aſcended, that 
it may return in the ſame ” e to the Ground it took 
up in mounting from it, And that both theſe may come 
to paſs, the Motion of the Globes in reflecting ought to 
be equal. But the Motions are compounded of the Ce- 
lerities and Magnitydes to gether, and conſequently the 
Product of the Fan ang Cel rity of one Globe will be 
equal to the Produst alk and Celerity of the 
other. Whence, if the Product of the Bulk and Celerity 


of ons Globe be divided by the Bulk of the other Globe, 


you will have the Celerity of the other juſt before and 
after Reflection, or at the End of the Aſcent, and at.the 


Beginning of the Deſcent. Therefore this Celerity \ will 
be as —— or ſince the Globes are as the Cubes of 
the Radii as SL, But as the Square of this Ce- 


lerity to the 8 the Selerity of the Globe A juſt 
Pete Bae ba 15 the Height | th which the Globe 


3 would 1 85 ty lexity, if it was got 22 
def ecting the e upon it, ta the t 
f . om ch the 15 B deſcends That is, as 


TOP to de, or as Ag to By, or 9. to J, fo that firſt 


Height to x, if you put x for the latter Height c d. 
Therefore this Height, ber to which B would 2 


if it was not hindered, i 2 Let that be f K. To. 


FK 7 or UH — Je — [= $56 that is, 
N if for the given 4H — of A 
and x for the unknown dg ; and you will have Kg = 


. 4 Wihenes the Oder of the Globe B, 
when 
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when it falls from K to the Ground, that js, when it 
falls through the Space K 8, which its s Center would 


deſcribe in falling, will be as Ve « £m e." But 


that Globe falls from the Place B. cf to the Ground in 
the ſame Time that the upper Globe A aſcends from the 
Place Ace to its greateſt Height 4, or on the other Hand 
falls from d to the Place Ace; and therefore ſince the 
Celerities of ling Bodies are equally augmented in 
equal Times, the Celerity of the Globe B, by falling to 
the Ground, will be augmented as much as is the whole 
Celerity which the Globe A acquires by falling in the 
ſame Time from d to e, or loſes by aſcending from „ 

to d. Therefore, to the Celerity which the Globe B 
has in the Place Bey, add the Ceſerity which the Globe 
A bas in* the Place Ace, Py the Sum, which is ag 


7 + MS 2 or y/ x + 55 - y/ x, vill be the Ce- 
lerity of the Glove when it * on the Ground. There- 
fore / + 5; 7 will de equal to Vs 47 


3 5 | 
For I write 5, and „ and that 
Equation will become — * = Viz be. and the 
Parts being ſquared, r= — x+ þ. SubtraR from 
both Sides — x, multiply all into 5s, and divide by 


9 
17 — rt 
Equation would have come out more fimple, if I bad 
taken £ for * for there would have come out 
l SS 


rr rt, and there will ariſe x = 
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Fo . =. Whence making, that p — f ſhall be to-: 
as 5 to x, you will have x, or ed; to which if you add 
ece, you will have de, and the Point c, in which the 
Globes ſhall fall upon one another. Q. E. F. 


| note LY. 
Three Staves being erected, or ſet up an End, in fone cer- 
tain Part of the Earth perpendicular to the Plane of the 
Horizon, in the Points A, B, and C, whereof that 
which is in A is fix Feet long, that in B eighteen, and 
that in C eight, the Line AB being thirty Feet long; 
it ens. on a certain Day in the Year that the End o 
the Shadow of the Staff A paſſes through the Points 
and C, and of the Staff B through A and C, and © 
the Staff C through the Point A. Te find the Sun's 
Dieclination, and the Elevation of the Pole, or the Day 


and Place where this ſhall happen. [See Fig. 61.] 


Becauſe the Shadow of each Staff deſcribes a conic 
Section, or the Section of a luminous Cone, whoſe 
Vertex is the Top of the Staff; I will feign BCDEF 
to be ſuch a Curve, (whether it be an Hyperbola, Para- 
bola, or Ellipſe) as the Shadow of the Staff A deſcribes 
that Day, by putting AD, AE, AF, to have been its 
Shadows, when BC, BA, CA, were reſpectively the 
Shadows of the Staves B and C. And beſides Lill 
ſuppoſe PAQ to be the meridional Line, or the Axis of 
this Curve, to which the Perpendiculars BM, CH, 
DK, EN, and FL, being let fall, are Ordinates. 
And I will denote theſe Ordinates indefinitely by the 
Letter y, and the intercepted Parts of the Axis AM, AH, 
AK, AN, and AL, by the Letter x, I will ſuppoſe, 
laſtly, the Equation aa + bx - cxx = yy, to expreſs 
the Retarion of x and 5, (i. e. the Nature of the Curve) 


aſſuming a a, b, and c, as known Quantities, as they 
will be found to be from the Analyſis. Where I made 
the unknown Quantities of two Dimenſions only, becauſe 


the Equation is to expreſs a. conic Section: And I 
f omitted 


N 
; 
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omitted the odd Dimenſions of , becauſe it is an Ordi- 
nate to the Axis. And I denoted the Signs of þ and c, 
as being indeterminate by the Note T, which I uſe in- 
differently for + or —, and its oppoſite for the con- 
trary. But I made the Sign of the Square a affirmative, 
becauſe the concave Part of the Curve neceſſarily con- 
tains the Staff A, 8 its Shadows to the oppoſite 
Parts (C and F, D and E); and therefore if at the 
Point A you erect the Perpendicular Ag, this will ſome 
where meet the Curve, ſuppoſe in g;, that is, the Ordi- 
nate y, where x is nothing, will ſtill be real. From 
thence it follows that its Square, which in that Caſe is 
a a, will be affirmative. 

It is manifeſt therefore, that this fictitious Equation 


44 bbx+cxx=yy, as it is not filled with ſuper- 


fluous Terms, ſo neither is it more reſtrained than what 
is capable of ſatisfying all the Conditions of this Prob- 
lem, and will denote the Hyperbola, Ellipſe, or Para- 
bola, according as the Values of aa, 6, c, ſhall be de- 
termined, or perhaps found to be nothing. But what 
may be their Values, and with what Signs 6 and c are 
to be affected, and thence what Sort of a Curve this ma 

be, will be manifeſt from the following Analyſis. | 


The former Part of the Analyſis. 

Since the Shadows are as the Altitudes of the Staves, 
you will have BC: AD :: AB: AE (:: 18: 6) :: 3:1. 
Alſo CA: AF (:: 8: 6) :: 4: 3. herefore naming 
AM r, MB = , AH t, and HC = Lv. From 
the Similitude of the Triangles AMB, AN E, and 

r 


AHC, ALF, AN will bem — NE = 7 
AL == . ad LF =* i (a); whoſe Signs I 
put 


— = — — — 
Problem LV. (a). AB:AM=r:: AE: AN:: 
37 71 111: AN, whence AN AB: MB =5 


* q : AE 
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put contrary to the Signs of AM, MB, AH, HC, be- 
cauſe they tend contrary Ways with reſpect to the Point 
A from which they are drawn, or to the Axis PQ on 
which they ſtand. Now theſe being reſpectively written 
for x and y in the fictitious Equation ag + bx Lexx 
= FR... | | 
r and s will give 2% Lr Terre. 
— and — = will give aa T =; erregt. 


t and L v will give aa L bt b- ctt = vv. 
tand 2% will give aa ＋ 36bt + 2,ctt = . 


Now, by exterminating 33 from the firſt and ſecond 
2aa 
＋ 5 
=r (50. Whence it is manifeſt, that - 5 is affirma- 
tive. Alſo by exterminating v v — the third and 


fourth, to obtain 7, there comes out © 73 =# (e). And 
having 


nen in order to obtain 7, there comes out 


22 AE : NE :: 3: 12 1 : NE, whence NE = : 
CA:AH=t:: FA: AL:: 47: 3 AL, vkence 
AL = A AC: HC=vi:FA:FL::4:0: 


0? hes whence FL —= 25. =. 


(b) bois 844 ＋ 3br, i. e. ＋ 4br — Baa, 
2aa | 


-whence — — — 


— þ 
(sé) For 944 + POTTER = 1624 ＋ 12 2 3 
＋ 215 2744, i. e. 3b1=aa, . 


69 


4 
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having writ 26s for r in the firſt, and 7 - for t in che 


third, there ariſe 344 + LL = is (d), and 7 WE 


n 


, Moreover, having let fall B A \ perpendicular upon C a, 
BC will be : AD (:: : 3:1) :: Ba: AK :: Ca: DK. 


Wherefore, ſince B is (= AM A 2 r— ) 2 
= J). AR will be = * (C), or rathet' = 


if (o). Alſo fince Oxi RY BM =v + 


= 452 = 2 + Yes 4 45, it will be DR 


95 
"Cx 2 V x. 4c 42 4a*c 
(= ) V 27 81665 EXT 966" 


Which being reſpectively written in the Equation 


We bx Tc , for AK and DE, or x and 75 
| __ 


= * 


25 
becomes 42 — ps — —_ I LC 3444 


(d) By ſabſtituting _ for r, aa +- Br L er? = 57 
4906 4 a*c 
6b 


2 1. 
(e) But ſubſtituting 7 for t, aa £ bt Lott = v 


becomes 4 £29 4. , he: Fg 4: L53f= 1 
h 36 986 | 8 3 


(F) XXV. 3. (gs) 147. 
% As tending the contrary Way. | 
1 2 
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| oY 


40a , 256a*c _ 


9 81 27 
＋ 2 * E. 


there comes out 


And by Reduction — bb + 44 4c = + : 
+8 v 36 b+ L 51 aabbc + Tac; and the Parts 
being ſquared, and again reduced, there comes out 
— 5141 —_ : — +I c (4 
O = 143 196 aa be, or 2 2 (+). 
| | Whence 


1 q Y * - » . ” 
* A. 1 * * an. 
— - 


(i) By ſubſtituting — See for x, the Member aa + 


bx + cxx becomes aa — 8. WL; by 4 


„e. 


Go” 8775 9 


14 25 416 1 4524 a*c 
5 - and b *T; — 
aa Brzs 3 an y cabivuting \/ 27 ada ks F 77 


＋ v4 — 977 for 5, the Member y y becomes 


EY /- 2. 1 13 all 2 3642 1 
(= aa+ 2 4 = TK 5155 * 5777 =) 


37 a*c W | x VIE. _ be 13 
+2 3? or 2 aa 
Ir * 27 


37 a*c 4 a* 1 178% ee [ 

＋ Yar +? VE -3 CHEE TE, ; 
(4) By multiplying the above-mentioned d Expreſſion 
of the Equation of the Curve by 816b = v/ 72965, and 
by dividing it by a = 4/24, it becomes 350 L 25 an; 
= 396* ＋ 37a*c 2/557 + 5193 i 4a*c2, 
i, e. by 
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Whence it is manifeſt, that ＋ e is negative, and con- 
ſequently the fictitious Equation aa + bx Lc = yy 
will be of this Form, aa + bx — cxx =yy. And 
therefore the Curve, which it denotes, is an Ellipfis ; 
2 Center and two Axis are thus found. 


Making y So, as happens in the Vertex's of the 
Figure P and Q, you will have aa + bx = 2 and 


having extracted the Root x, = 2 2 5 272 — 3 
40 760 * c 
=} AP 8 (1). ; | 


And conſequently, taking AV = = , V will be the 


Center of the Ellipſe, and VQ, or VP ( WEE. { 


= 7 
the greateſt Semi-Axis. If, moreover, the Value of AV, 
or = be put for x in the Equation aa + by - c 


= yy, there will come out aa + _ yy. Where- 
| | fore 


— 


i. e. by Reduction and Tranſpoſition, — 52 ＋ 4 a*c = 
L /36b4 + 51454 b 40% „this ſquared becomes 
2p Da 25 con hate. = 144 b* T 20a b*c— 
16 a+ c*, and. by Reduction and Tranſpoſition, o 
143 54 I96 a* b* c, or, L 196 a*$*c=—143 b, 


whence + c = . 


196 4 a 

(1) Becauſe y o, aa X- c * 77 whence 

22 22. , 4 = +=. 
6 c 2c Tec 


Y 3 
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fore aa +7 — 2 vil be = =VZg, that is, to the Square 
of the jeaſt Semi-, Pry Laſtly, in the Values of 


AV,VQ, and VZ already found, writing LALLY 


1196 an 
f the 9825 * 1124242 3 
or c, there come out 1435 Av. 143 þ =VQ, 
and e vz (a). 


1/143 


4 — 1 a — 
& ie a” on „% „%%% „ 1 — * . A 


(m) By ſubſtituting - 2 for x, aa + bx —cxx = 75 


e e 90+ 1 
0% By ſubſtituting SIT TIO” FATTY | | * 
5 bag 24 14366 
Nes. ai Ir „ 
E 102d bY * 7 becomes y + VV : 
98 aa WE 98 aa 1444 _ 
1436 * 143 62 1436 : b v143 : 
T1 200 X 143 VILF __ 11209 XV143XVI43Xv143 
2163 5443 143 K N43 
— 1122443. Alſo \/as —= becomes Vos + 4249 
3 Alle V. + — 
V * —a/040aX3_ 
13 145 5 n 
2 


4/143 


2 | Vhe 


es... 
93 


| 
( 
ö 
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The other Part of the Analyſis, [See Fig. 62.] 


— * 


© Suppoſe now the Staff AR ſtanding on the Point A, 


and RPQ. will be the Meridional Plane, and RPZQ_ 


the luminous Cone whoſe Vertex is R. Let moreover 
TX Z be a Plane cutting the Horizon in VZ, and the 
Meridional Plane in T V X, which Section let be per- 
pendicular to the Axis of the World, or of the Cone, 


and the Plane TXZ will be perpendicular to the ſame 


Axis, and will cut the Cone in the Periphery of the 
Circle T Z X, which will be every where at an equal 
Diſtance, as RX, RZ, RT, from its Vertex, Where- 
fore, if PS be drawn parallel to IL X, you will have 
RS = RP, by reaſon of the equal Quantities RX, RT; 
and alſo SX XQ, by reaſon of the equal Quantities 


PV, VQ; whence RX or RZ = (= = =2 ) 1 2 


dicularly ſtands on the Plane RP Q, (as being the Sec- 
tion of the Planes perpendicularly ſtanding on the ſame 

Plane) the Triangle RV Z will be right - angled at V. 
Now making RA = d, AV e, VP or VQ=f 
and VZ = g, you will have AP =f — e, and 
RP = ff — 2ef + ze + 4d. Ao AQ = 
Fre and RQ r / Fee + dd; 
and conſequently R Z ( 8 S) = 
| eee WM 


— us NQ. Laſtly, draw RV, and ſince VZ perpen- 


2 ce + dd + 1 77 I. 
a . 


Whoſe Square 222 KELP + 


2 C 
z f*—2eeff + e* + 2ddff + 2ddee . is 
Y 4 equal 


* 
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equal (RVg +VZg = RAg+ AVa +VZg=) 
dd ++ ee + gg. Now having reduced, it is 

v ff —2eeff + ei LT + 2ddee o+ dv 
='dd + ee — ff + 2 gg, and the Parts being 
ſquared and reduced into Order, 4 d ff = ddgg + 


egg Hes Þ 85 os SLIT =dd + ee — ff 


82 bs V3. 84 98 
. en, e e © ge 
(the Values of AR, Ay, VQ, and VZ) being re- 


ſtored for and th Tt 6 — 2900? 
| 0 4 4 fo n & rad 14355 * 


192424 36 X 14 X 14 aa 

143 14375 | 
4 

494% + 36 X 4990 _ j, a. 


; and thence by Reduc- | 


en oa 4 n2v7 | 
| In 
(e) By ſubſtituting 6 for 4 Dy for e, 222 A 
for f, aud £2.23 for g3 ME aaa gs 


V143 z ? 
ee becomes 35 ( 255 22 — 462 — 
| 1436 my 64143 
i. e. £1444 „ 14; 196 4. 40aX3. 
25 Ton N * 14306 F 143 be) 
| 1 =( 36 X 14 X 144 i. e.) 36X14X 1400 | 
* 143 b IN 5 N 143.00 ? 
which by multiplying by 1435, and tranſpoſing, is 


36 * 143 + 192aabb = 7 * 35 x 14 X 1404; 
Rs TEE #3 whence, 
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In the firſt Scheme AMg MBR is = ABg, that 


is, rr +55 = 33 X 33- But r was I — — , and 2: 
0 

2 24 4 a* 1 

=3aa _ „ whence rr = TT” and (fubſtitu 


Go for c) 55 = 5 1 | Wherefore 4 - 


409 = 33 X 2% and thence by ReduQtion there again 
49 


4X490? 3 Putting theref, 
reſults 5335 — * b (p). Putting ther ore an 
Equality between the two Values of 53, and di- 


viding each Part of the Equation by 49, you will 
have 


ed ted 


mY 
= 


196 a4 -Þ- 36 X 14 X 1422 
"6 Xx 1657 + 10068 _ 
196 a+ + 4 X_ 196 42 ,- e. dividi 
192 aa + 5148 nen 
49 a* + 36 X 494 4 
48 aa + 1287 


() ph 5 +2 23 — "IM 
_ 4 588 4* — 572 a3 
* IT - x i.e " bb 3 n 


. a4a* 1a; — 4a* , 44a 

. f 466 .) 43 +55 35 5 
and multiplying by 49 5b, and ageing, 49 X 1089 44 
49 X 4a* _ 


whence, bb = 


X b* = 49 X 44*; whence bb = 


. 490* 
©, $3301 — "Try 


2 * 1089 — 444 


0 
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a* ＋ 3624 2 24 
48 aa + 1287 533601 — 444 
deing multipligd croſs-ways, ordered and divided by 49, 
there comes out 444 = 981 aa + 39204, whoſe Root 


= is = * = 280, 2254144 (r). 


have 


(2); whoſe Parts 


Above was found X 49a" _ b;, or 144 4 
53361—4 aa v5 3301 - * - 4 aa 
— þ, Whence AV (ED) i 7 53301 —=422 and 
| 1436 143 12 


11244 4/3 
VP or V ( | 08 — 1244 (5). 
: | | That 


n — 


— —_ 2 ** 


0 40 + 36X 4944 4K 494 
4844 ＋ 1287 353351 — 444 
2 4+ Pee:.__' 40+ 
_—_ ag 1287 + 48 3 


and di- 


— 2 9801, whence a4 — . Brag ag + 


(1) 8 8 


8 — (= DE + Sor) = 2255 whence 


- 


0 aa 90 =_ kat: 981 + 1260.8033149 __ 
„ Aa: 8 a OY 
280.2254144. | 


(5) bb = 4X: 4 4904 |  — 1444 X 1464 
£7 53361 + — 44g 53351 — 725 
Sole" 14 aa 6 EY 98 22 


whence 


v/ 53301 — 4aa 1436 by : 
98 4 N 
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That is, by ſubſtituting 280,2254144 for aa, and xe · 
ducing the Terms into Decimals, AV = 11,188297, 
and VP or VQ = 22,147085 ; and conſequently 
AP (PV — AV) = 10,958788, and AQ (AV+VQ) 
33335382 (t). | 


Laſtly, if à AR or 1 be made Radius, Z AQ or 
$,555897 will be the Tangent of the Angle AR Q of [9 
gr. 47.48”. and + AP or 1,826465 the Tangent of the 
Angle ARP of 61 gr. 17”. 57”. Half the Sum of which 
Angles 70 gr. 32'. 52". is the Complement of the Sun's 
Declination ; and the Semi-difference 9 gr. 14'. 56”. the 
Complement of the Latitude of the Place. Therefore, 
the Sun's Declination was 19 gr. 27'. 10”. and the La- 
_— of the Place 80 gr. 45. 4”. which were to be 
end, . | | 


— „— 


— 2 ** 


© + & # = . 


98 aa X d . 2 7 53301 — 42 VQ 


* 143 X 1486 2 1 

1122 v3 __ 112aa 3 x 453361 — 4 aa 

— nnr nn r 
143 5 : " 143 Xx 14 aa 


8 V3 Xx VJ — gas Hts war 4 
1 143 ” 143 4100083 — 124% 


(t) AV'—q v 53301 — 4 X 280.2254144 _ 
| 5 — 4 
2 * 52351 — 120.9016576 — 7 X v 52240.9016576 
r . 143 f 143 
2.8885 00 078008 = 11.188297. VQ= 
: 143 "uy * | 
8 160003 — 12 X 280.2284144 8 X 305. 880404 * 
28-004, Bf 143 72 
3166-043232 _— 22.147c85. 
143 g 
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PROBLEM LVI. 


From the Obſervation of four Places of a Comet, moving 
with an uniform right-lined Motion through the Heaven, 
to determine its Diſtance from the Earth, and Direction 


and Velocity of its Motion, according to the Copernican 


Hypotheſis. | See Fig. 73-] 


If from the Center of the Comet in the four Places 
obſerved, you let fall ſo many Perpendiculars to the 
Plane of the Ecliptick; and A, B, C, D, be the Points 
in that Plane on which the Perpendiculars fall ; through 
thoſe Points draw the right Line AD, and this will be 
cut by the Perpendiculars in the ſame Ratio with the 
Line which the Comet deſcribes by its Motion ; that is, 
ſo that AB ſhall be to AC, as the Time between the 
firſt and ſecond Obſervation to the Time between the 
firſt and third; and AB to AD, as the Time between 
the firſt and ſecond to the Time between the firſt and 
fourth. From the Obſervations, therefore, there are 
given the Proportions of the Lines AB, AC, AD, to 


one another. 


Moreover, let the Sun 8 be in the ſame Plane of the 
Ecliptick, and EH an Arch of the ecliptical Line in 
which the Earth moves; E, F, G, H, four Places of 
the Earth at the Times of the Obſervations, E the firſt 
Place, F the ſecond, G the third, H the fourth. Join 
AE, BF, CG, DH, and let them be produced until 
the three latter cut the former in I, K, and L, viz. 
B F in I, CG in K, DH in L. And the Angle, 
AI B, AKC, ALD will be the Differences of the 
obſerved Longitudes of the Comet ; AIB the Difference 
of the Longitudes of the firſt and ſecond Place of the 
Comet; AKC the Difference of the Longitudes of the 
firſt and third Place, and A LD the Difference of the 
Longitudes of the firſt and fourth Place. There are given 
therefore from the Obſervations. the Angles AI B, 


AKC, ALD. 


Join 


7 
' 
b 
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; Join SE, SF, EF; and by reaſon of the given Points 
- 8, E, F, and the given Angle ES F, there will be given | 
; the Angle SEF. There is given alſo the Angle S EA, | 
as being the Difference of Longitude of the Comet and 
Sun in the Time of the firſt Obſervation. Wherefore, 
if you add its Complement to two right Angles, viz. 
the Angle SEI to the Angle SEF, there will be given 
the Angle IEF. Therefore there are given the Angles 
of the Triangle [ EF, together with the Side EF, and 
conſequently there is given the Side IF. And by a like 
Argument there are given K E and PE. There are 
iven therefore in Poſition the four Lines Al, BI, CK, 
D L, and conſequently the Problem comes to this, that 
four Lines being given in Poſition, we may find a fifth, 
which ſhall be cut by theſe four in a given Ratio. 


Having let fall to AI the Perpendiculars BM, CN, 
DO, by reaſon of the given Angle AIB there js given 
the Ratio of BM to MI. But BM to CN is in the 
given Ratio of BA and CA, and by reaſon of the given 
Angle CKN there is given the Ratio of CN to KN. 
Wherefore, there is alſo given the Ratio of BM to KN; 
and thence alſo the Ratio of BM to MI — KN, that 
is, to MN IK. Take P to IK, as is AB to BC, 
and fince MA is to MN in the ſame Ratio, P MA 
will be to IK + MN in the ſame Ratio, that is, in a 

iven Ratio. Wherefore, there is piven the Ratio of 
BM to PT MA. And by a like Ar ument, if Q be 
taken to IL in the Ratio of AB to BD, there will be. 
given the Ratio of BM toQ + MA. And therefore 
the Ratio of BM to the Difference of P + MA and 
Q + MA will be alſo given. But that Difference, viz. 
P-4Q, or Q—P, is given; and therefore there will 
be given BM. But BM being given, there are alſo 
given P＋ MA and MI, and thence, MA, ME, AE, 

and the Angle EAB. = 
| Theſe being found, erect at A a Line perpendicular 
N to the Plane of the Ecliptick, which ſhall be to the Line 
| EA as the Tangent of the Comet's Latitude in the firſt 
L Obſervation 
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Obſervation to Radius, and the End of that Perpen- 
dicular will be the Place of the Comet's Center in the 
ficſt Obſervation. Whence the Niſtance of the Comet 
from the Earth is given in the Time of that Obſerya- 

tion. And after the ſame Manner, if from the Point B 
you erect a Perpendicular which ſhall be to the Line BF 
as the Tangent of the Comet's Latitude in the ſecond 
Obſervation to Radius, you will have the Place of the 
Comet's Center in that ſecond Obſervation. And a 
Line drawn from the firſt Place to the'ſecorid, is that in | 
which the Comet moves through the Heaven. 


PROBLEM LVII. 


If the given Angle CAD move about the angular Point A 
given in Poſition, and the given Angle CBD about the 
angular Point B given alſo in Poſition, on this Condition; 
that the Legs AD, BD, ſhail always cut one another in 
the right Line EF given likewiſe in Poſition ; to find the 
Curve, which the Pater ſeiie C of the other Legs AC; 
BC, deſcribes. [See Fig. 74.] . 


Produce CA to d, fo that Ag ſhall be = AD, and 
produce CB to 8, ſo that BJ ſhall be = to BD. Make 
the Angle Ade equal to the Angle ADE, and the Angle 
Bo equal to the Angle B DF, and produce AB on 
both Sides until it meet de and F in e and /. Pro 
duce alſo ed to G, that 4G ſhall be = , and from 
the Point C to the Line AB draw CH parallel to ed, 
and C K parallel to 7d. And conceiving the Lines eG, 
Vi to remain immoveable while the Angles CA Dy 
CBD, move by the aforeſaid Law about the Poles A 
and B, Gd will always be equal to 7, and the Tri- 
angle CH K will be given in Specie. Make therefore 
Ae a, eG g b, Bf = c, AB = m, BK = x, and 
CK . And BK will be: CK :: Bf: 7d. There- 


fore d= 2 = Gd. Take this from Ge, and there 
will 
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will remain ed = b — 2. Since the Triangle C KH 


is given in Specie, ids CK: CH:: d: e, and ca 


: HK : ½ and CH will be = , and HK = 


. And conſequently AH = m — x — . But 


AH: HC:: A: ed, that is, m — 25 2 22 
2:32. Therefore, by multiplying the Means 
* 
and Extreams together, there will be made 15 — 
x 


3 L 3+ LL 22 = 77, Multiply all 
the Terms by dx, and 4. them into Order, and 
there will come out | 


nt +46 
Senna 2 e —$dan + 24 = 


Where, ſince the unknown Quantities x an y aſcend 
only to two Dimenſions, it is evident, that the Curye 
Line that the yy C deſcribes is a Conick Section. 


Make 2 a en ie 


+3 2 the 


5 + N 7: 

Square Root mg. extrafted, 1218 7 * 4+ 22 27 2 + 
5 : pam , — bam ddmm 

DIP PR, * & + 7 83 1714 * 

Whence we 2 that the Curve is an Hyperbola, if 


= be. affirmative, or negative and leſs than ZZ, 
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and a Parabola, if 75 be negative and equal to 75 ; 
an Ellipſe or a Circle, if 75 be both negative and 


greater than 77 Q: E. I. 


| PROBLEM LVIII. 

To deſeribe a Parabola which ſhall paſs through four Points F 
given, [See Fig. 75.] © . 

Let thoſe given Points be A, B, C, D. Join AB, 


and biſe& it in E. And — E draw VE a right 
Line, which conceive to be the Diameter of a Parabola, 


the Point V being its Vertex. Join AC, and draw 


DG parallel to AB, and meeting AC in G. Make 
AB = a, AC , AG =, GD SA. Upon AC 
take AP of any Length, and from P draw PQ parallel 


to AB, and conceiving Q to be a Point of the Para- 


bola; make AP=x, PQ =y. And take any Equa- 
tion expreſſive of a Parabola, which may determine the 
Relation between AP and PQ, As that y is e 


Fe + 28 + bn. 


Now if AP or x be put =o, the Point P falling upon 
A, PQ or y will be = o, as alſo = — AB. And by 
writing in the aſſumed Equation o for x, you will have 
„ r + 4/22; that is, = e g. The greater of 


which Values of 3, e ＋ g is = ©, the leſſer e—g = 


— AB, or to — a. Therefore e =—g, ande —g; 
that is, —=2F = —4, ot g =+ a. And fo in room 


# = 


of the aſſumed Equation you will have this y = — 4 ; 
+ fs xy taa++bs (a). 


oY —_. i re 1 


Moreover, 


1 
— »„— — 


"" — 
* 


Problem LVIII. (a) When x , y eg, or 
„Se- g, by the aſſumed Equation; and y = o, = 
f A 
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: Moreover; if AP or x be made = AC, fo that the 
Point P falls upon C, you will have again P Q = o. 
For therefore in the laſt Equation write AC or b, and 
for y write Oz and you will have o =—3ia+f56 
+ 4 ＋ b, or 1 —fb = 4aa+6b; and 
the Parts being ſquared — afb T = hb, or 
Ib — fa = b. And ſo, in room of the aſſumed 
Equation, there will be had this, y = — 24 ＋ fx XZ 
V taa + ffobx — fax | 
Moreover, if AP or x be made = AG or c, PQ, 
or y will be =— GD or — d. Wherefore, for x and 
y in the laſt Equation write c and — d, and you will 
have —=d=—La+fc—=v Fas Me Fare, 
or la —d—fc=viaa+ffbc—fac. And the 
Parts being ſquared, —ad— fac + dd + 2dif + 
ce = ffbe— fac. And the Equation, beiffg ordered 
3 == 4d — ad 
r b—c 1 + be - cc 
that is, for GC write &, and that Equation will be- 
come ff = . f + . And the Root being 


extracted, 


, For 5 — c, 


8 * > — =F 


y = = AB = — a, from the Figure; whence putting 
e +g So, then e — g = — 4. From e +; =o, 
we have e =— g; whence, by Subſtitution, — 22 
=—,a; and g =4 4; and putting e g o, then 
e +— g = == 0» From e — go, we haye =; 
whence 2g = — 4, and g=— 43; whence, by 
Subſtitution in the aſſumed Equation, we have y = — 


La TVT + hx in the firſt Suppoſition, and 


-A TTVN + hx. 
2 | 
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extrafied, a. 7 * ot 245 EE _ But 7 


being found, the iba Equation, viz. y=— 4 4 
+ fx + Laa+ffbsx— fax will be fully deter- 
mined ; by whoſe Conſtruction therefore the Parabola 
will alſo be determined. The Conſtruction is thus: 

Draw CH parallel to BD, meeting DG in H. Be- 
tween DG and DH take a mean Proportional DK, 
and draw E I parallel to C K, biſecting AB in E, and 
meeting DG in I. Then produce IE to V, ſo that 
EV ſhall be to EI :: EBV: Dl; —EBg, and V 


will be the Vertex (5), VE the Diameter, and To 
the Latus Rectum of Be Parabola ſought (c). | 


PROBLEM LIX. 
To 4 eſcribe a conic Section through foe Points given. 
[ See Fig. 76. ] 


Let thoſe Points be A, B, C, D, E. ſoin AC, BE, 
cutting one another in H. Draw DI parallel to BE: 
and meeting AC in I. As alſo E K parallel to AC, 
and meeti-:2 DI produced in K. Produce ID F. 
and E K to G; fo that AH C ſhall be: BHE: 
AIC: FID :: EKG: FED, and the Points F 
and G will be in a conick Section, as is known. 


But you ought to obſerve this, if the Point H falls 
between all the Points, A, C, and BE, or without them 
all, the Point I muſt either fall between all the Points 
A, C, and F, D, or without them all ; and the Point 

| K be- 


92 2 — 
* Y * — 9 


— — 


(5) Becauſe VI: VE:: DI* : BE?, 
(c) Becauſe BEHV E Xx Latus Reflum. 


GEOMETRICAL QUESTIONS: 330 
K between all the Points D, F, and E, G, or without 
them all. But if the Point H falls between the two 
Points A, C, and without the other two. B, E, or bes 
tween thoſe to B, E, and without the other two A, C, 
the Point I ought to fall between two of the Points 
A, C, and F, D, and without the other two of them; 
and in like Manner, the Point K ought to fall between 
two of the Points D, F, and E, G, and without Side 
of the two other of them ; which will be done by taking 
IF, KG, on this or that Side of the Points I, K, ac- 
cording to the Exigency of the Problem. Having found 
the Points F and A biſect AC and EG in N and O; 
alſo BE, FD, in L and M. Join NO, LM, cutting 
one another in R; and LM and NO will be the Di- 
ameters of the conick Section, R its Center, and BL, 
F M, Ordinates to the Diameter LM. Produce LM 
on both Sides, if there be Occaſion, to P and A, ſo 
that BL ſhall be to F Me:: PLQ : PMQ, and 
P and Q will be the Vertex's of the conick Section, and 
PQ the Latus Tranſverſum. Make PLQ : LBg :: 
PQ: T, and T will be the Latus Rectum. Which 
being known, the Figure is known. 


It remains only that we may ſhew how LM is to be 
produced each Way to P and Q, fo that BL q may be 
: FMq:: PLQ: PMQ, viz. PLQ, or PLX LQ, 
is PR- LRXPR+LR; for PL is PR — LR, 
and LQ is RQ + LR, or PN + LR. Moreover, 
PR—LR x PR + LR, by multiplying, becomes 
PRq4—LR4q. And after the fame Manner, PMQ 
is PR + RM x PR — RM, or PRS — RM. 
Therefore BLq : FMꝗę :: PRy — LRG: PR 
RMgyg; and by dividing, BLq — FMz : FMg:: 
RMgqg — LRS: PRq — RMZ. Wherefore, fince 
there are given BLę — FMg, Fu and RM — 
LR, there will be given PRq — RMg. Add the 

iven Quantity RM, and there will be given the Sum 

R, and conſequently its Root PR, to which QR 
is equal. 8 4 
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de PROBLEM LX. 

To deſcribe a comick Section which ſhall paſs through four 
given Points, and in one of thoſe Points Pall touch a 
right Line given in Poſition, [See Fig. 77.] 


Let the four given Points be A, B, C, D, and the 
right Line given in Poſition be AE, which let the co- 
nick Section touch in the Point A. Join any two Points 
D, C, and let DC produced, if there be Occaſion for 
it, meet the Tangent in E, Through the fourth Point 
B draw BF 1 el to DC, which may meet the ſame 
Tangent in F. Alſo draw DI parallel to the Tangent, 
and which may meet B F in I. Upon F B, DI, pro- 
duced if there be Occaſion, take FG, HI, of ſuch 
Length as that it may be AEG: CED :: AF: 
BFG :: DIH : BIG. And the Points G and H 
will be in a conick Section, as is known; provided you 
take F G, IH, on the proper Sides of the Points F and 
I, according to the Rule delivered in the foregoing Prob- 
lem. Biſect BG, DC, DH, in K, L, a I. Join 
KL, A M, cutting one another in O, and O will be 
the Center, A the Vertex, and H M an Ordinate to the 
Semi-diameter A O; which being known, the Figure 
is known. 


PROBLEM LXI. 


To deſcribe a conick Section which ſpall paſs through three + 
given Points, and touch right Lines given in Poſition in 
two of thoſe Points. [See Fig. 78.] 


Let thoſe given Points be A, B, C, the Tangents 
AD, BD, to the Points A and B, and let D he the 
common Interſe&tion of thoſe Tangents. Biſe& AB in 
F. Draw DE, and produce it till in F it meets CF 
drawn parallel to AB; and DF will be the Diameter, 

and AE and CF the Ordinates to that Diameter. Pro- 
duce DF to O, and on DO take OV a mean Propor- 
7 | tional 
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tional between DO and EO, on this Condition, that 
alſo AE: CFg:: VEXVO FOE: vr N 
VO FEOF; and V will be the Vertex, and O the 
Center of the Figure. Which being known, the Figure 
will. alſo be known. But VE is = VO — OE, and 
conſequently VE Xx: VO,+ OE = V, O —0 E X. 
VOEOE—=VOz—OEg. Bekides, becauſe. © 
is a mean Proportional between DO and EO, VO? 
wilt be'= DOE; and conſequently'V O'g — OEq 23 
DOE —-OEF = DEO. And by a like Argument 

oft will have VF x VO + OF = VOg— OFs = 
DOE — OF. Therefore KE: CER:: DEO: 
DOE — OF. OF is = EOgq — 2FEQO þ FEg. 
And confequently DOE —- OFg = DOE —OEg 
+ 2FEO — FEg = DEO + 2FEQO — FER. And 

Eg: CFy :: DEO : DEO + 2FEO - FER :: 
DE : DE + 2FE — 10 Therefore there is 


given DE + TEA. Take nn from thi 


given Quantity DE + 2 FE, and there will remain 


FEES given. Call that N; and N wiil be = EO, 


and conſequently E O will be given. But EO being 
given, there is alſo giyen VO, the mean Proportional 
between DO and EO. | ah : 


After this Way, by ſome of Apollonius's Theorems, 
theſe Problems are expeditzouſly enough ſolved ; which 
yet may be ſolved by Algebra alone, without thoſe The- 
otems. As if the ficſt of the laſt three Problems be pro+ 
pofed : See Fig. 78.] Let the five given Points be 
A, B, C, D, E, through whieh the conick Section is to paſs. 
Join any two of them, A, C, and any other two, B, E, 
by right Lines intetſecting one another in H. Draw 
DI parallel to BE, my" ar in I; as alſo any other 
tight Line K L meeting AC in K, and che conick Sec- 
| : Z 3 tion 


\ 
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tion in L. And imagine the conick Section to be given, 
ſo that the Point K being known, there will at the ſame 
Time be known the Point L; and making AK = x, 
and KL = y, to expreſs the Relation between x and y, 
aſſume any Equation which generally expreſſes the conick 
Sections; ſuppoſe this, a + bx + c + dy + exy 
+ yy = ©. Wherein a, b, cd, e, denote determinate - 
Quantities with their Signs, but x and. y indeterminate 
Quantities. Now if we can find the determinate Quan- 
tities a, b, c, d, e, the conick Section will be known. 
Let us therefore feign the Point L to fall ſucceſſivel 

upon the Points A, C, B, E, D, and let us ſee what will 
follow thence. If therefore the Point L falls upon the 
Point A, in that Caſe AK and K L, that is, x and y, 
will be o. Then all the Terms of the Equation beſides 
4 will vaniſh, and there will remain a = Oo. Where- 
fore à is to be blotted out in that Equation, and the 
other Terms bx + cxx + 4 ex yy will be 
= o. 2 L fall Loy 2228 will be 
— AC, and LK or y = ©. Put therefore AC = f, 
and by ſubſtituting / for x and © for y, the Equation 
for the Curve bx Ter ＋ dy Þexy +955 = o, 
will become A = o, or b = — cf. And 
having writ in that Equation — / for 6, it will be- 
come — fx T c + dy + exy + yy =o. Far- 
ther, if the Point L falls upon the Point B, A K or x 
will be = AH, and KL or y = BH. Put therefore 
AH =g, and BH =, and then write g for x and 
h for y, and the Equation — cfx + cx, &c. will 
become — cfg egg +$dhb hegh +hhb = o. 
But if the Point L falls upon E, AK will be = AH, 
or x g, and KL or y = HE. For HE therefore 
write — 4, with a negative Sign, becauſe HE lies on 
the contrary Side of the Line AC, and by ſubſtituting 
g for x and — 4 for y, the Equation — fx + cxx 
fc. will become — cfg ＋ 4 gg - 414 —egh + t 
= ©. Take away this from the former Equation 
— cfg + cgg + dh + egh + hh, and there will re- 
main dh + egh + bh + dk + egf — tt = o: Di- 
vide this by hb + #, and there will come out ay eg 


* 
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+h—kt—=0. Take away this multiplied by h from 
* cfg + 22 + dh + eg b + hh = o, ny 

. . TY | 54 — 8 
will remain — cfg + £88 + O, or —_— 
c. Laſtly, if the Point L falls upon the Point D, 
AK or x will be = Al, and KL or y will be = ID. 
Wherefore, for Al write , and for ID, ; and like- 
wiſe for x and y ſubſtitute m and , and the Equation 
— fx Tex, &c. will become — cfm enn + 
dn Tena + nn=0. Divide this by n, and there 


will come out SLE — ＋ Ten L=. 
Take away d + eg + - =o, and there will re- 
main — } fo + 4 em - eg + 1254 4 = o, 


or . i t=g is. But now 
px | 


by reaſon of the given Points A, B, C, D, E, there are 
given AC, AH, AL, BH, EH, DI, that is, '/; g, m, 
1 h k 


8 5 Fer 
= c, there is given ce. But c being given by the Equa- 


h, X, u. And conſequently by the Equation 


tion — ＋ 2 -I Segen there is 


given eg — em. Divide this um Quantity by the 

iven one g — m, and there will come out the given e, 
Which being found, the Equation 4+ 2g + hb — o, 
ord =k — h — eg, will give d. And theſe being 
known, there will at the ſame Time be determined the 
Equation expreſſive of the conick Section ſought, viz. 
fx e + dy + exy + »y. And from that Equa- 
tion, by the Method of Des Cartes, the. conick Section 
will be determined. 


Z 4 Now 


* 
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Now if the four Points A, B, C, E, and the P6fition 
ok the right Line AF, which touches the conick Section 
in one of thoſe Points A were given, the conick Section 
may be thus more eaſily determined. Having found, as 
above, the Equations Fx = exx + dy + exy + , 


d = 1 — 5 — tg, and c = fo , conceive the 
4 BO IELE 

Tangent AF to meet the right Line EH in F, and 
then the Point L to be moved along the Perimeter of 
the Figure CD E till it fall upon the Point A; and the 
ultimate Ratio of LK to AK will be the Ratio of F H 
to AH, as will be evident to any one that contemplates 
the Figure. Make FH = p, and in this Caſe where 
LK, AK, are in a vaniſhing State, you will have 


9: r „ or 5 x. Wherefore for x, in the 


Equation cfx c + dy + exy r jy, write 


22 and there will ariſe 222 = 222 + dy + 
3 5 
222 + 5. Divide all by y, and there will come out 


21 — 7 4 d + * + 5. Now becauſe the 
Point L is ſuppoſed to fall upon the Point A, and con- 
ſequently K L, or 5, to be infinitely ſmall or nothing, 
dlot out the Terms which are multiplied by y, and there 
will remain cfg =. Wherefore make ceo — 26 
then Ss = d. Laſtly, << , and having 


found c, d, and e, the Equation F c + dy NY 
ey Þ yy will determine the conick Section. 


I, 
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If, laſtly, there are only given the three Points 
A, B, C, together with the Poſition of the two right 
Lines, AT, CT, which touch the conick Section in 
two of thoſe Points, A and C, there will be obtained, 
as above, this Equation expreſſive of a conick Section, 
cfx=ixx+dy+exy+yy _ Fig. 80]. Then 
if you ſuppoſe the Ordinate K L to be parallel to the 
Tangent AT, and it be conceived to be produced, till 
it again meets the conick Section in M, and that Line 
LM to approach to the Tangent AT till it coincides 
with it at A ; the ultimate Ratio of the Lines K L and 
K M to one another, will be a Ratio of Equality, as 
will appear to any one that contemplates the Figure. 
Wherefore in that Caſe KL and K M being equal to 
each other, that is, the two Values of y, (viz the affir- 
mative one K L, and the negative one K M) being equal, 
thoſe Terms of the Equation cfx = cxx+dy +exy 

yy in which y is of an odd Dimenſion, that is, the 

erms dy+ex y in reſpect of the Term yy, wherein 

is of an even Dimenſion, will vaniſh. For otherwiſe 
the two Values of y, viz. the affirmative and the ne- 
tive, cannot be equal; and in that Caſe AK is in- 
Raitely leſs than LK, that is x than y, and conſe- 
quently the Term exy than the Term yy. And con- 
3 being infinitely leſs, may be reckoned for no- 
thing. But the Term dy, in reſpect of the Term yy 
will not vaniſh as it ought to do, but will grow ſo much 
the greater, unleſs d be fappoſed to be nothing. There- 
fore the Term dy is to be blotted out, and ſo there will 
remain cfx Xx eK, an Equation ex- 
preſſive of a conick Section. Conceive now the Tan- 
ents AT, CT, to meet one another in T, and the 
oint L to come to approach to the Point C, till it co- 
incides with it. And the ultimate Ratio of K L to K C, 
will be that of AT to AC. K LwWwas y; AK, x; and 
AC, /; and conſequently KC, f—x ; make AT gg, 
and the ultimate Ratio of y to f — x, will be the ſame 
as of g to f The Equation cfx=cxx +exy+yy 
ſubtracting on both Sides c x x, becomes c fx —c xx = 


 exy+yy, that is, f—x into cx=y into e. 
Theres - 
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Therefore it is y:f—x::cx:ex*+y, and con- 
ſequently g:f::cx:ex + y. But the Point L fall- 
ing upon C, y becomes nothing. Therefore g: :: 
cx :e. Divide the latter Ratio by x, and it will be- 


come g:f::c:e, and L= e. Wherefore, if in 
S | 

the Equation cfx = x Fexy+yy, you write 

<f for e, it will become — xy>byy, an 


uation expreſſive of a conick Section. Laſtly, draw 
BH parallel to K L, or A T, from the given Point B, 
through which the conick Section ought to paſs, and which 
ſhall meet AC in H, and conceiving KL to come towards 
BH, until it coincides with it, in that Caſe AH will be 
Dx, and BH=y. Call therefore the given Quantity 
AH=m, and the given Quantity B H = x, and then 


for x and y, in the Equation cfx =cx x + ff 545% 
write m and u, and there will ariſe c fm =cmm + 


Zus. Take away on both Sides n 2 
8 


m n, and there will come out n c mim —2. 2 2 
un. Put 7 U and csm will be = 
un. Divide each Part of the Equation by s m1, and there 
will ariſe cn But having found c, the Equation 
for the conick Section is determined c fx = c x x + 
LL. y+yy. And then, by the Method of Des Cartes, 
the conick Section is given, and may be deſcribed, 


END of PART I. 
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Of the Nature of the Roots of Equations. 


ITHERTO I have been ſolving ſeveral Problems. 

For in learning the Sciences, Examples are of more Uſe 

than Precepts, Wherefore I have been larger on this 
Head. And ſome which occurred as I was putting down 
the reſt, I have given their Solutions without uſing Alge- 
bra, that I might ſhew that in ſome Problems that at firſt 
Sight appear difficult, there is not always occaſion for 
Algebra. But now it is time to ſhew the Solution of 
Equations. For after a Problem is brought to an Equa- 
tion, you muſt extract the Roots of that Equation, which 
are the Quantities that ſatisfy the Problem. 


Hor EQUA TIONS are te be ſolved. 


Af TER therefore in the Solution of a Quęſtion you are 
come to an om, and that Equation is duly reduced 

and ordered; when the Quantities which are denoted ly 
Species, and which are ſuppoſed given, are really given in 
Numbers, thoſe Numbers are to be ſubſtituted in their room 
in the Equation, and you will have a numeral Equation, 
whoſe Root being extracted will ſatisfy the Queſtion. As 
if in the Diviſion of an Angle into five equal Parts, by 
putting 7 for the Radius of the Circle, 4 for the Chord 
of the Complement of the propoſed Angle to two right 
ones, and x for the Chord of the Complement of the 
fifth Part of that Angle, I had come to this Equation ; 
* —5grix* ＋5rAXx— 19g O. Where in any parti- 
cular Caſe the Radius r is given in Numbers, and the 
Line g ſubtending the Complement of the given Angle; 
as if the Radius were 10, and the Chord 3; I ſubſtitute 
thoſe Numbers in the Equation for r and g, and there 
comes 

3 
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comes out the numeral Equation x* «500 x3 + 50000 
x — 30000 So, whereof the Root being extracted will 
be x, or the Line ſubtending the Complement of the 
fifth Part of that given Angle. 


Of the Nature of the Roots of an Equation. 


CX. But the Root is a Number which being ſubſtituted in 


the Equation for the Letter or Species ſignifying the Root, 
will make all the Terms vaniſh. 


Thus Unity is the Root of the Equation xt — K 
19xx +49x— 30=0, becauſe being writ for x it 
roduces 1 — 1 — 19 -F49—30; that is, nothing. 
But there may be more Roots of the ſame Equation. 
As if in this ſame Equation x*— — 19 xx + 49K 
— 30 So, for x you write the Number 2, and for the 
Powers of x the like Powers of the Number 2, there 
will be produced 16 —8 — 76 98 — 3o ; that is, 
nothing. And ſo if for x you write the Number 3, or 
the negative Number — 5, in both Caſes there will be 
roduced nothing, the affirmative and negative Terms 
in theſe four Caſes deſtroying one another. Therefore 
fince any of the Numbers written in the Equation fulfils 
the Condition of x, by making all the Terms of the 
Equation together equal to nothing, any of them will 
be the Root of the Equation (a). CXI. 


„ 


CX. (a) An Equation may be conſidered either abſolutely, 
as an Aggregate of Terms which involve the Powers of 
an unknown Quantity, and is equal to nothing ; or re- 

latively, as an Aggregate of Terms, which by containing 
all the Conditions of a Problem, contain the Powers of 


an unknown Quantity, and is equal to nothing. Art. 


LXXXII, LXXXIII, &c. | 

292. In both Caſes, any Quantity, which being ſubſti- 
tuted for the unknown, will make the Aggregate to vaniſh, is 
a Noct. For the whole Aggregate is equal to nothing 
(Art. LXV), and the known Quantities remain the 
ſame, and unchanged ; alſo the unknown Quantity is 
the ſame, both before and after it is found; wherefore 


being 


| 
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CXI. And that you may not wonder that the ſame 
Equation may have ſeveral Roots, you muſt know zhat 
there may be more Solutions than one of the ſame Problem. 


As 


wn 


being ſubſtituted after it is found, in the Place of its 
Symb „the Aggregate will ſtill be equal to nothing; 
that is, will yaniſh. See Numb, 29. 6-726 Il 


203. It will be always er, to find a Root, that is, 
a Quantity which by Subſtitution ſhall cauſe all the 
Terms to vaniſh, if the extreme Terms of the Equa- 
tion have contrary Signs; that is, becauſe the firſt 
Term is always ſuppoſed afhirmative, every Equation 
whoſe laſt Term is negative, has a real Root, For the firſt 


Term being affirmative, and the laſt by Tranſpoſition 


into the ſecond Member becoming affirmative, two Num- 
bers, whoſe Difference is leſs than any aſſigned Quantity, 
being ſucceſſively ſubſtituted into the firſt Member, will 

ive Sums coming nearer to an Equality than by any 
Fefinite Difference ; conſequently a Number js given, 
which, by Subſtitution in the firſt Member, will make 
it of any aſſigned Magnitude, and therefore equal to the 
Quantity in the ſecond Member ; and that Quantity 
being again tranſpoſed, the Aggregate muſt vaniſh, See 
Numb. 205, 217. | KY 


204. Every Equation of even Dimenſions has two' real 
Roats, when the lafl 7% is negative ; one of. which is 
affirmative, and the- other negative. For the laſt Term 
becomes affirmative by Tranſpoſition, and every Power 
of even Dimenſions of any Number whatſoever, whether 
affirmative or negative, is affirmative (87, 88); whence 
the laſt Term being tranſpoſed, and becoming affirma- 
tive, it can be equalled, as in Numb. 203, &c. See 
Numb. 217. ba 

205. Every Equation of edd Dimenſions has at leaſt one 
real Root, . ra its PL Term be 1 or en ve. 
For every Power of odd Dimenſions of any affirmative 
Number is affirmative, and of 2 negative Number, ne- 

gative 
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As if there was ſought the Interſaction of two given 
Circles; there are two Interſections, and conſequently 
the Queſtion admits two Anſwers; and therefore the 
Equation determining the Interſection will have ws 
Rocts, whereby it determines both the Interſections, 
provided there be nothing in the Data whereby the Anſwer 
zs determined to only one Interſefion, [ See Fig. 87.] 


—_ 


oative (87, 88.) ; if the laſt Term is negative, the Root 
whoſe odd Power, being equal to it, cauſes the Aggre- 
gate to vaniſh, muſt be affirmative (203): And if it be 
affirmative, it becomes negative by Tranſpoſition, but it 
is ſtil] a real Power (88); the Root whoſe odd Power 
being equal to it, will cauſe the Terms to vaniſh, muſt 
be negative; and will be a real Root (87, 88.) See 


Numb. 217. 


206. If an Equation of even Dimenſions has its Jaſt 
Term affirmative, it may be impoſſible, by any Subſtitu- 
tion in the firſt Member, to make the Aggregate to 
vaniſh ; that is, it may have impoſſible Roots, Becauſe it 
may be impoſſible to make the firſt Member ſo great 
negatively, as to attain (the laſt Term being tranſpoſed, 
and then negative, and the Equation being of even Di- 
menſions [88]) any given Magnitude : And conſequent- 
ly may always be deficient of the negative Quantity in 
x Rag Member, and this when tranſpoſed back 
being affirmative, the Aggregate will not vaniſh by any 
Subſtitution, but come out poſitive. See Numb. 189. 


207. The Impoſſibility of finding a Number, which 
by Subſtitution would cauſe the Aggregate of the Terms 
of an Equation to vanith, ariſes from this, that there 
are no Roots of negative Powers of even Dimenſions : 
But if ſuch Roots are imagined to exiſt, ow by Subſti- 
tution would make the Aggregate to vaniſh ; whence 
every Equation has a Root, if not real, at leaſt imaginary, 


\ : And 
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And thus, if of the Arch APB its fifth Part AP 
were to be found, though perhaps you might apply your 
Thoughts only to the Arch AP B, yet the Equation, 
whereby the Queſtion will be ſolved, will determine the 
fifth Part of all the Arches which are terminated at the 
Points A and B; viz. the fifth Part of the Arches A SB, 
APBSAPB, ASBPASB, and APBSAPBSAPB, 
as well as the fifth Part of the Arch APB; which fifth 
Parts, if you divide the whole Circumference into five 
equal Parts, PQ, QR, RS, S T, TP, will be 
AT, AQ, ATS, AR. Wherefore, by ſeeking the 
fifth Parts of the Arches which the right Line AB 
ſubtends, to determine all the Caſes the whole Cir- 
cumference ought to be divided in the five Points 
P, Q, R, 8, I, therefore the Equation that will de- 
termine all the Cafes will have five Roots. For the fifth 
Parts of all theſe Arches depend on the ſame Data, and 
are found by the ſame kind of Calculus; ſo that you will 
always fall upon the ſame Equation, whether you ſeek 
the fifth Part of the Arch AP B, or the fifth Part of the 
Arch AS B, or the fifth Part of any other of the Arches. 
Whence, if the Equation by which the fifth Part of the 
Arch APB is determined, ſhould not have more than 
one Root, while by ſeeking the fifth Part of the Arch 
ASB we fall upon that ſame Equation; it would follow, 
that this greater Arch would have the ſame fifth Part 
with the former, which is Jeſs, becauſe its Subtenſe or 
Chord is expreſſed by the ſame Root of the Equation. 
In every Problem therefore it is neceſſary, that the Equa- 
tion which anſwers ſhould have as many Roots as there are 
different Caſes of the pn ſought depending on the 
fame Data, and to be determined by the ſame Method of 
Reaſoning (b). | 


CXII. But an Equation may have as many Roots as it 


has Dimenſions, and not more. 


LA. 


CXI. (5) See Number 194, 210. | 
| Thus 


: 
.* 
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Thus the Equation & — * — 19x ＋ 40 * — 305 
= ©, has four Roots, f, 2, 3, — 5; but not more. 
For any of theſe Numbers writ in the Equation for x, 
will cauſe all the Terms to deſtroy one another, as we 
have ſaid ; but beſides theſe, there is no Number by 
whoſe Subſtitution this will happen (c), | | 


CXIIT. But the Number and Nature of the Roots will 
be beſt underſlocd from the Generation of the Equation. 


As if we would know how an Equation is generated, 
whoſe Roots are 1, 2, 3, and — 5; we are to ſuppoſe 
x to ſignify ambiguouſly thoſe Numbers, or x to be 
= I, x = 2, * = 3, and x = — 5, or which is the 
ſame Thing, x —1 0, + —2 = 0, „= 3 = o, 
and & + 5 = 0; and multiplying theſe together, there 
will come out by the Multiplication of x 1 by g -- 2 
this Equation xx = 3x ＋ 2 = o, Which is of two 
Dimenſions, and has two Roots 1 and 2. And by the 
Muitiplication of this by & + 3, there will come out 
#3 —bax+11x—6=0, an Equation” of three 
Dimenſions and as many Roots; which again multi- 
plied by x + 5 becomes & — — 194#x + 49s — 
30 == o, as above. Since therefore this Equation is 
generated by four Factors, x — I, „ — 2, x — 3, and 
x ＋ 5, continually multiplied by one another, where 
any of the Factors is nothing, that which is made by al} 
will be nothing; but where none of them is nothing, 
that which is contained under them all cannot be no- 
thing. That is, «“ — 41 — 19 * + 49 x — 30 can- 
not be = o, as ought to be, except in theſe four Caſes, 
where x — I is = o, or «„ — 2 = o, or Xx — J = ©, 
or, laſtly, x + 5 So, therefore only the Numbers 
I, 2, 3, and — 5 can exhibit x, or be the Roots of 
the Equation. And you are to reaſon alike of all Equa- 
tions. For we may imagine all io be generated by ſuch 4 


6. 


- 14 


CXI.. (e) See Number 210. 
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Multiplication, although it is uſually very difficult to ſepa- 
rate the Factors from one another, and is the ſame Thing 
as to reſolve the Equation and extract its Roots. For the 
Roots being had, the Factors are had alſo (d). 
| CXIV. But 


— 


— 


CXIII. (4) 208. 4 Equations above one Dimenſion 
may be conſidered as generated by the continual Multipli- 
cation of Binomes, or ſimple Equations (Article LXVI. 
Numb. 181.), con/i/ting of the ſame Letter denoting the 
unknown, and any ether undetermined Quantity. Thus the 
given Equation K + px* - qx + r = 0, may be the 
ſame with the Equation x + a Fo —c Xx #* + 
ab —ac—be X x —abe = o, which is produced 
from the . continual Multiplication of the Binomes, 
x +a, «„ b, x — c, or the ſimple Equations 
x+a=0, x+b=0, x —c = 0, For the Num- 
ber of Binomes is equal to the Index of the higheſt 
Term, that is, to the Number of "Terms except the 
firſt ; and conſequently, by equating the Coefficients of 
the correſponding Terms of the given and produced 
Equations, there is an Equation for each aſſumed un- 
determinate Quantity (182, 183.) : Therefore ſo man 
binome Factors may be ſeparately determined, Bane 
each Equation has its Root (207), conſiſting of the 
Letter denoting the unknown, or Root, and ſome nu- 
mera] or determinate Quantity, from whoſe Multiplica- 
tion the Equation of thoſe Dimenſions might be gene- 
rated. See Numb. 95, 97, 98, 99. | 


209. If in the Equation K +a T -e x #2 + 
ab—ac—becXx—abc= o, produced by the 
Multiplication of x +a o, x +b =o, x —c = ©, 
any Quantity y be ſubſtituted for the unknown x, the 
Equation * +a - X hab —ac—oc X 
y—abc = © will emerge, which is the Product of 


zy+a=0,y+b=0, y—c=0; whence, if in 


any Equation any of the ſecond Members of the Factors be 
Aa Jubſtituted 


CC CCC —— ¶ͤ ꝓ—⅜ ͤ ſ— 
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 CXIV. But the Roots are of two Sorts, affirmative, as 
in the Example brought, 1, 2, and 3; and negative, as 


— 5. And of theſe ſome are often impoſſible. 


Thus, 


— m by 


fubſitinted for x, the unknown, with the Sign changed, 


à Product will reſult, one of whoſe Factors will be that 


Member connected with itſelf under contrary Signs, that 
is, nothing; whence the Product is nothing; that 
is, the Aggregate of the Terms vaniſhes. Thus in the 
above Equation, — à ſubſtituted, produces — 4 + 
4 + ba —ca* — ba* + ca* ＋ ea —bca=0; 
and — 5, — b3+ 6*+ ab* — 6b* — ab*+cb*+ ca 
— bea go; and e, * —*+b* ac? — 
426 —be® + abc—abe = 0; there being a Part 
of the ſecond Term equal to the firſt ; the Remainder 
of the ſecond Term equal to Part of the third; and fo 
on; and Part of the Penultimate equal to the laſt : But 
the equal Parts have contrary Signs, whence being de- 

Rroyed, the Aggregate vaniſhes. + | 
210. The ſecond Members of the Factors, that is, the 
Roots of the ſimple generating Equations, and no other 
Duantities are the Roots of the Equation, their Signs being 
changed (181): Becaufe they alone can by Subſtitution, 
under contrary Signs, cauſe the Aggregate of the Terms 
to vaniſh (209). Hence an Equation has /o Roots, 
and no more, as it has Dimenſions; and the Problem 
from the Sum of whoſe Conditions it was collected (194), 
admits ſo many Solutions, and no more, as the Equation 
has Dimenſions, or, as there are Units in the Index of 
its higheſt Term, Hence alſo the Letter denoting the 
anknown denotes each Root equally, and in like Manner; 
becauſe each Root fubſtituted for the Letter cauſes the 

Aggregate in like Manner to vaniſh (209 0. 
211. If the Letter x denoting the Root is found, or any 
Power of it, in the la Term of an Equation, ſo many of 
the latter Terms of the Equation are wanting, as ors, are 
» R mts 
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Thus, the two Roots of the Equation #x — 24x + 
bb So, which are a + yaa -b and a—4 @« = bby 


* 9 4 * Ss 4 — I 
v * pd 42 * - as Cy 
— — — — — — 


Units in the Index of it (96), and converſely: Alſo put - 
ting = for the Dimenſions of any Equation, and Aſte- 
riſks for the wanting Terms, its Number of Terms is 
h ＋ 1 (94). Got b Wi 0 
212. An Equation of any Dimenſimmt is the Products g 
the Factors, into which it can by Diviſitn be reſolved (152), 
that is, may be con/idered as the Product of Jumple ar com- 
pound Equations, the Sum of whoſe Dimenſions is equal 10 
its Dimenſions : Thus, a Biquadratic may be conſidered 
as the Product, either of four ſimple; or of two quad- 
ratic ; or laſtly, of one fimple, and one cubic . 
tion : Whenee, Equations may be reduced to lower 
Dimenſions, by being divided by their Factors. IF an 
Equation is diviſible by a rational Diviſor, it is ſaid te be 
reducible ; otherwiſe, irreducible : And every Equation 
which is irreducible by a rational Diviſor of Ha its. 
Dimenſions, will alfo be irreducible by Diviſors of 
greater Dimenſions (164): And all Equations are re- 
dutible to infinite Series (155). 1 9 
213. There are two Characteriſtics of the Roots of any 
Equation : 1. They are Diviſors of it (212) :, 2. They. 
eauſe the Aggregate of the Terms to vaniſh; when they art 
ſubſtituted (210). Ant | 
214. 1f any Equation is diviſible by x — a „ or. 
if a + 2 be its Root ; then 2 2 Xð — EA be. 
Diviſor, and a - Va a Noot: 2 x24 
be a Diviſor, and a / — a a Noot; ſo alſo fball 
X—a—=/ —aada—_/ —a (153). * 
215. If all the Terms of an Equation are rational 2 
7 


ina ' Fadtirr, (if any) mujt have deſtroyed them 

120). | 23 

216. If the Terme ef an Equation, are ſome rational; 

and ſome irrational; the Sum of the Rationals and Irratig« 

nals, are ſeparately eqiial to nothing (116). os 
5 
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are real, when aa is greater than 59: but when 4 is 
is leſs than 6b, they become impoſſible ; becauſe then 
a4 — bb will be a negative Quantity, and the ſquare 
Root of a negative Quantity is impoſſible. For every 
poſſible Root, whether it be affirmative or negative, if 
it be multiplied by itſelf, produces an affirmative Square 
therefore that wi'l be an impoſſible one, which is to pro- 
duce a negative Square. By the ſame Argument you 
may conclude, that the Equation x3 — 4xx + 7x — 
6 = ©, has one real Root, which is 2, and two im- 
pothible ones, 1+ /— 2 and I — / — 2. For any 
of theſe, 2, 1 + / —2, 1 — % — 2, being writ in 
the Equation for x, will make all its Terms deſtroy one 
another; but 1 + / —2, and 1 — / — 2, are im- 
poſſible Numbers, becauſe they ſuppoſe the Extraction 
of the. ſquare Root out of the negative Number — 2 (e). 


Cxv. But it is juſt, that the Roots of Pquations ſhould 
be often impoſſible, left they ſhould exhibit the Caſes of Pro- 
blems that are often impoſſible, as if they were poſſible. 


As if you were to determine the Interſection of a right 
Line and a Circle, and you ſhould put two Letters tor 
the Radius of the Circle and the Diſtance of' the right 
Line from its Center ; and when you have the Equation 
defining the Interſection, if for the Letter denoting the 
Diſtance of the right Line from the Center, you put a 
Number leſs than the Radius, the Interſection will be 
poſſible ; but if it be greater, impoſſible; and the two 
Roots of the Equation, which determine the two Inter- 
ſections, ought to be either poſſible or impoſſible, that 
they may truly expreſs the Matter [See Fig. 88]. And 
thus, if the Circle CDEF, and the Ellipſis ACBF, 

| "7 cut 


2» 


— 
— a 


CXIV. (e) Every Quantity, whether real orimaginary, 
whether affirmative or negative, which being ſubſtituted 
for x, the Letter denoting the unknown, cauſes the 
Terms to vaniſh ; or which, joined with it, divides the 
Equation, is looked upon 2s a Root or Factor. 
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cut one another in the Points C, D, E, F, and to any 
right Line given in Poſition, as A B, you let fall the 
Perpendicular CG, DH, EI, F K, and by ſeeking the 
Length of any one of the Perpendiculars, you come at 
length to an 77 Wag 10 ; that Equation, when the Circle 
cuts the Ellipſis in four Points, will have four real 
Roots, which will be thoſe four Perpendiculars, But if 
the Radfus of the Circle, its Center remaining, be di- 
miniſhed until (che Points E and F meeting) the Circle 
at length touches the Ellipſe ; thoſe two of the Roots, 
which expreſs the Perpendiculars-E Land F K now co- 
inciding, will become equal. And if the Circle be yet 
diminiſhed, ſo that it does not touch the Ellipſe in the 
Points E, F. but only cuts it in the other two Points 
CD; then out of the four Roots, thoſe two which ex 
preſſed the Perpendiculars EI, FK, which are now be- 
come impoſſible, will become, together with thoſe Per- 


pendiculars, alſo impoſſible (J). 


CXVI. And after this Way in all Equations, by ang- 
menting or diminiſhing their Terms, of the unequal Roots, 
two will become, 5 equal, and then impoſſible. And thence 
it is, that the Number of the impoſſible Roots is always 


even (g.) 
CXVII. But 


JO "WO 


CXV. (J) In Algebra the Root of an impoſſible Quan- 
tity has its 22 ; but in | — 27 pars 
ou obtain a general Solution, and there is an Expreſſion 
in all Caſes of the Thing required; only within certain 
Bounds, that Expreſſion repreſents an imaginary Quantity, 
or rather is the Symbol of an Operation which in that 
Caſe cannot be performed ; and ſerves only to ſhew the 
Geneſis of the Quantity, and the Limits within which it 

is poſſible. | d | 
CXVI. (z) 217. Fan Equation has any impoſſible Roots, 
their Number is even : for, to make the Coefficients ra- 
tional, and the laſt Term real (215), the radical Sign 
mutt diſappear (120); which it could not do, except 
A a 3 their 


. A * 
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CXVII. But r the Roots of. Equations are, poſe 
is 


ſible, when the Schemes exhibit them as impoſſible. But: 


happens by reaſon of ſome Limitation in the Scheme, which 


does not belong to the Equation, [See Fig. 89. 


As if in the Semj<circle ADB, having given the Di- 
ameter AB, and the Chord AD, and having let fall the 
Perpendicular DC, I was to find the Segment of the Di- 
ameter AC, you will have = I= AC. And, by 
this Equation, AC is exhibited a real Quantity, where 
the inſcribed Line AD is greater than the Diameter AB; 
but by the Scheme, AC then becomes impoſſible, viz. 
in the Scheme the Line AD is ſuppoſed to be inſcribed 
in the Circle, and therefore cannot be greater than the 
Diameter of the Circle; but in the Equation there is 
nothing that depends. upon that Condition, From -this 


Condition alone of the Lines the Equation comes out, 


that AB, AD, and AC, are continually proportional, 
And becauſe'the Equation does not contain all the Con- 
ditions of the Scheme, it is not neceſſary that it ſhould 
be bound to the Limits of all Conditions. Whatever is 
more in the Scheme than in the Equation, may con- 
ſtraim that to Limits; but not this. For which Reaſon, 
when Equations are of odd Dimenſions, and conſe- 
quently cannot have all their Roots impoſſible, the 
Schemes often ſet Limits to the Quantities on which 
all the Roots depend, which Limits it is impoſſible 
0 8 i they 


1 


GE - a - n — : 


their Number was even. Hence alſo their Product ts 
poſitive,” and does not alter the Sign of the Product of the 
real Roots (57). Whence it follows, that a Cubic can have 
but "two impoſſible Roots; and that every Equation whoſe 
laft Term is negative, has, if the Exponent be odd, one at 
leaft ; and if more, an odd Number of real Roots, as in 
Nuwp. 205; and that if the Index, be even, it has at leaſt 
two ;_ and if more, an even Number of. real Roots, as in 
Numb. 24. n 


-. 
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they * exceed, keeping the ſame Conditions of the 
Schemes (6). 5 | : 


CXVIII. Of thoſe Roots that are real ones, the affir- 
mative and negative ones lie on contrary Sides, or tend con- 
trary Hays. Ya 3 


Thus, in the laſt Scheme but one, by ſeeking the 
Perpendicular CG, you. will light upon an Equation 
that has two affirmative Roots CG and DH, tending 
from the Points C and D the ſame Way; and two ne- 
gative ones, EI and F K, tending from the Points E 
and F the oppoſite Way. Or if in the Line AB to 
which the Perpendiculars are let fall, there be given. any 
Point P, and the Part of it PG extending from that 
given Point to ſome of the Perpendiculars, as CG, be 
ſought, we ſhall light on an Equation of four Roots, 
PG, PH, PI, and PK, whereof the Quantity ſought 
PG, and thoſe that tend from the Point P the ſame 
Way with PG (as PK), will be affirmative, but thoſe 
which tend the contrary Way (as PH, PI), nega- 


tive (i). 
CXIX. I bere 


— 


CXVII. 6) For not only the Magnitude, but the 
Poſition of Quantities, will reſtrain the Expreſſions of 
the Roots. dee Note following. | 


CXVIII. (i) Although all Quantities which by Sub- 
ſtitution make the Terms vaniſh, or which will form 
Diviſors of it, are in general accounted Roots of an 
Equation, conſidered abſolutely as an Aggregate of 
Terms, containing the Powers of an unknown Quan- 
tity without any Relation to the Solution of a Problem ; 
05 when an Equation is conſidered as containing the 

elation of Quantities in order to the Solution of a 
Problem, it ſeems neceſſary to diſtinguiſh betebeen Tactors 
and Roots, and to reſtrain the latter Ferm to thoſe which 
anſwer to the Conditions of the Problem; in which 

Aa 4 Caic, 
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CXIX. I bere there are none of the Roots of the Equa- 
tion impoſſible, the Number of the affirmative and negative 
Roots may be known from the Signs of the Terms of the 
Equation. For there are ſo many affirmative Roots, as there 
are Changes of the Signs in a continual Series from ＋ to 
—, and from — to + ; the reft are negative. 


As in the Equation K“ — x3 — 19 xx + 49x — 30 
= ©, where the Signs of the Terms follow one another 
in this Order, + — — + —, the Variations of the 
ſecond — from the firſt + , of the fourth + from the 
third —, and of the fifth — from the fourth +, ſhew, 
that there are three affirmative Roots, and conſequently, 
that the fourth is a negative one. But where ſome of 
the Roots are impoſſible, the Rule is of no Force; unleſs 
as far as thoſe impoſſible Roots, which ate neither nega- 
tive nor affirmative, may be taken for ambiguous ones. 
Thus in the Equation x3 + pxx + 3ppx —q=0; 
the Signs ſhew that there is one affirmative Root and 
two negative ones. Suppoſe x 2p, or x —=2þ = 0; 


and multiply the former Equation by this, x — 2p = 0, 


that 


— _ 
bY 


. * 
Caſe, none but affirmative Quantities could be account- 
ed Roots: For if the Problem is purely algebraic, where 
Magnitude only, and no Conſideration of Poſition, or 
contrary Values, can have Place, no Roots but ſuch as 
are. affirmative wil! anſwer ; becauſe, that a negative 
Quantity ſhould be actually leſs than nothing is equally 
impoſſible, as that the double Product of two Numbers 
ſhould be greater than the Sum of their Squares : That 
is, negative and imagjuary Roots are equally impoſſible, 
where Magnitude only is conſidered. When the Pro- 
blem is geometrical, where, ' beſide Magnitude, Poſition 
alſo, and contrary Values are taken into Conſideration ; 
then negative Roots do not ſolve the Problem, but ſhew 
the Solution of it, in the oppoſite Poſition or Value; 
and if the Problem was changed to that oppoſite Po- 
— thoſe negative Factors would become affirmative 


&y -- 


* 


— 
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that one affirmative Root more may be added to the 
former; and you will have this Equation, 


3 
x* —pxi + ppxx 3 x 142 = 0, 
which ought to have two affirmative and two negative 
Roots; yet it has, if you rep.rd the Change of the 
Signs, four afirmative ones. There are therefore #9 
1mpoſſible ones, which, for their Ambiguity, in the former _ 
Caſe ſeem to be negative ones; in the latter, affirma- 


tive ones (). , 
ut 


— 
me; 


CXIX. (4) See Numb. 192. 


228. Since Equations are the Products of Binomes, it 
follows, that the Coefficients of the Terms are Unity, the 
Sum of the Roots, the Sums of the Products of two, of 


three, of four, &c. (97)- Whence 


219. If the Rocts be real Quantities, the Square of the 
middle Term of three will be greater than the Product of 
the adjacent Terms ; and conſequently every ſubſequent Term 
divided by the next Antecedent, will decreaſe continually 
(109) : Whence there will be a Succeſſion for each bino- 
mial Factor, and an Alternation for each Reſidual (114) 3 
That is, a Succeſſion for each negative, and an Alternation 
for each affirmative Root (181). Now, becauſe the laſt 
Term of a Quadratic, whole Roots are impoſſible, is 
augmented by the Square of the Quantity under the 
radical Sign (193); the Square of the Middle of three 
Terms of an Equation, into whoſe Compoſition one or 
more ſuch WD have entered, will not always ex- 
ceed the Product of the adjacent ; nor the Ratio of each 
ſubſequent Term, divided by the antecedent, continually - 
decreaſe; and conſequently the Aiternations and Fn 
will not ſhew the Numbers of poſitive and negative Roots, 
_ the impoſſible Rogts be taken ambiguouſly for poſitive 


and negative (192). 


I | This 
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But you may know almoſt, by this Rule, how man 
Roots are impoſlible, 9 s , 1 


CXX. Make a Series of Fraftions, whoſe Denominator 
are Numbers in this Progreſſion, 1, 2, 3, 4, 5, Cc. going 
on to the Number which ſhall be the fame as that of the 
| Dimenſions 


at lis. 


e 


This Rule of Harriott is otherwiſe thus demonſtrated. 
Becauſe the Roots of the Equation are by Suppoſition all 
real, the Roots in all the Equations of Limits deducible 
from it will be real; and conſequently in all the Qua- 
dratics (271): Now the poſitive Roots, in every Qua- 
dratic, are equal in Number to the Permutations of its 
Signs (190), and this Number cannot be augmented by 
any. negative Root ; that is, by any Multiplication by a 
binomial Factor (57): And it can be augmented by one 
only, in one Multiplication ; by two, &c. in two Mul- 
tiplications, &c. by a reſidual Factor (58); that is, it 
can be augmented but by one poſitive Root in the cubic, 
by two in the biquadratic, &c. wherefore, univerſally, | 
the Number of Permutations is equal to the Number of 
poſitive Roots : Now the Number of Terms or Signs is 
n + 1 (211) : Therefore the Number of Permutations 
and Succeſhons together are u, that is, the Number of 
Roots (210) : Wherefore, ſince the Number of Alter- 
nations is the Number of Poſitive, the Number of Suc- 
ceſſions 1s that of the negative Roots. 17 0 


220. The Variations of affirmative and negative Roots, © 
combined together in Equations, are equal to the Number of 
Terms in Equations of that Degree; that ts, always exceed 
the Number of Roots by Unity thus the Roots of a Qua- 
dratic may be,” 1ft, both affirmative ; or, 2d. both nega- 
tive; or 3d. one affirmative and one negative: thoſe of 
a cubic may be, iſt. all affirmative; 2d. all negative ; _ 
2d. one affirmative and two negative; or 4th. two affir- 
mative and one negative, &. For all the Variations of 
the Signs are 2n {185), and the fame recur in Number 


n—1 (35); whence 21 - -g N, are the 
Variations. 
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Dimenſions of the Eguation; and the Numerators, the ſame 
N. | N. 25 contrary Order. Divide = of * 
the latter Frattions by each of the former. Place the Frac- 
tions that come out, over the middle Terms of the Equation, 
And under any of the middle Terms, if its Square multi- 
plied into the Fraction flanding over its Hedd "is greater 
than the Rectangle of the Terms on both Sides, place the 
Sign ＋ but if it be leſs, the Sign —, But under the 
first and laſi Term place the Sign . And there will bo 
as many impaſſible Roots, as there are Changes in the Series 
of the underqoritten Signs from + 10 , and — to + (1) 


9 * ® 
” A 4 « 
—_—_— as AMS. 2 2 


CXX. (1) For 9 whoſe laſt Term is 
affirmative, will have both its Roots impoſſible, if. 4 the 
Square of the middle Term does not exceed the Product 
of the Extremes (189); that is, if the Square of the 
middle Term multiplied into its Fraction 2, does not 
exceed the Product of the Extremes: Now, the Roots 
of the propoſed · Equation being Limits to the Roots of 
the Equation of Limits, and of all Equations (and con- 
ſequently of all Quadratics) deducible from it by the 
Multiplication of its Terms into thoſe of arithmetical 
Progreſſions, and 2 the Roots of the Equa- 
tions of Limits being the Limits of the Roots of the 
ropoſed (267): if any Roots in the Equations of 
Limits are impoſſible, there will be as many impoſſible 
Roots in the propoſed, as in all the Quadratics deducible 
from it (271), But the Square of the middle Term of 
three in the propoſed, multiplied into its Fraction, has 
the ſame Ratio to the Product of the Terms adjacent to 
it, as the Square of the middle Term of the Quadratic 
deduced for thoſe three, multiplied into 4, has to the 
Product of its Extremes: Therefore, as often as the 
Square of the middle Term of the propoſed, multiplied 
into its Fraction, is leſs than the Product of the Terms 
7 to it; ſo often alſo the Square of the middle 
erm of the Quadratic deduced for them, is leſs than 
the Product of the Extremes; and conſequently, two 
3 — Roots 
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As if you have the Equation & + px x + 3p pr — 
q=0; I divide the ſecond of the Fractions - this 
| 1 eries 


”Y 
— 


Roots of the propoſed are impoſſible: So often therefore 

marking with the Sign —, there will be two Alterna- 
tions; and conſequently, the Number of impoſſible 
Roots, and of Alternations in the underwritten Signs, 


will be equal. 


That the Square of the middle Term of three (in any pro- 
poſed E 3 multiplied into its Fraftion has the ſame 
Ratio, to the Produtt of the Extremes adjacent to it; as, >. 
the Square of the middle Term of the correſponding Qua- 
dratic: has, to the Product of its Extremes, appears from 
this: that in deducing each limiting Quadratic from the 
correſponding Terms of the propoled whole Index is u, 
there are ſo many Multiplications by the Series of La- 
terals deſcending or aſcending to Cypher, and ſo many 
Diviſions by the unknown, as there are Units in »— 2 
(CXXXVI1II); and therefore, that the numeral Co- 
efficients of the Terms of the Quadratic are generated 
from the continual Multiplication of the ſame F rations, 
ſrom whoſe Diviſion the Fraction over the middle Term 
of the propoſed emerges ; and confequently, that the 
Square of the numeral Coefficient in the Quadratic, mul- 
tiplied into 4, produces the Fraction placed over the cor- 
zeſponding middle Term in the propoſed Equation : that 
is, the Square of the middle Ferm in the propoſed, mul- 
tiplied into its Fraction, has the ſame Ratio to the Pro- 
duct of the Terms adjacent to it; as & the Square of the 
middle Term ot the Quadratic, has to the Product of its 


Extremes. 


Thus, let the propoſed be & — Ax*+Bx3— 
Cx*+Dx—E=0; there can be deduced Qua- 
dratics for every Term except the Extremes, by (5 — 2 
=) 3 Multiplications and Diviſions : viz. 1ſt. for x5 — 
A x*+B x5, there is found 10 &2 —4 A x B; 
2d. for — Ax! + Bxi— Cx2?, there is found 

2 Ax? 
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Series 2, 4. 2, viz. 4 by the firſt 7, and the third 5 by 
the ſecond 2, and I place the Fractions that come out 
| (viz. 4 and 4) over the middle Terms of the Equation, 


as follows; 


„ + pra 37 9 = 0. 
+ 4 ens 


- Then 


—_—_} 
— — 


2Ax*—2Bx + C (231); 3d. for BX — CA r Ds, 
there is found Bx — 2Cx + 2 (231); and laſtly, 
for — Cx* + Dx— E, is found C — 4 Dx + 10E 
(231). Now the Equation, with its Fractions, is 


e BT CT Dx —E =0: 
but in the firſt and laſt Quadratic, the Ratio of 


4X4X4 to io g = and in the ſecond and 
third Quadratic, the Ratio of 2X 2 X. A to 2 is 4. 


Tis to be noted, 1ſt. that although it is a certain Cri- 
terion, that there are two impoſhble Roots, as often as the 
Square of any Term (multiplied into its Fractions) is defi- 
cient of the Product of the Termsadjacent ; yet it᷑ is no Prog 

that the Roots are real, if the Square of any Term (multi- 
plied into its Fraction) exceeds the Product of the adjacent 
Terms ; and conſequently, that nothing can be concluded 
from ſuch Exceſs, concerning the Poſſibility or Reality of 
the Roots ; that is, the Roots may be imaginary, though there 
ſhould be ſuch an Exceſs. 2d. That although real Roots in the 
propoſed, give real Roots in all the Equations of Limits; 
yet real Roots in all the Equations 2 Limits, do not give 
real Roots in the propoſed (271). Laſtly, every Rule, de- 
pending upon the Compariſon of the Square of a Term with 
the Product of the adjacent Terms on either Side, muſt ſome- 
times fail to diſcover the impoſſuble Riots ; becauſe the 
Number of ſuch Compariſons being always leſs by Unity 
than the Number of Quantities in the Equation, they 
cannot include and fix the Relations, upon which the 


Ratios of greater or leſs Inequality of the Squares and 
Products depend. : . 
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Then, becauſe the Square of the ſecond Term þ « & 
' multiplied into the Fraction over its Head 4, viz. 


22. zs leſs than 3 þþ x4, the Rectangle of the firſt 


Term x3 and third 3ppyx, I place the Sign — under 
the Term px x. But becauſe 9 p*x x (the Square of 
the third Term 3pp x) multiplied into the Fraction over 
its Head 4, is greater than nothing, and therefore much 
greater than the negative Rectangle of the ſecond Term 
pxx, and the fourth — g, I place the Sign + under 
that third Term. Then, under the firſt Term x3 and 
the laſt — , I place the Sign +. And the two Changes 
of the underwritten Signs (which are in this Series 
+ — + +, the one from + into —, and the other 
from — into +) ſhew that there are two impoſſible 
Roots. And thus the Equation #3 —4xx + 4x = 
6 = © has two impoſlible Roots, 


— 7 T R 
x37 — 4xx FAxz—6 = 0: 


F | 
Alſo the Equation. x — 6b xx — 3x — 2 = © has twe 
a 7 1 


x* X — 1 3 22 o. 
++ + = + 
For this Series of Fractions 4. 2. 3. 2, by dividing the 
ſecond by the firft, and the third by the ſecond, and the 
fourth by the third, gives this Lende 2. F. 4, to be 
placed over the middle Terms of the Equation. Then 
the Square of the ſecond Term, which is here nothing, 
multiplied into the Fraction over Head, viz. 43, pro- 
duces nothing, which is yet greater than the negative. 
Rectangle — 6 x* contained under the Terms on each 
Side 4 and — G K. Wherefore, undet the Term that 
is wanting, I write +. In the reſt, I go on as in the 
former Example; and there comes out this Series of the 
underwritten Signs + +, + — +, Where two Changes 
ſhew there are two impoſſible Roots. And after. the 
ſame Way, in the Equation XK =, 4 a+ ＋ 4 * — 
: | 2 K* 


Mm J, 


P "EIN "ST GY, By OY 
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2xx — 5x — 4 = o, are diſcovered two impoſſible 
Roots, as follows ; 
F 2 2 F 
x5 —=4x* 4x3 —2xx — 5 —4=0 


1 
CXXI. Where two or more Terms are wanting together, 


under the firſt of the deficient Terms you muſt write the 


Sign —, under the ſecond Sign +, under the third the 
Sign —, and ſo on, always varying the Signs; except that 
under the laſt of ſuch deficient Terms you muſt always place 
+ , when 'the Terms next on both: Sides the deficient Terms 
have contrary Signs, As in the Equations 2 * 


* 4 ax+ * A + 4% = 
4 þ+ ax* „K „ * — 4 o, 
14 47 + 
the firſt whereof has four, and the latter two impoſlible 
Roots. Thus alfo the Equation, it eee 
| + 414 12 
x1 — 2 ＋ 34 — 2 K * * — 3290 
N 
has im ble Roots (m). , 
| _ - (*) CXXII. Hence 


— — — — 
- 


_ — —— 


CXXI. (m) Becauſe, if the Signs on each Side the 
vaniſhed Term be the ſame, tis a Token that there are 
impoſſible Roots (244) ; and therefore the Signs — and 
+, writen alternately, will by their Permutations 
denote their Number : Bat, if theſe Signs be coatrary, 
it betokens that a Term may have - vaniſhed through an 


Equality of the ſimilar Products of real Roots, with con- 


trary Signs in that Term (112), ſo that one Permuta- 
tion Jeſs will ſuffice z; which is done by writing + under 
the latter Term, which will diminiſh the Number of 

Alternations by Unity. | | N 
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CXXII. Hence alſo may be known, whether the impoſſible 
Roots are among the affirmative or negative ones. For the 
Signs of the Terms over Head of the ſubſcribed changing 
Terms fhew, that there are as many impolſible affirmative 
Roots as there are Variations of them, and as many nega- 
tive ones as there are Succeſſions without Variations, Thus, 
in the Equation 

x5 — 4« ⁵ L4xi — 2xx — 5x — 4 = O 


+ += +++ ? 


becauſe by the Signs that are writ underneath that 
are Changeable, via. + — +, by which it is ſhewn 
there are two impoſſible Roots, the Terms over Head 
— 4x* T4 — 2x x have the Signs — + —, which 
by two Variations ſhew there are two affirmative Roots; 
therefore there will be two impoſſible Roots among the 
affirmative ones. Since therefore the Signs of all the 
Terms of the Equation + — + — — — by three 
Variations ſhew that there are three affirmative Roots, 
and that the other two are negative, and that among 
the affirmative ones there are two impoſlible ones ; 
it follows, that the Equation has one true affirmative 
Root, two negative ones, and two impoſſible ones. 
But if the Equation had been 5 
x5 — 44*“ — 4x* — 2xx —- 5 ͤ — 4 = 0 
+ 1 — — 1 47 

then the Terms over Head of the ſubſcribed former 
varying Terms + —, viz, — 4 x* — 42, by their 
Signs that do not change — and —, ſhew, that one 
of the negative Roots is impoſſible; and the Terms 
over the latter underwritten varying Terms — +, 
viz, — 2xx — 5x, by their Terms not varying 
— and — ſhew, that another of the negative Roots 
is impoſſible. Wherefore, ſince the Signs of the Equa- 
tion + — — — — — by one Variation ſhew there 


negative; it follows, there is one affirmative, two ne- 
gative, and two impoſſible ones. And this is ſo, where 
| there 
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there are not more impoſſible Roots than what are diſ- 
covered by the Rule preceding. For there may be more, 
although it ſeldom happens (). £ 


* 2 1 = =  % $8. Fs. 
" 


4 TO 
— 


—— — —Y" 1 0 


CxxII. (i) Becauſe the Series of Fractions, made 
by the Laterals, may be expoiinded, as in Numb, 101, 
to be thoſe whoſe Nuierators are the. Indices of the 
Terms, or the Numbers of the Terms ſubſequent ; and 
their Denominators, the Indices of the Coefficients, or 
the Numbers of the Terms antecedent : Therefore, the 
Fraftion into which the Square of any Coefficient or Term 
is to be multiplied, is often enunciated to be, that whoſe 
Numerator is the Product of the Indices of the Term and 
F the Coefficient, and whoſe Denominator 'is the Produtt of 
thoſe Indices each increaſed by Unity : Or that, whoſe Nu- 
merator is the Product of the Numbers of the Terms pre- 
ceding and ſubſequent, and Denominator the Product of them 
when increaſed each by Unity : For *tis manifeſt, that the 
Numerators decreaſe, and the Denominators increaſe, 
by Unity, in the Fractions. compoſed of the Laterals; 
wherefore, in dividing each Subſequent by its Antece- 
dent (that is, in the multiplying each Subſequent by the 
Reciprocal of the Anteeedent (149) the Factors which 
compound the Denominators, exceed thoſe which com- 
pound the Numerators by Unity each. 


Other Rules were publiſhed by Mr. M<Laurin, in his 
ſecond Letter to M. Foulkes, Eſq; to which the Reader 
is referred, as well as for the Proof of the following two 
Rules, which are thence recited as being of more uni- 
verſal Uſe, 1 N 

Iſt. Let the Uncize of the Terms be found; let the Unciæ, 
ench diminiſbed by Unity, be the Numerators, and the Unciæ, 
each doubled, be the Denominators of Fractions to be ſet over 
the middle Terms of the Equation: Then, as often as the 
Square of any Term, multiplied into its Fractian, does not 
exceed the Products of the Terms adjacent to it on each 
Side, taken in order and added and ſubducted alternately, 
ſo often there. will be two 8 oots. 

435209 b 2d, 


319 TRANSMUTATION 


Of th TRANSMUTATIONS of 
EQUATIONS (@). © 


y 
CXXIII. Moreover, all the affirmative Rocts of any 
Equation may be changed into negative ones, and the 
negative into affirmative ones, and that only by changing 
the Signs of the alternate reer 


Thus in the Equation #5 — 44. + 4x —2xx — | 

x 4 o, the three affirmatiye Roots will be chang- | 
ed into negative ones, and the two negative ones into ; 
* f . 8 a 5 a 1 * mY © 1 ö b K % 6 | 


r 


„* 


* 


ad. Let the Product of the Numbers of the Terms, ante- 
eedent and fubſequent to any Term, be found: To this Pro- 
duct, let be added the Squares of the 'Diftances of the Pairs 
of Terms adjacent, in order on each Side. Laſtly, let into 
#heſe Sums be multiplied the Product of theſe Pairs: Then, 
as often as the Square of a Term, multiplied into Half the 
Product of the Number of Terms which are antecedent and 

conſequent to it, does not exceed the Produtts of the adjacent 

rms, multiplied into the ſaid Sums added and fubdutted | 
_ order alternately, fo often there will be two impoſſible 
fs. Y 7 5 0 | 1 


CXXIII. (a) 221. To transform an Equation, it to 
change it into another of the ſame Dimenſuns, whoſe Rey 
ſhall have @ known Relation to the Roots of the propoſed. 
Transformation is performed, by forming an Equation from 
the given Relation of the Roots, by finding the Value of the 
Roots of the propoſed in this, and by ſubſtituting this Value 
and its Pawers, into the Place of "the unknown and its 
Fowers, in the propoſed Equation. Hence the Value of the 
Roots of the transformed being found, the Roots of the pro- 
poſed will be found, by means of the Equation 'which en- 
preſſes their given Relation. Wn Wo 1 


(4) Recauſe that in the eyen Places the Coeſſicients 
involve an odd Number of Roots (218), under their | 
contrary | 
3 


KUE / 0»  s. ., Bs 
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Adinmatives, by changing. only the Sigris of the ſecond, 


fourth, and ſixth Terms, as is done here, æ& . + 4#* + 
4x* +2xx — 5x +4 o. This Equation has the 
| ſame 


* * ä 4 aa — 


—— ——ü—b — 


contrary Signs ; and that if an odd Number of Quanti- 
ties is to be multiplied, all bg Signs being S 
before Multiplication, the Sign of the Product would be 
changed (88) : and becauſe that in the odd Places the 
ocfticients involve an even Number of Roots, under 
the contrary Signs (218) ; and that if an even Number 
of Quantities is 1 be multiplied, all their Signs being 
changed before Myltiplication, the Sign of the Produ 
would remain the fame (88): Therefore, by changing 
the Signs of the Terms in the even Places only, all 
theſe Coefficients will be changed into the Sum of the 
Roots; the Sums of their Products by threes, fives, &c. 
under their proper Signs: Conſequently, in this tranſ- 
formed Equation, all the affirmative Roots are changed 


into negative, and all the negative into affirmative (181). 


Now. this transformed Equation, by tranfpoſing the 
Terms into the oppofite Member, will be the fame with 
the propoſed, having the Signs in the odd Places only 
changed (LXV11); conſequently, by changing the Signs 
of the alternate Terms, the affirmative Roots are chang- 

into negative, and the negative Roots into affirmative. 


Thus, #5 — AR TBT — Cz* —Dz+E=0, 


by changing the Signs in the even Places, becomes 
1 + AA BN + CN - DE — ES; and this, 
transformed by Tranſpoſition, becomes — x5 — Ax. 


— B — CA + Dx +E =0. 


Again, let the Signs be changed in the even Places 
only; afterwards, let the Signs be changed in the odd 
Places only; theſe two transformed are the fame in all 
Reſpects, except that the Signs of the Terms of the 
fame Exponent are contrary : But by changing the Signs 
in the even Places only, the affirmative Roots were 
changed into negative, and the negative into affirmative; 
therefore, by changing = Signs in the odd Places only, 

b 2 the 


— — œͤö'Ra— ˙ ——— 
2 — 8 $i 2 


| 
| 


— 


and remains = © (LXV); therefore, the Roots are the 
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ſame Roots with the former, unleſs that in this, thoſe 
Roots ate affirmative that were negative there, and ne- 
gative here. that were affirmative. there; and the tws 
bers impoſſible 


— — 


— 


the ſame Change will be made in the Roots. The 
Terms alſo of this latter being tranſpoſed, will give the 
former; and conſequently the Change is made in the 
Roots, by the Change of the Signs in the alternate 
Places. Thus „ — Ax ＋ BT — CX — Dx + 
E = o, by changing the Signs in the odd Places only, 
becomes — Xx - Axz*t— BX — Cx* + Dx 
Eo; and this, by Tranſpofition, becomes x* + A x4 
+ BTC Dx —E = o, in which the Signs 
in the even Places only are changed. 


Again, by changing the Signs in the alternate Places, 
the Alternations in the propoſed become Succeſſions in 
the transformed, and the Succeſſions become Alterna- 
tions ; and the Number of Alternations in the propoſed 
is the ſame with that of the Succeſſions of the tranſ- 
formed, and the Number of Succeſſions the ſame with 
that of the Alternations : but the propoſed had ſo many 
affirmative Roots as Alternations, and negative Roots as 
Succeſſions (CXIX) ; therefore the transformed has ſo 
many negative Roots as the propoſed has affirmative, 
and ſo many affirmative as the propoſed has negative ; 
and no Change has been made, except in the Signs of 
= Roots : whence they are the ſame with contrary 
Igns. . 


222. By changing the Signs of all the Terms of an Equa- 
tion, no Change 1s made in the Signs of the Roots. For by 
changing the Signs of the Terms in the even Places, the 
Sums of the Terms in the odd Places are not changed; 
and by changing the Signs of the Terms in the odd 
Places, the Sums of the Terms in the even Places re- 


main unchanged : wherefore, by changing the Signs of 
t 


all the Terms, the Sum of all the Terms is unchanged, 


ſame 


| 
| 


_— _— 8 cs 4 


— — — 
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impoſſible Roots, which lay bid there among the affir- 
mative ones, lie hid here among the negative ones; ſo 
that theſe being deducted, there remains only one Root 


* 


truly negative, 2 
CXXIV. There are alſo other Tranſmutations of 
Equations, which are of Uſe in divers Caſes. For ue 
may ſuppoſe the Root of an Eguation to be compoſed any 
ow out of a known and unknown Quantity, and then ſub- 
flitute what we ſuppoſe equivalent #0 it, As if we ſuppoſe 
the Root to be equal to the Sum, or Difference, of any. 
known and unknown Quantity. For after this Rate we 
may augment or diminiſh the Roots of the Equation by that 
known Quantity, or Wr them from it; and thereby 
cauſe that ſome of them that were before negative, ſhall 
now become affirmative; or ſome of the affirmative ones 
become negative; or alſo that all ſhall become affirmative, 
or all negative (c). Thus in the Equation K — x3 — 
19 * + 49 K — 30 So, if I have a mind to augment 
the Roots by Unity, I ſuppoſe x +1=y, or x =y = 1;. 
and then for x I write y — 1 in the Equation, and we 
| the 


—— 


— — — a — dah an th — > 4 * 


lame (CX): The Equation alſo, thus changed by tranſ- 
paling the Terms, is the ſame as at firſt, Thus K* — 
Ax BR —Cs*—-Dxzx—E = o, by changing 
all the Signs, becomes — x5 + AK — BA + C x* 
+ Dz+E=0; and, by Tranſpoſition, K — A xt 
+ B- CK —- Dx — ES o, as at firſt, 


C XXIV. (c) 223. When it is required to transform an 
Equation into another, whoſe Roots ſhall be leſs than the 
Roots of the propoſed, by a given Difference e, for x and 
its Powers ſubſtitute y + e and its Powers. For, by Sup- 
poſition, x — e = y; wherefore, x = Te; whence, 
fince x denotes all the Roots of the propoſed indiſcri- 
minately, and y all thoſe of the transformed, each Root 
of the transformed will be deficient of each of the pro- 
poſed, by the given Quantity e. Thus, y + e bein 

| B b 3 ſubſtitut 
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the Square, Cube, or Biquadrate of x I write the liks 
Power of y— TI, as follows: 


WE =— —4y + 67 — 42 + 1 


,, r + 2 

— 19 ** MN 

＋ 49 x b > #499 —40 
Sum 7555 1077 + oy 368 


yi „ 


. - 
— FR] tha. = ** 8 N 1 
9 — * 1 2 * 9 l * 
. 
* ” 4 ” 1 


ſubſtituted for x, in the Equation * — px* + 1 — 
1 2 o, it becomes 
＋ 3e + 6.5 


— 2 A o. 
7 * 


Each of whoſe Roots is leſs by th the Quantity e. 


4. When it is required to transform an E er. into 
. whoſe Roots ſhall be greater than the Roots of the 
propoſed, by a given Exceſs e, for x and its Powers ſub- 
flitute y — e and its Powers, For, by Suppoſition, 
* Teri; whence x =y—-#:; and all the Roots of 
the transformed will exceed thoſe of the propoſed, by 
the given Exceſs e. Thus y e being ſubſtituted for x 
in the Equation x3 — px* + gx — r = o, it becomes 


a op 21-4 — 6 
— þ* T2 pe? 
„ 6 — 

— 15 


Each of whoſe Roots is greater by the Exceſs. 4. 


= Os 


225. When: it. is required to tran;form an Equation inte 
another, whoſe: Roots. ſhall be the Exceſs of a given Quan- 
tity e above the: Riots of the propoſed, es 2 — Sn 

_ Su P, ition, 


Ty Se; 


Hs Powers for x and its * 
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And the Roots of the Equation that is produced, viz, 
5 — 5y* — 105 + Boy — 96 = o, will be 
I s 2, 3» 4» 


% 
N Fo —— — —— 
t SD CS - _— 
bd — "I — _—_—— 6 5 — * — 2 


* 


x y e; whence e y. Thus, e — 5 being 
ſubſtituted for # in #* —p#3 þ px —f = o, it becomes 
23 — 3pe* + 3y*e — yi 
r 
r 
— 7 f 
Each of whoſe Roots is the Exceſs of e above the re- 
ſpective Roots of the propoſed. 


226. When an Equation is transformed by havitiy its Roots 
diminiſhed, or increaſed, by a given Quantity e ; the laſt Term 


= O. 


F the transformed is the ſame with the /propoſed, having e 


un the Place of x; the Signs of e bet ame when the 
Roots are diminiſhed, but contrary to thoſe of x, when in- 
creaſed. The Coefficient of the Penultimate is 5 — .by mul- 
tiplying every Part of the Coefficient of e in the laſt Term, by 
the Ines" of e in each Part of the laſt Term, avid dividing 
the Prodat? by e, viz. by the Quantity which is common 
to thoſe Parts. The CO of the Antepenultimate is 
faund, by multiplying: tbr Parts of the Gotfficient 5 in the 
Penultimate, by the Index of e in each, and by dividing thr 
Product by 2 e, aud ſo on. M bence, in generai, | 


227. The Terms of the transformed niay be found without 
Involution, For the laſt is had, by ſubſtituting e and its 
Powers for x and its Powers; and the following Terms,” 
viz, penultimate, ante-pepuſtimate, &c. are found, by 
multiplyirig every Part of the laſt found Term in which 
£ is, by the Index of e in that Part; and by dividin 
the Products by the Product of e into the Index of y in 
that Term which is ſought: And the Indices of y ate the 
Laterals, beginning with the penuftimate Term. For 
the transformed Equation conſiſts of thoſe Powers of 
y + e, which are markedby the Indices of 2 in the Parts 
of the laſt- Term, multipſied eacfr by their reſpective 

R B b 4 Coeffi- 
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27 3,4, — 4» which before were I, 2, 3, — 5. i. e. 
bigger by Unity. Now, if for & I had wiit y + 125 
| | ; | there 


Coefficients; wherefore, beginning from the laſt Term, 
the higheſt Index of e being n, the Unciz of the 


Terms, reckoned from it, will be 1, 2, TH ES 
| TOS mm N 


XISDINX"—2 4c. where che lateral Diviſors 
are the Indices of y in the Term itſelf, as in Numb. 
101, &c. I | L 72 . 
228. When an Equation is transformed by the Dimi nution 
of its Roots by a you Quantity e, the affirmative Roots only 
are diminiſhed, but the negative Roots are augmented by that 
given Quantity e; for the Sign of „ in'y + e, is the 
ſame with the Sign of the negative, and contrary to the 


' 4 „ 


Sign of the afficmative Roots (181). 


229. Whence if the Quantity e, by which the Roots are 
diminiſhed, is equal to any affirmative Root, that Root will 
vaniſh by the Transformation; and conſequently the 
Product of the Roots, that is, the laſt Term of the 
transformed will vaniſh; that is, the transformed will be 
lowered by one Dimenſion : Alſo if two, three, &c. Roots of 
the propoſed be equal to each other, and to e, the Quantity 
which the Roots are diminiſbed; the Equation will be trans 

ed into one of two, three, &c. Dimer;ſiens lower, Thus 
'fuppoſe an Equation, none of whoſe Roots are equal to 
each other, and but one of them equal to e, be pro- 
poſed, viz. K — px3 + gx* — rx v5 = o, the 
transformed will be W Sf a 
9744 11 ＋Ee : + #8 
eee eee, es: 
I Tie 
a ' een i 
W hoſe lat Term, viz. 44 =pei+p get —frebs is 
ms. FFF yaniſhed, 
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there. would have eme out the Equation 51 + 55 — 
10 8 129 f ves en there be two affir- 
| mative, 


— 


vaniſhed, upon Account of e being equal to one Root xz 
juſt as the Aggregate of the propoſed would have 
vaniſhed by its? ubſtitution. Now dividing this tranſ- 
formed by y, it becomes one Dimenſion lower, viz. 


1 #7 +40: \ + 6e* + e 
17 * 2 rel 
— e 5). 


— 7 


Again, 9980 two Roots x equal to e, and conſe 
quently to each other, the transformed will be 


+ IA 


y9* + 4e 4; +063 ; 
— þ7 —3pe N * & = 0; 
7 


wanting the two laſt Terms, and dividing by y*, is 


ISO * 
— — 898 = 
+. 


two Dimenſions ell and por on. 


230. And converſely, if by diminiſhing the Roots 
Equation by any Quantity, the laſt Term of the tran 755 
ſhould vaniſh, that Quantity is equal to a 
of the Equation ; and $4 Rn erm alſo oats 
5 the propoſed has ots equal, and 2 to that 
Quantity; and if, moreover, three Terms of the transformed 
ſhould vaniſh, three Roots of the propoſed are equal, and _ 
to that Quantity, Cc. 


1. In general, ; 1 Term 0 led by 
00 


Moe, F equal Roots, be . 5 he nd of 75 
1 uantity in the Term, — the Product 
the rl Kew N ex; 
of theſe * For this is 2 to a Transfor- 
mation, 
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mative - Roots, '2 and 1 2, and two negative ones, 
e Bur by writing. y'— 6 fof x;- chere 
Wald have come out an Equation whoſe Roots would 


have 


— 


— — I” — „ —— 


mation; by diminithing the Roots by a Quantity equal 
to thoſe equal Roots; in like manner, » — 2 of the equal 
Roots will remain, after two Muttiplications and Diviſions ; 
and fo on. 

232. Fe, the Quantity by which the Rrots are dimimniſh- 
ed, be 93 dr . greateſt affirmative Root of the pro- 
poſed, all its affirmative Roots will become negative 
(228) ; whence all the Roots of the transformed are nega- 
tive, ond all its Terms affirmative (18 1) ; arid the leaf Root 
of the transformed, anſwers ta the Faure native of the 
propoſed. For the Exceſs of e above the Affirmatives is 
that, which makes them negative; and that Exceſs is 


— 


leaſt, which exceeds the greateſt Affirmative : Hence 


alſo, thoſe Roots of the transformed,” which are leſs than e, 
are thoſe which were affirmative in the propoſed ; arid thoſe, 
which are greater than e, are theſe which were negative alſo 
in the propoſed (228). * 

233. And converſely, ihi Terms of the transformed be- 
2 by 2508 th Rovts lee by 25 Jun 
tity, that Quantity is greater than the greateſt affirmative 
Root of the propoſed ; and if the Sign — intervenes once, all 

e Roots of the ＋ except one, are negative ; and 
that one is gredter than e that Qluntity- 


23. 7 e all th Roots of af” Egimum negative; is 
fo n them by a” Juumtil) greatef than th greateſt ofir- 
ani Rvot'; or 10 ſugbftute m dir EA —*— 2 the 
unknown, greater than the greateſt affirmatrv# Rust: Fot' 
ub Subſtitution is equivalent to Lransformation, by 

imipution of the Roots (225). Tis evident, that if 
the Quantity e is, leſs, than the leaft aMrmitive'Roor, 
the _ Quality, of the Roots is unchajiged,. thdugh the 
1 . are diminiſhed” and thEN eaves 20 dtent- 


At. 


235. When 


have been 7, 8, 9, 1. viz. alt afürmative; and writing, 
for the fame {x} y + 4, there would have come out 
thoſe Roots diminiſhed by 45 VIZ. — 3—2—1— 9, 
all of them negative. War — £108 


- . * 1 
„* ": a. FY ali aictcd r 2 


— — * — 


— 


235. When an Equation is transformed, by having us 
Roots increaſed by a given Quantity e, the affirmatrve Roats 
only are increaſed, but the Negatives are diminiſhed by it; 
its Sign being the ſame with that of the affirmative, and 
the contrary to that of the negative Roots. | 


236. Whence, if this Quantity is equal to one, tbo, 
three, &c. of the negative Roots, ſ many Terms of the . 2 
firmed will vanifs, and it will be depreſſed by ſo many Di- 
menſions; and converſely, if the transformed be depreſſed, thi” 
propoſed has fo many negative equal Roots, and equal to the 
Quantity e by which the Roots are increaſed. | 


237. If the Quantity e, by which the Roots are augment- 
ed, be greater (that is, more remote from nothing) than' the 
greateſt negative Root, all the Negatives will become Affir- 
mative by the Transformation; and all the Roots of the 
transformed will be affirmative, and the Terms alternately 
affirmative and negative ; and the leaſt Root in the tranſ- 
formed anfuwers to the greatefl negative Root of the rope 
and is the Exceſs of e the given Quant above the 
greateſt negative Root of the propoſed : For the Ex- 
ceſſes of e, above the negative Roots of the propoſed, are 
the affirmative-Roots of the transformed which are lefs: 
than e; and that Exceſs muſt be leaſt; which exceeds 
the: greateſt ; and the Roots greater thaw e, were dffirmaes 
tive in the propoſed (228). | | 


238. And converſely, if the Terms of the transformed Be 
come alternately poſitive and negative, the Quantity by which 
the Rovts are augmented, is greater than the greatgſt negative. 
Nor; and if ont Succeſſion intervenes, there will be a nega- 
tive Root greater than e. | | 


239. To 
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Aſter this manner, by augmenting or diminiſhing the 
Roots, if any of them are impoſſible, they will — be 
more eaſily detected than before, Thus in the Equation 
xi — 3424 ͤ — 332 = o, there are no Roots that 
appear impoſſible by the preceding Rule; but if you 
augment the Roots by the Quantity a, writing y 4 

for x, 


— T * ww” 1 4 * _ — 


239. To make all the Roots of an Equation affirmative, is 
fo augment them by a Quantity greater than the greateſt nega- 
tive Root; or to ſubſſitute a negative Quantity for the un- 
tnown, greater than the greateſt negative Root: whereby the 
reſulting Quantuy will become affirmative, if the Equation 
it of even 8 but negative, if of odd Dimen- 
fans (88): This Subſtitution being equivalent to Tranſ- 
formation, by augmenting the Roots. ky 


240. When an Equation' is transformed, by having its 
Roots ſubducted from a given Quantity e, as in Numb. 225, 
the affirmative Roots of the propoſed become negative in the 
transformed, and each diminiſhes the Quantity e; likewiſe, 
the negative Roots of the propoſed become affirmative in the 
transformed, and each increaſes the Quantity e. For if a 
be an affirmative Root, then a , and x - 
whence @ = - y, and y =e— a: Again, if a be a 
negative Root, then — a x, and x=e—y; whence 
— Se-, andy e. | 


241. 1f the Quantity e, from which the Roots are ſub- 
ducted, be equal to one, two, c. affirmative Roots of tbe 
propoſed, the transformed will be depreſſed ſo many Dimen- 
fiems ; and converſely, if the transformed is depreſſed, the 
propoſed has ſa many affirmative Roots equal, and equal 
1 e. | | 
242. If the Quantity e, from which the Roots are ſub- 
dufied, is greater than the greateſt affirmative Root, all the 
Roots of the transformed will be — (240); and the 
Terms, alternately, affirmative and negative; and converſely, 
if the Terms be alternately affirmative and negative, the 
Duantity e is greater than the greateſt affirmative Root. 
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for , you may now, by that Rule, diſcover two im- 
poſſible Roots in the Equation reſulting, y* — 3 ayy 
— 4 = 0. 45 . N 


CXXV. By the ſame Operation. you may alſo take. away 
the ſecond Terms of E quations. This will be done, if you 
ſubduf the known Quantity of ho ns Term of the E- 
quation propoſed, divided by the Number of Dimenſions of 
the higbeſt Term of the Equation, from the Quantity which 
you aſſume to ſignify the Root of the. new Equation, and 
ſubſlitute the Remainder” for the Root of the Equation pro- 
poſed (d). As if there was propoſed the Equation 
x3—4xx+4x—6=0, I ſubtract the known 


_ TI — h_ the. 


- 


CXXV. () That is, divide the Coefficient of the ſecond 
Term by the Index of the firſl, and connect the Quote to the 
Letter 2 by the contrary Sign. For, by this means, 
if the ſecond Term is affirmative, being the Sum of the 
Roots under a contrary Sign (218); each negative Root 
is increaſed - by the affirmative Sum of the Roots divided 
by their Number (224) ; that is, the negative Sum of 
the Roots is increaſed by an equal affirmative Sum, and 
therefore vaniſhes : and if the ſecond Term is negative, 
each affirmative Root is diminiſhed by the negative Sum 
of the Roots, divided by their Number (223) ; that is, 
the- affirmative Sum of the Roots is diminiſhed by an 
equal negative Sum, and therefore vaniſhes. * 


a 


n 


243. The Uſe of exterminating the ſecond Term, is to make 
the Solution of the Equation more eaſy : For if the propoſed 
be a Quadratic, the transformed will be 2 a 
(LXXIV. h.) its affirmative Root is equal to the negative ; 
F the propoſed be cubic, in the transformed. either the Sum 
of twa affirmative Roots is equal to one negative, or the Suns 
of two Negatives to one Affirmative — propoſed be 
a Biguadratic, in the transformed, either the Sum of ' three 
Negatives is equal io one Affirmative, or the Sum of twa 
Negatives is equal to the Sum of two' Affirmatives, or one 
egative is equal to the Sum of three Affirmatrves : The Sum 


f 
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Quantity of the ſecand Term, which 18 4» divided by 
the Number of the Dimenſions of the Equation, viz. 3» 
from the Species or Letter which is aſſumed to ſignify 
the new Root, ſuppoſe from y, and the Remainder 
l ſubſtitute for x, and there comes out 


CXXVI. By the ſame Method, the third Term of an 
Equation may be alſo taken away. Let there be propoſed 
the ion x* — 34 þ 3. 5 — 2-20, and 
make x 27572 2, and ſubſtituting y — e in the room 
of x, there will ariſe this Equ ation; 


multiplied by yz. Where, if 6e + ge 3 were 


1 - ** 


the affirmative Roots being always equal to the Sum of the 
— — in every Equation which wants the | Sr 
Term (112). Now when the Roots of the transformed 
are found, thoſe of the propoſed are had from their 
— Relation (221). TE 


* n every Equation which wants the ſecond Term, i 
3 the third Term will — 27 4 
the firſt Term being affirmative, the third ought to have 
the contrary Affection (112). If, therefore, the third 
Term is affirmative, when the ſecond is wanting, there 
may be, and generally are, impoſſible Roots; but it 
does not follow, that when there are impoſſible Roots, 
the third Term ſhall be affirmative. | 
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thing, you would have what you deſired. Let — 
ere it therefore to be nothing, that we may 4 

find what Number ought. to be ſubſtituted in this Cake 
for e, and we ſhall have the quadratic Equation | 67> 
ge +3 = 0; which, divided by 6, will 
4e I HA = Df 2h 267 ap ap We 


ing the CCC 


that is, =— Z 4 and conſequently either = — 
Gen hence 4.=m.e avill de cither y + 4, or 


y + 1. Wherefore, ſince y — e was _—_ for x; in 
the room of y — # thery © want bp BE Wi 1+ 4 or 
3 + 1, ſor x, that the third 1. erm o — * that 
reſults may be taken away. And that will happen in 
both Caſes. For if for * you write El ++ 25 $here will 
ariſe this Equation, y* — 5 — 

but if you write y ＋ 1, there will ariſe this. bis artet 


Derne (e): 


cxxvn. Mare- 


* * * * 52 77 32 „ — — — 


0 


CXXVI. fe) The Quantity, proper to be comneted with 


the aſſumed Letter y, Ao order that from "its Subſt ituſion 


tran formed Eguatiou ſhall want eny alf. 72 7 7205 74 
od. by the Selle of the Equation 1225 1 


erm 4. the transformed, into which the 2 
chan ed. Thus * — * re oh — 12 = 
18 "ranaformed | into ? +22 * d 
* SML Losen e 
—pxf= — þ — 4 be, 44 — 4 


qa? = + 7 + 390 +39f+9ge 
— rat = r wars re 

FX. &Þ\. + „ £5e 
— = —=t 


Now to find the Quantity proper for the Extermination 
of the ſecond Tum $#7—"p x *; becauſe 5e —p = 0, 
then 56 = ang # 5 : how putyng u univenſalſy 
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CXXVII. Moreover, the Roots of Equations may be mul. 
tiplied or divided by given Numbers; and after this Rate, the 
Terms of Equations be diminiſhed, and Frattions and radical 
\ Quantities ſometimes be taken away. | | 


As if the Equation were 51 45 — 2 o; in order 
to take away the Fractions, I ſuppoſe y to be 4 * 
_ = 3 ; ; | an 


—_— 


far the Dimenſions of the Equation, the Quantity will 
be y + - „ as in the above Rule, Again to exter- 
minate the third Term 1022 — 77 - 1 * ; becauſe 
20 —4pe +9 So, then APT VAS 
(LXXIV) ; that is, putting 5 , y = 5 + VE — ? 


will be the Quantity to be ſubſtituted : and in like man- 
ner the fourth Term may be exterminated, by a Quan- 
tity found by the Solution of the cubic Equation, which 
Is the Coefficient of the fourth Term of the transformed, 
and ſo on. Hence it appears, that 0 find the Quantity 
proper to be connected with the aſſume Letter, to exterminate 
the 24, 3d, 4th, 5th, &c. Term of an Equation, there is to 
be ſolved a ſimple, a quadratic, a cubic, a biquadratic Equa- 
tion, &c, re beftivel ; and conſequently there is but one 
uantity, which, connected with £ unknown, will exter- 
minate the wh erm; two Duantities the 3d; three the 4th ; 
Pour the 5th (CXII); and ſo on. f 
In like manner an Equation which wants the 2d, zd, &c« 
Term, may be transformed into one which ſhall have that 
Term, and whoſe Value ſhall be e; viz. by finding the 
Value of e in the Equation of the indeterminate Coeffi- 


cients. of that Term, and ſubſtituting y + 2 , +£ 


41 2 — 25 &c. for the 2d, 3d, &c. Term, reſpec- 
tively 


2 
2 
/ 
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and then, by ſubſtituting 4 z for 5, there comes out 

5 2 122 146 
this new Equation, 3 — F o, and hay- 
ing rejected the common Denominator of the Terms, 
21 — 122 — 146 = o, the Roots of which Equation 
are thrice greater than before. And again, to diminiſh 
the Terms of this Equation, if you write 2v for z, 
there will come out 8 9 — 24 — 146 = o, and 
dividing all by 8, you will have v1 — 3 — 184 = 0; 
the Roots of which Equation are Half of the Roots of 
the former. And here, if at Jaſt you find v, make 
2 2, 4z=y, and'y + = x, and you will have x 
the Root of the Equation K — 4xx + 4x — 6 = ©, 
as firſt propoſed. NJ 

And thus, in the Equation K — 2x + 4/3 = o, to 
take away the radical Quantity 4/3; for x I write 5%; 
and there comes out the Equation 35 /3 — 25 % + 
+ 3 = 0, which, dividing all the Terms by / 3, be- 
comes 3y* — 25 +1=0(f).. | 


—— * 22 " 8 fs. 


* 


CXXVII. (/) 245. An Equation may be transformeu 
into another whoſe Roots ſhall have a given Ratio to the Roots 
of the propoſed, viz. y: X:: a: b; by fmding the Value 
of x in an Equation formed from the Proportion; and by 
ſubſlituting this Value and its Powers for x and itt Pawers 
in the propoſed, Thus if the Equation x* — PX + 


qx — 7 = © be propoſed, becauſe x = 2. the tranſ- 


4 
3 2 2 
formed will be 2 — 2 — + 2 —7=0. Now, 
a 
by multiplying by @?, and dividing oy b*, the tranſ- 
formed is 35 5 * + 57 — 5 = o. Hence it 
appears, that, becauſe x = 2 4 and that 1 is the 
x. a 


Reciprocal of the given Ratio 3 the Transformation | 


is done by ſubſlituting for x and its Powers, the Products 
of y and its Powers into the Reciprocal of the given _ 
N Cc 
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and its ſimilar Powers ; or, which is at length the ſame 
thing, by multiplying the Terms ofw the Equation by the re- 
ſpeftive Terms 25 a geometrical Progreſſion, beginning from 
Unity, in the Ratio of Unity, to a Fraftion expreſſing the 
given Ratio. 
246. Hence, if it be required to multiply the Roots of an 
| Equation by any given Quantity a, for x and its Powers, 


y divided by the Multiplier a, or y multiplied into = the 


Reciprocal of the Multiplier, and its Powers, is to be ſub- 
- flituted; for, from the Nature of Multiplication, the 
Conſequent of the Ratio of Numb. 245 is Unity. 
Or, which comes to the ſame thing, by multiplying the Terms 
of the Equation, by the reſpective Terms of a Series, (begin- 
ning from Unity) of Proportionals, in the Ratio of Unity to 
- the Multiplier. 
247. If it be required to divide the Roots of an Equation 
by any given Quantity b, for x and its Powers ſubſtitute * 
multiplied into the Diviſor, viz. y b, or y divided by the 
Reciprocal of the Diviſor, and its Powers ; becauſe the 
Antecedent of the Ratio is Unity (245). Or, which 
comes to the ſame Thing, the Terms w the Equation are to be 
divided reſpectively by the Terms of a Series, beginning from 
Unity, of continued Proportionals in the Ratio of Unity to 
_ the Diviſor. | 
248. If the Term of an Equation has a Coefficient 

di — 5 945, it can 1. taken away by ale the 
\ Roots by that Coefficient ; thus a & —- P ＋ AR 
= o, multiplied by 1, a, 42, a? K „ becomes ax3 
— pax* + qa*x —a*r = 0. Now, by dividing by 
a, it becomes x* — px* + gax —@a*r= o. Whence 
it appears, that the Operation will be performed at once, 
by expunging it from the -firſt Term, and by multiplying the 
Terms of the Equation, beginning with the third, by the Co- 
efficient, its Square, Cube, &c, reſpectively. Hence alſo 
2249. If an Equation has Fractions, it may be transformed 

into one which ſhall be clear of Hractions, and whoſe firſt Term 
| ſhall have Unity for its Coefficient ; i the Terms being fir/? 
multiplied by the Product of the Denorfinators, the Terms be- 

ginning with the third, are multiplied by the Coefficient of the 
3 
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Frft Term, and its Powers reſpectively; as in Numb. 248. 
and the Coefficient is expunged from the firſt Term. 

"> RYOf An Equation can be cleared of Radicals by Multipli- 
cation, when the Radicals recur in ſuch Terms of the Equa- 
tion, as that when a Series of Proportionals is formed in the 
Ratio of Unity to the Radical, the Product of the Numerators 


of the Indices of the faftor Terms, in the Equation and 


Series, can be meaſured by their common Deneminator: For 
then the Products will be Unity or Rational (79). Thus 
if a Quadratic Radical recurs ih the alternate Terms, it 


can be exterminated, as * — Vpat + gx Mr 
+ 5x—vV/pt= 0 is cleared; by multiplying by the re- 
ſpective Terms of the Series 15 vp, b. py þs þ*, PV p, 
and becomes x%— pat N -e. D -p 
3 3 t | 
So BS V - rA + VBA —vquibs a— 
x WS BY n 923 1 KC 
Vx +vqt=ointol, Ve, Ve, 4, ave, ave, 7 
E e of eng 
a Vo, , becomes * - -* -r + i xt 
| + | | „in 
- - KO. Alſo * -* Vgq* 
eee 4 
Vu VN F . — 


3 214 $$ 2 - . 8 3 
Vin N NE,. 


3 53 | ne Bt 
Vy Vñ A o into I, Vp Vavrvs, N pe 
2323 7 3 8 | 2 2 3 * * 1 
Vr VI, 429 VVA, PV V rvrs, DP Erviivs, 
Ys d 7 44. 2 . | — | 

pvp4* Ver, 7 2 s, becomes & — 
pqrix? + pgr x5 —þ* qr 585 + p? qfr5x* — þ* Pris * 

+ $3 9212 $2 x2 — $393 1252 2x +4912 A=0. t 
251. The Coefficients, or the laſt Term of an Equation wil 
be made diviſible by any Number or Numbers, if the Roots of 
the Equation be multiplied by that Number, er the Prod of 
the affigned Numbers. For if the Equation a 33 + g«* 


— rx +5= © has its Roots multiplied into g, it 
8 "CES" * becomes 


388 TRANSMUTATION 


CXXVIIL Again, the Roots of an Equation may be 
changed into their Reciprocals, and after this May the Equa- 
tion may. be ſometimes reduced to. a more commodious Form (g). 

Thus, the laſt Equation.3y3 — 2y +1 = o, by 
writing - for y, becomes — N — 1 o, and 
all the Terms being multiplied by 25, and the Order of 
the Terms changed, 23 — 222 + 3 = 0. The laſt 


—— — 


becomes x*%— ab cp x3 ＋ 42 ba 2q — BBB Org. 
a+b**5 = o, (246) all whoſe Coefficients are divi- 
fible by a, or 5, or c, or a he. 

CXXVIUI (Z) 252. An Equation may be transformed 
into another whoje Roots ſhall be the Reciprocals of the propo- 
ſed, by ſubſtituting Unity, or rather the laſt Term, divided by 
the aſſumed Letter y, and its Powers, into the Place of x and 
its Powers; for then the Proportion (245) &: :: 4: b, 


becomes *: 1 :: 1:9, and the Value of x is . If we 


ſubſtitute Unity or any other Quantity beſide the laſt 
Term, we ſhall have fractional Coefficients, or the high- 
eſt Term will have a Coefficient different from Unity; 


thus by ſubſtituting - for x in the Equation * — þ x3 
+ gat—rx+s = 0, we have . 8 
. 
32 o; and by tranſpoſing, 5 —7 ＋ 2 — = + 
So; and multiplying by 34, 594 — x 3 + 9.) — P * 
+1=0; and if we divide by s, „ 54 L 
ve: | . 
2 3 + — = o: In like manner if we ſubſtitute ©. for 
5 


5 ; 5 y 

„*, we ſhall have 554 —ra + 2 — pa3y 44 
2 

= oor tor „% + ip AS a* 

41 6 LY , | 

Whereas if — were ſubſtituted, we ſhould have 5 7 — 


J 
r 593 


OF EQUATIONS... 389 
Term but one of an Equation may alſo by this Method be 


taken away, provided the ſecond was taken away before, as 
you ſee done in the precedent Example. Or if y:u would 
take away'the laſt but two, it may be done, provided you have 
taken. away the third before (h). Moreover, the leaſt Root 
may be thus converted into the greateſt, and the greateſt into 
the leaſt, which may be of ſome Uſe in what follows (i). 
Thus, in the Equation. x* — #3 — 19 xx + 49 x 
— 30 = o, whoſe Roots are 3, 2, 1, — 5, if you write 
L for x, there will come out the Equation 4 — 4 — 
_— ö * 
19 + 49 — 30 = o, which, multiplying all the Terms 
. . 
by , and dividing them by 30, the Signs being changed, 
„ e LS ie 
becomes ) BY + 7 * + 7 y . o, the 
Roots whereof are 3, 2, 1, — 4 the greateſt of the 
affirmative Roots 3 being now changed into the leaſt +, 
and the leaſt 1 being now made greateſt, and the nega- 
tive Root — 5, which of all was the moſt remote from 


o, now coming nearelt to it. | 
There are alſo other Tranſmutations of Equations, but 


. which may all be 4 gens after that Way of tranſmutating 


we have ſhewn, when we took away the third Term of the 


Equation (k). 
CXXIX. 


ä 


—— 4 


45 42 — p 3 + # =0, i. e. dividing by 3, 


* —rj3 + gif —pRy +3 =0.. 
(>) Becauſe by the Operation the Order of the Co- 
efficients is now inverted. . | 


(i) Becauſe as x = ©, and 5 = , when x is great- 
* 


eſt, y muſt be leaſt; and converſely. 


(4) 253. An Equation is transformed into another vb 
Roots ſhall be mean Proportionals between the Roots of the 
propoſed and any given Quantity a, by ſubſiituting for x and 


its Powers, the Square of the aſſumed y divided by the Duan. 


3 tits 
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CXXIX. Frem the Generation of Equations it is evident, 
that the known Quantity of the ſecond Term of the Equation, 
if its Sign be changed, is equal to the Aggregate if all the 
Roots under their proper Signs ; and that of the third Term 
equal to the Aggregate of the Rectangles 4 each two of the 
Roots; that of the fourth, if its Sign be changed, is equal 10 
the Aggregate of the Contents under each three of the þ vals 3 
that af the fifth is equal to the Aggregate of the Contents under 
each four, and ſo on ad infhnitum (1), © © 


ä 


tity a, and the Powers of this Quote. For the Proportion 
(245) #: 9: :4: h becomes & :::: a, whence the 
. l e 


Value of x is — Thus if in xa pA. gx—r= 95 
3 5 | 5 . | | l 


6 
be ſubſtituted for x, we have 3 + ro, 
| | „„ x ROE EET $08} 

that is, 6 —pay bqa — 743 = o, whoſe Roots 
are mean Proportionals between à and the Roots of the 
progoſed. | (Rk Ho 46 ea 

254 An Equation may be transformed. into another whoſe 
Roots ſhall be the Square, Cube, &c. Roots of the propaſed, 
by ſubſtituting for x its ſuppoſed Value, that is, y*, y3, &c. 

| | g | 


for ſince / x = y then x ; or if / x = , then 
x ; and hence it is, that Equations can be depreſ- 
ſed, if the Indices of all the Terms can be meaſured by 
the Index of the loweſt Power of x (184): Thus & + 
J ＋ 5x2 + v = © is depreſſed to y3 ＋ 9 , + v 
= oO, by putting ** = y, whence x =/y; and the 
Roots of the transformed are the ſquare Roots of the 
propoſed (221,) as in N“. 184, ' | 
255. In every kind of Transformation, if the Quantity 
by which the Roots are diminiſhed, multiplied, &c. be a 
real Quantity, auy imaginary Quantity diminiſhed, &c. 
by it, muſt remain imaginary ; wherefore all imaginary Roots 
remain after 1 It is alſo manifeſt, that 
when the Roots of the transformed are found, thoſe of 
the propoſed may be found, from their known Relation to 
thoſe of the transformed (221.) 
CXXIX. (J) See Numb. 95, &c. 1 
et 
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Let us aſſume x a, x=b, x - c, x = 4, &c. 


"4 or x—a=0,x—b=0,x+£=0, x —d = o, 
* and by the continual Multiplication of theſe we may 
= generate Equations, as above. Now, by multiplying 
Ti x — @ by x — 6, there will be produced the Equation. 
2 4* * + ab = 0; where the known Quantity of 
2 the ſecond Term, if its Signs are changed, viz. a + 6, 
is the Sum of the two Roots @ and 3, and the known 
Quantity of the third Term is the only Rectangle con- 
tained under both. Again, by multiplying this Equation 
4 by x + c, there will be produced the cubick Equation 
1 — 4 — ab | 
e „ - AX —-acx + abc = o, where the known 


c — bc | 
Quik of the ſecond Term having its Signs changed, 
| viz. a + b — c, is the Sum of the Roots a, and 5, 
* and — c; the known Quantity of the third Term 
ab —ac—bc is the Sum of the Rectangles under 
each two of the Roots a and b, a and — c, b and — c; 
and the known Quantity of the fourth Term under its > 
Sign changed, — abc, is the only Content generated. 
by the continual Multiplication of all the Roots, 
a by b into — c. Moreover, by multiplying that cu- 
bick Eduation by x — d, there will be produced this 
biquadratick one; | 


+ ab 


% -o "gd 


— 4 
x + + 84** 3% % % © 96d =0 ! 


SUP IF > $0 "8." $ 


— £4 x 
Where the known Quantity of the ſecond Term under 
its Signs changed, viz. a + b —c + 4, is the Sum of | 
all the Roots; that of the third, ab — ac —bc + ad i 
+ bd — cd, is the Sum of the ReQangles under ey | 
two Roots ; that of the fourth, its Signs being hana ; 
—abc +abd —bcd — acd, is the Sum of the Con- 
tents under each Ternary; that of the fifth, — à 5 c d, 
is the only Content under them all. 


C 04 CXXX. 


0 
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CXXX. And hence we firſt infer, that of any Equation 
the 


that involves neither Surds nor Fractions all rational 
Roots, and the Rectangles of any two of the Roots, and the 
Contents of any three or more of them, are ſome of the integral 
Diviſors of the laft Term; and N when it is evident 
that no Diviſor of the laſt Term is eithe? a Root of the Equa- 
tion, or Rectangle, or Content of two or more Roots, it will 
alſo be evident that there is no Root, or Rectangle, or Content 
of Roots, except what is ſurd (m). | 

CXXXI. Let us Label, now, that the known Duantities 
of the Terms of any Equation under their Signs changed, are 
Ps 9 r, s, t, v, vig. that of the ſecond p, that of the third q, 
of the fourth r, of the fifth s, and ſo on. And the Signs of 
the Terms being rightly obſerved, make p = a, pa 29 
=b, pb gar zr c, pc +qb+ra+4s 
—=d, pd +qc+rb+sa+5t=e, pe + qd + 
rc+s8b+ta+6v=f, and fo on in infinitum, . ob- 
ſerving the Series M4 the Progreſſion. And a Twill be the Sum 
of the Roots, b the Sum of the Squares of each of the Roots, 
c the Sum of the Cubes, d the Sum of the Biquadrates, e the 
Sum of the Quadrato-cubes, f the Sum of the Cuba-cubes, 
and ſo on. 

As in the Equation #* — K — 19 xx ＋ 49 x — 
30 = ©, where the known Quantity of the ſecond Term 
is — 1, of the third — 19, of the fourth ＋ 49, of 
the fifth — 30; you muſt make 1 =p, 19 =q, — 
49 Sr, 30 . And there will thence ariſe à = 
(p =) 1, b= (pa ÞF2g=1+38 =) 39, c = 
(pb +ga + 3r = 39 + 19 — 147 =) — 89, d = 


— 
—_—_— 


CXXX. (n) It can have no fractional Root, for a 
fractional Root would give fractional Coefficients, and 
if they were removed the higheſt Term would have a 
Coefficient different from Unity, which is contrary to 
Suppoſition; now Roots which are neither Integers nor 
Fractions muſt be Surds (161). Alſo, if the higheſt 
Term of an Equation has a Codfficient different from 
Unity, one, or ſome, or all the generating Binomes (121) 
had either a Coefficient in the firſt Number, or their 
ſecond Number fractional, 


—_ 


* Wi ** 


( 
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(pe Tra A= - 89 +741 — 49 + 120 
=) 723. Wherefore the Sum of the Roots will be 1, 
the dum of the Squares of the Roots 39, the Sum of the 
Cubes — 89, and the Sum of- the Biquadrates 723, viz. 
the Roots of that Equation are 1, 2, 3, and — 5, and 
the Sum of theſe 14 2 + 3—5 is 1; the Sum of the 
Squares, 1 + 4 + 9 + 25, is 39; the Sum of the 
Cubes, 1 + 8 + 27 — 125, is — 89; and the Sum 
of the Biquadrates, 1 + 16 + 81 + 625, is 723 (n). 


* 
— —„—-— 


— 4 


CXXXI. (5) This Rule follows eafily from the al- 
gebraical Expreſſions of the Quantities, and the binomial 
Theorem. For a being = 5 and p the Sum of the 
Roots (CXXIX), — 9 the Sum of the Products of 2 
Roots, their Signs being changed (95), 7 the Sum of 
the Products of three Roots (CXXIX), - the Sum of 
the Products of 4 Roots, with their Signs changed (95), 
z the Sum of the Products of 5 Roots, and ſo on; putting 
x + y +2, &c. for the Roots: Becauſe (pa - 29) the Square 
of the Sum leſs twice the Sum of the Products of the. 
Roots is equal to the Sum of the Squares of the Roots, 
therefore 6 0 | | 
frompa= ] + + zz, &c. ＋ 22 + 2xz+2 zy, &c. 
ſubduct — a q = 1 2xy+2xz+2zy, &c, 
remains pa + 2q = x* + * +22, &c. the Sum of the 
Squares = 6, 


Again, becauſe pb the Sum of the Squares multiplied 
into the Sum of the Roots is equal to the Sum of the 
Cubes, more the Sum of the Squares of each Root into 
the other Roots; and becauſe — q a the Sum of the Pro- 
ducts of two Roots into the Sum of the Roots is equal 
to the Sum of the Squares of each Root into the other 
Roots, more thrice the Sum of the Products of three 
Roots, i. e. 3 r; therefore ſubducting the latter Products 
from the former, i. e. p — ga+ 3r, the Reſidue, 
viz. pb + ga — 3r will be the Sum of the Cubes 
leſs thrice the Sum of the Products of three Roots, which 


being therefore added, we have the Sum of the Cubes. 
| Thus 
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Thus from p'b = x3 + y3 + 23, &c. + 77 + 2 = Tc. 
Xx * + 2x 2 . v 5 ＋ 2% 7 7 2 y X 22, &c. 
ſubdut—ag=xyz, &c. X 32 y+2 2, &c. Xx * 
+ ZzÞ2z, Nc. Xx ＋E ZIT z), &c. x2, Kc. re- 


mains þ bp ag = + j* Þ+.23, &c. — Z, &c. 
* 33 add 3r = N ©. 6 5 — X y 2, &c. & 3 
the Sum þ þ + a 7 + Jr = #3 + 5 + 23, &c. .-- -& 
the Sum of the Cubes. 

Again, becauſe pc the Sum of the Cubes into the 
Sum of the Roots is equal to the Sum of the Biqua- 
drates more the Sum of the Cubes of each Root into the 
other Roots; and becauſe — q the Sum of the Pro- 
ducts of two Roots into the Sum of the Squares is equal 
to the Sum of the Cubes of each Root into the other 
Roots more the Sum of the Squares of each Root into 
the Sums of the Products of two Roots; therefore ſub- 
ducting: the latter Products from the former, that is, 
— qb from pc, the Reſidue pe qd is equal to the 
Sum of the Biquadrates leſs the Sum of the Squares of 
each Root into the Sum of the Products of two Roots: 
Now r a the Sum of the Products of three Roots into 
the Sum of the Roots is equal to the Sum of the Squares 
of each Root into the Sum of the Products of two Roots 
more — 4 s, quadruple the Sum of the Products of four 
Roots; adding therefore the latter Product to the for- 
mer Reſidue, the Sum, pc + gb + ra, is equal to the 
Sum of the Biquadrates, more quadruple the Sum of the 
Products of four Roots; therefore ſubducting — 4 5 this 
quadruple Sum, the Reſidue is the Sum of the Biqua- 


drates. Thus from þ c = 5, &c. + y + z, &c. 
X #3 + x +2, &c. x ＋, &c. ſubduct — qb = 
, &c. X * + T. Kc. +y+ zz, Kc. x * + 
＋ T 2 c. X53, &c. remains pc + qb=a* + j# &c. 
—Jz, Ke N - + n1Þ+, Kc. x, &c. add r a 
= E TY zl, &c. x4 +yz+, KXx* TX ＋, &c. 
X *, &c. 


Sum 
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Sum þc+gb+rd ,, Ke. + TL KA 
ſubduct — 4 =_ un , &c. xa 
remains þc + (4b +rap4s =xt*+54+ 2, &c. =>. 
Sum of the Biquadrates. per bh 
In like Manner, from pd A + 25 +, &c. + 
y + z +, &c. X x* ＋ x + 2, &c. Xx „*, &c. 
ſubduct — gc = 2, &c. x * þ Z ＋, &c. Xx + 
TZ XA - T 2 +, &c. X , &. 
remains pd + 9 = + , &c. - y 2+, &c. & * — 
* 2 + &c. X 93, &c. 

add r þ =y t , &c. xx, &c. Th, &c. Xx" &. 
the Sumpd+g c+r b=x* ), &c. + yzn+ y zm, &c. 
XX, &c. | | 
ſubduct — 5a =xyznl + yznl n, &c. x5 + 


5 JZ my &c. X a2, &c. | 3 

rem. pd＋ C rb+ $a=x5 ＋5⁵; &. yznl Tyzulm, &c. 
xõ add 5 t =... yz yzlnn, &c. x 5 
Sum pd +ge+1b „st =3 +» +25, Ke. 


= e. Sum of Quadratocubes, and ſo on. 


Now that the Sum of the Roots multiplied into the 
Sum of the Products of two Roots, of three Roots, of 


four Roots, &c. is equal reſpectively to triple, quadruple, 
quintuple, &c. the Sum of the Products of the Roots, 
by threes, by fours, by fives, &c. more the Sum of the 
Squares of each Root into the Sum of the other Roots, 
into the Sum of their Products by twos, by threes, &c. 
reſpeQively, appears from this; that in thoſe reſpective 
Multiplications, each Root is multiplied either into a 
Product into which it had entered before, and then the 
Power of it, either Square, Cube, &c. is produced; or 
into a Product into which it had not entered before ; 
and then this Product is produced ſo many times as there 
are Factors in it. Thus x y z is produced by x into y's; 
by y into xz and by ⁊ into xy, viz. thrice, and fo of every 

other 
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other Product of three different Factors, when the Sum of 
the Roots is multiplied into the Sum of the Products of 
two Roots. Thus x into yz u, y into xzn, 2 into zy n, 
and u into zyz, produces xyzn; that is, xyz A is 
produced four times, and ſo of every other Product of 
four different Factors, when the Sum of the Roots is 
multiplied into the Sum of the Products of three Roots. 
Thus again, x into yz um, y into xz um, 2 into xynm, 
n into xyzm, and m into xyzn, produces xy zu m, 
that is, xyz um is produced five times, and ſo of every 
other Product of five different Factors, when the Sum 
of the Roots is multiplied into the Sum of the Products 
by four Roots; and ſo on continually. 


Of the Liuirs of the Roots of EqQuaT1ONs. 


CXXXII. A ND hence are collected the Limits be- 
tween which the Roots of the — 
ſhall conſiſt, 7 none of them is impoſſible. For when the 
Squares of all the Roots are affirmative, the Sum of the 
Squares will be affirmative, and therefore greater than the 
Square of the greateſt Root. And by the ſame Argument, the 
Sum of the Biquadrates of all the Roots will be greater than 
the Biguadrate of the greateſt Riot, and the Sum of the Cubo- 
Cubes greater than the Cubo-Cube of the greateſt Root (a). 


CXXXIII. I/herefere, if you deſire the Limit which na 
Roots can paſs, ſeek the Sum of the Squares of the Roots, and 
extract its Square Root. For this Root will be greater than 
the greateſt Root of the Equatim. But you will come 
nearer the greateſt Root if you ſeek the Sum of the Bi- 
quadrates, and extract its Biquadratick Root; and yet nearer, 


— 


1 


CXXXII. (a) The Sums of the even Powers are af- 
firmative, whether the Roots are affirmative or ne- 


gative. (88) 


if 
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if you ſeek the Sum of the Cubo-Cubes, and extract its Cubo- 
cubical Root; and ſo on in infinitum. (6) 


NP" "0 


— 


CXXXIII. (4) For let all the Roots x, y, z, u, n, &c; 
be affirmative, and x the leaſt Rgot, y greater than æ, 
2 greater than y, and ſo on continually. Then fince 
* is to 9* as x to a third Proportional in the Ratio of 
x to , and x3 is to ) as x to a fourth Proportional in 
the ſame Ratio; and ſince x is not greater than y, the 
Ratio of x* to y* will not be leſs than the Ratio of a3 
to y?, and (comp.) the Ratio x* + * to -y* will not be 
leſs than the Ratio of x* + y* to y* and (altern.) 
the Ratio of x2 + 92 to & + 3, will not be leſs 
than the Ratio of 32 to y3: But fince y is not greater 
than 2, the Ratio of 1 to y, that is, of * to 33 
is not leſs than the Ratio of 1 to a, that is, of 22 
to 23; therefore the Ratio of x* + ä to x3 + 33 
is not leſs than the Ratio of 25 to z3, and (altern.) the 
Ratio of x? + 52 to 22 is not leſs than the Ratio of 23 
+y* to2*; and therefore (comp.) the Ratio of x? ＋ 32 
+ 22 to'22 is not leſs than the Ratio of x3 + y3 ＋ 23 
to 2%, And by the ſame reaſoning, the Ratio of & + 
* +2* + 22 to n will not be leſs than the Ratio of x3 
+ T2 + tons, and fo on continually ; iz. 
the Ratio of the Sum of the Squares to the Square of 
the greateſt Root, or to the Square of that Root, than 
which there is no greater in the Equation, is not lefs 
than the Ratio of the Sum of the Cubes to the Cube 
of the ſame Root; that is, it is equal if all the Roots 
be equal, but greater if any of the Roots be unequal. 
And after the ſame Manner, the Ratio of the Sum of 
the Cubes to the Cube of the greateſt Root is not leſs 
than the Ratio of the Sum of the Biquadrates to the Bi- 
guadrate of the greateſt Root, and ſo on continually, 
Therefore the Ratio of the Sum of the Squares to a 
mean Proportional between this Sum and the Square of 
the greateſt Root, is greater than the Ratio of the Sum 
of the Cubes to the fr of two mean Proportionals be- 
tween this Sum and the Cube of the greateſt Root, and 
this Ratio is greater than the Ratio of the Sum of the 
Biquadrates to the firſt of three mean Proportionals be- 

tween 


— 


o 
: 
: 
9 
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Thus, in the precedent Equation, che Square Root 
of the Sum of the Squares of the Rcuts, or . 39, is 62 
nearly, and 6; is farther diſtant from o than any of the 
Roots 1, 2, 3, — 5. But the Biquadratick Root of the 
Sum of the Biquadrates of the Roots, viz. V 723, which 
is 5x nearly, comes nearer to the Root that is moſt re- 
mote from nothing, VIZ. — 5. - EY * 


CXXXIV. If, between the Sum of the Squares and the 
Sum of the Biquadrates of the Roots you find a mean Propor- 
tional, that will be a little greater than the Sum of the Cubes 
of the Roots connected under affirmative Signs (c). And 


hence; 


—__ 


tween this Sum and the Biquadrate of the greateſt Root; 
and ſo on continually : that is, the Ratio of the ſquare 
Root of the Sum of the Squares to the greateſt Root is 
greater, or more. remote from the Ratio of Equality, 
than the Ratio of the Cube Root of the Sum of the 
Cubes to the greateſt Root; and this Ratio is greater 

than the Ratio of the Biquadrate Root of the Sum of the 
| Biquadrates to the greateſt Root, and ſoon continually. 
Now ſhould any of thoſe Roots be changed into nega- 
tive, yet thoſe ae them, whoſe Indices are even 
Numbers, will continue affirmative (88); and con- 
ſequently, it follows univerſally, that the Ratio of the 
Square Root of the Sum of the Squares to the greateſt 
Root, or moſt diſtant from nothing, is greater than the 
Ratio of the Biquadrate Root of the Sum of Biquadrates 
to the greateſt Root; and this greater than the Ratio of 
the Cubo-Cubic-Root of the Sum of the Cubo- Cubes to 


the greateſt, and fo on continually, ; 


* 3 


CXXXIV. (e) Since all the Roots under affirmative 
Signs are not equal, and ſince x*, x3, , &c. are con- 
tinually Proportional, alſo 52, y3, y*, &c. and za, 23, 2“, 
Kc. &c. therefore the Products of the correſponding 
Terms x* X 32, x3 X , a+ X, will be continued 
* Proportionals ; that is, x* Xy3 is a geometrical Mean be- 

tween x*X 5* and & x , and therefore between x* x 4 


and x+* X ; therefore the Sum of the Extremes is greater 
Caen h 4 than 
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hence, the half Sum of this mean Proportional, and of the 
Sum of the Cubes collected under their proper Signs, faund as 
before, will be greater than the Sum of the Cubes of the Affir- 
Mative Roots, and the half Difference greater than the Sum 
F the Cubes of the Negative Roots. 


CXXXV. And conſequently, the greateſt of the Affirma- 
tive Roots will be leſs than the Cube Root of that half Sum, 
and 


— 


than double the Mean, viz. x* X y4 + x* X * is great- 
er than 2 X x3 X y3 (Eucl. V. 25); but the Product af 


the Sums #2 + y into x+ + is equal to the Products of 
x2 into , and of y* into y+ (that is, to the Squares 
of as and y3 (Ne. 79.) together with the Rectangles +2 
into * and y® into x* (Eucl. II. 4.) now the Square of 
the Sum x3 x y* is equal to the Squares of x* and y* to- 
gether, with 2-X * x y3 (Eucl. II. 4.) therefore the Pro- 
duct of the Sum x* Xx into x* X y+ is greater than the 
Square of the Sum x3 + y?®. Whence it a third Propor- 
tional P-be taken in the Ratio of x*+#* to x3+y3, it will 
be leſs than x+-- , and (as was ſhewn before) the Pro- 


duct of the Sum x* + y*+ z* into the Sum P, can- 
not be leſs than the Square of the Sum x3 + yi+z3 ; and 
. conſequently, the Product of the Sum x*+ y*+ 22, into 
a + y* ＋ , will be greater than the Square of & +3 
+ Z. In like manner, the Product of the Sum x2 + 52 
＋ 22 ＋ * into & + y+ + 2+ + , is greater than the 
Square of the Sum x3-þy34+ 23 + =, and ſoon continu- 
ally, viz. If between the Sum of the Squares and the 
Sum of the Biquadrates a mean Proportional be taken, 
it will be greater than the Sum of the Cubes under affir- 
mative Signs. And after the ſame manner, if a mean 
Proportional be taken between the Sum of the Biqua- 
drates and Sum of the Cubo-cubes, it will be greater 
than the Sum of the Quadrate- cubes, and ſo on in infi- 
_ nitum. 


—— — — —P — 
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andthe greateſt of the * 99 Roots lefs than the Cube Root 


of that Semi- di ference (d). 

Thus, in the precedent Equations a mean Propor- 
tional between the Sum of the Squares of the Roots 39, 
and the Sum of the Biquadrates 723, is nearly 168. 
The Sum of the Cubes under their proper Signs was, as 
above, —89, the half Sum of this and 168 is 391, the 


Semi- difference is 128. The Cube Root of the former, 
which is about 32, is greater than the greateſt of the 


Affirmative Roots 3. The Cube Root of the latter, 
which is 5 4+ nearly, is greater than the Negative Root 
—5, By which Example it may be ſeen how near you 
may come this Way to the Root, where there is only 
one Negative Root or one Affirmative one. 


_ CXXXVI. And yet you might come nearer fill, if you 
found a mean Proportional between the Sum of the Biquadrates f 
the Roots and the Sum of the Cubo-Cubes, and if from the 
Semi-Sum and Semi-Difference of this, and of the Sum of 
the Duadrato-Cube of the Roots, you extracted the Quadrato- 
Cubical Roots. For the Duadrato-Cubical Reot of the Semi- 
Sum would be greater than the greateſt Affirmative Roat, and 
the Quadrato- Cubic Root of the Semi-Difference would be 
| 3 Ws greater 


— — — — — — 


' CXXXV. (4) For the Sum of the Cubes under their 


proper Signs added to the Sum of the Cubes taken affir- 


matively, is double the Sum of the Cubes of the affirma- 
tive Roots, (Ne. 22.) and the Sum of the Cubes under 
their proper Signs ſubducted from the Sum of the Cubes 
taken affirmatively, is double the Sum of the Cubes of 
the negative Roots (36); but a mean Proportional be- 
tween the Sum of the Squares and the Sum of the Bi- 
quadrates, is greater than the Sum of the Cubes taken 
affirmatively (CXXXIV.); therefore half the Sum of 
this mean enn, and of the Sum of the Cubes of 
the Roots under their proper Signs, exceeds the Sum of 
the Cubes of the affirmative Roots, and half their dif- 
ference exceeds the Sum of the negative Roots; where - 
fore, by extracting the Cube Roots of the half Sum and 
of the half Difference, Limits are found which exceed the 
greateſt affirmative, and the greatelt negative Root. 


or EQUATIONS. -: ans 
greater than the greateſ? negative Root, but by a leſs Exceſs 


than before (e). Since therefore, any Root, by augmenting 
or 


CXXXVI. (e) By the ſame method of Reaſoning it 
follows, that if a mean Proportional be taken between the 
Sum of the Biquadrates and Sum of the Cubo-Cubes, half 
the Sum of this Mean and the Sum of the Quadrato- 
Cubes of the Roots under their proper Signs, will be 

reater than the Sum of the Quadrato-Cubes of the Af- 
— Roots, and half the Differenee greater than the 
Sum of the Quadrato-Cubes of the negative Roots; 
and, conſequently the Quadrato-Cubic Root of this half 
Sum, will be greater than the greateſt affirmative Root; 
and the Quadrato-Cubic Root of the half Difference 

reater than the greateſt negative Root, and fo on con- 
tinually. | 

256. The Cubic and Quadrato-Cubic Roots of the 
half Sum and half Difference being greater than the 
Sum of the affirmative and Sum of the negative Roots; 
(CXXXIV. c.) and the Sum of the affirmative Roots, 
when many, being greater than the greateſt affirmative 
Root; alſo the Sum of the negative Roots, when many, 
being greater than the greateſt negative Root ; it fol- 
lows, that when there is but one affirmative, or one 
negative Root, it is itſelf the Sum; and that therefore 
the Cubic and Quadrato-Cubic Roots of the half Sum and half 
Difference, are nearer Limits to the greateſt affirmative and 
negative Roots, when they are ſingle in the Equation, than 
when there are more than one of each. | 

257. The Ratio, which the Exceſs of a mean Proportional 
between the Sum of the Squares and the Sum of the Biqua- 
dratrs of the Roots above the Sum of their Cubes under affir- 
mative Signs, has to the Cube of the greateſt Root, is greater 
than the Ratio, which the Exceſs of mean Proportional be- 
tween the Sum of the Biquadrates of the Roots, and the Sum 
of their Cubo-Cubes above the Sum of their Duadrato-Cubes 
under affirmative Signs has to the Quadrato- Cube of the 
greateſt Root; and this Ratio is greater than the Ratio which 
the Exceſs of a mean Proportional between the Sum of the 
Cubo-Cubes of the Roots and the Sum of their Biquadrato- 


Biquadrates above the Sum of their Biguadrato-Cubes under 
D d affirmative 
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or diminiſhing all the Roots, may be made the leafl, and then 
| ; the 


affirmative Signs has to the Biquadrato-Cube of the greateſt 
Koot, and ſo on continually ; for let R, 8, I, denote re- 
ſpectively thoſe above- mentioned mean Proportionals; 
7, J, t, reſpectively the Sums of the Cubes, Quadrato- 
Cubes, and Biquadrato-Cubes, under affirmative Signs; 
and c; e, g, reſpectively the Sums of the Cubes, Quadra- 
to-Cubes, and Biquadrato-Cubes, under their own Signs: 


| Then is — the Sum of the Cubes of the affirmative 


2 
Roots increaſed by the Quantity — and — the 


Sum of the Cubes of the negative Roots changed into 


affirmative, and increaſed by == Alſo the Sum 
of the Quadrato-Cubes of the affirmative Roots, in- 


creaſed by the Quantity . and be Sum of the 


Quadrato-Cubes of the negative Roots changed into 
affirmative, and increaſed by the Quantity $:5hh, Alſo 
2 


— the Sum of the Biquadrato-Cubes of the affirma- 


- tive Roots, increaſed by the Quantity — - and — 


the Sum of the Biquadrato-Cubes of the negative Roots 
changed into affirmative, and increaſed by — and ſo 


on continually. But the Ratio of the Sum of the Cubes 
of the Roots, whether Affirmative or Negative under 
affirmative Signs, to the Cube of the greateſt Root, 
viz. moſt remote from nothing under an affirmative Sign, 
is greater than the Ratio of the Sum of the Quadrato- 
Cubes of the ſame Roots to the Quadrato-Cube of the 
greateſt Root; and this Ratio greater than. che Ratio us 

3 the 
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the leaſt converted inis the greateſt, and afterwards all —_ 
| 1 


* 


— — 


the Sum of the» Biquadrato-Cubes to the Biquadrato- 
Cube of the greateſt Root, and ſo on continually ; 


Whence becauſe alſo the Ratio of — to the Cube of 
2 


the greateſt Rootis greater than the Ratio of = to the 
Quadrato-Cube of the greateſt Root, and this Ratio 
greater than the Ratio of — to the Biquadrato-Cube 
of the greateſt Root, and ſo on continually; it follows, 
that the Ratio of — to the Cube of the greateſt Root 


is greater than the Ratio of — to the Quadrato-Cube 
of the greateſt Root, and this Ratio greater than the Ra- 
tio of — to the Biquadrato-Cube of the greateſt Root, 
and ſo on continually, 

258. If RES 2 TEs, be reſpectively greater than 
the Cube, S Cube, 1 Biquadrato-Cube, of the greateſ 
Root; then the Ratio of SE to the firſt of two mean 


Proportionals between = and the Cube of the greateſt 
Root, will be greater than the Ratio of o+e to the fick of 
2 


four mean Proportionals between — and the Quadra - 
2 

to-Cube of the greateſt Root; and this Ratio greater 

than the Ratio of LEY: to the firſt of ſix mean Propor- 


and the Biquadrato-Cube of the 
D d 2 greateſt 


tionals between Tt; 
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the greateſt be made negative, it is manifefl how any Root de» 
fired may be found nearly (J. 
CXXXVII. 


— 


greateſt Root, and ſo on continually : that is, the Cube 
Root of the Quantity 


anore remote from the aa eft . affirmative or negative Root 
of the Equation, than the Quadrato-Cubic Root of the Duan- 


tity =, ; and this Root exceeds the greateſt Root more than 


IE will be greater, and therefore the 


the —_ ato-Cubic Root of the Quantity = S exceeds it, 
R+ © TE . THe, 


and ſo on con ztinually, But if —= be reſpec- 
45 'vely leſs than the Cube, Puadrate-Cube, Biquadrate-Cube, 


of the greateſt Root, it may happen that the Ratio of = to 
Land the Cube 


ſome intermediate Cube Ns between RY 
of the greateſt Root 1s leſs than the Ratio of 25 to * 


and this Ratio leſs than the Ratio of = to N7; and 


hs 

conſequently, that the Cube Root of the -* 17 25 may 

exceed the greateſt Root by a leſs Quantity than the Quadrato- 

Cubic Root of . and this by a leſs Quantity than the Bi- 
2 


guadrato-Cubic Root of — *. and ſo on continually. 


(Yen it is known that there is but one affirmative or 
ane negative Root, and that it is the greateſt, and conſequent] y 


that RE ==, ==, are greater reſpectively than the 
Cube, N Cube, Biquadrato-Cube, &c. of the 
greateſt 
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CXXXVII. If all the Roots except two are negative, 
thoſe two may be both together found this Way. 

The Sum of the Cubes of thoſe two Roots being found de- 
cording to the precedent Method, as alſo the Sum of the Quad- 
rato-Cubes, and the Sum of the Quadrato-Quadrato-Cubes 
Y all the Roots : between the two latter Sums {eel a mean 

raportional, and that will be the Difference between the 
Sum of the Cubo-Cubes of the affirmative Roots, and the 
Sum of the Cubo-Cubes of the negative Roots nearly 3 and 
conſequently, the half Sum of this mean Proportional, and of 
the Sum of the Cubo-Cubes of all the Roots, will be the Sum 


of 


LI * 


greateſt Root; the ſuperior Linit of the greateſt affirmative 
and greateſt negative Root, will be had by extracting the Cube 


Root of the Quantity =; but mere accurately, by extractꝭ- 


ing the Juadrato· Cubic Root of the Quantity = ; and nearer 


fil, by extradting the Biquadrata-Cubic Root of =, and 


on continually : But if it appears that the ſingle Root is not the 
greateſt of the Equation, the Cube Root of _ may be a more 


accurate Limit than the Quadrato-C whic Root = , and this 


more accurate than of the Biquadrato-Cubic Root of . 
2 


and fo on continually (258). I hence it is, that the Authar 

guards againſt a Miſapplication 4 this Rule to the finding the 
ſuperior Limit of any Root when it is not the greateſt, to 
any deſired Accuracy, by adding, ſince any Root, by aug- 
menting or diminiſhing all the Roots, may be made the leaſt, 
(223) andthen the leaſt converted into the greatgſt (CXXV11.) 
and afterwards all beſides the greateſt be made Negative, 
a Method is given, by which any aſſigned Root may be obtained 
to any Accuracy; viz. by making each Root in rotation the 
greateſt, a ſuperior _ = be found for each, which ſeall 


3 nat 
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5 the Cubo-Cubes of the affirmative Roots, and the Semi- 
Ference will be the Sum of the Cubo-Cubes of the nega- 
tive Roots. Having therefore both the Sum of the Cubes, 
and alſo the Sum of the Cubo-Cubes of the two affirmative 
Roots, from the Double of the latter Sum ſubtrat the Squarg 
of the former Sum, and the Square Raot of the Remainder 
will be the Difference of the Cubes of the two Roots. And 
having bath the Sum and Bifference o the Cubes, you will 

have the Cubes themſelves. Extract their Cube Roots, and 
you will nearly have the two affirmative Roots of the Equa- 
tion. And if in higher Powers you ſhould do the like, you 
will have the Roots yet more nearly (g). But theſe Limita- 
tions, 


not exceed it above a given Difference ; that is, the Roots 
themſelves may be approximated as near as you pleaſe. 
CXXXVII. (g) For having found the Sums of all 
the Powers as high as the Biquadrato-Cubes, the mean 
Proportional between the Sum of the Squares and Sum 
of the Biquadiates will be but little greater than the 
Sum of all the Cubes under affirmative Signs (CXXXTV), 


Wpence n the half Sum of this me an Proportional, 
more the Sum of the Cubes under their proper Signs, will 
but little exceed the Sum of the Cubes of the two af- 
firmative Roots; and the mean Proportional between 
the Sum of the Biquadrato-Cubes 'and the Sum of the 
Quad rato-Cubes under their proper Signs, will but little 
exceed the Sum of the Cubo-Cubes under their proper 
Signs; that is, but little exceed the Difference of the 
Sums of the Cubo-Cubes of the two affirmative and of 
the negative Roots (XXIV): Whence the half Sum of 
this mean Proportional more the Sum of all the Cubo- 
Cubes under afhrmative Signs, will but little exceed the 
Sum of the Cubo-Cubes of the two affirmative Roots, and 
half their Difference the Sum of the Cubo-Cubes of the 
negative Roots. Now the Square of the Sum of the 
Cubes of the two affirmative Roots is equal to the Sum 
of their Cubo-Cubes (79) more double the Product of their 
Cubes (Eucl. Book II. Prop. 4.) ſubducting therefore this 
Square from double the Sum of their Cubo-Cubes, the 


Reſidue 
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tions, by reaſon of the Difficulty of the Calculus, are 
of leſs. Uſe, and extend only to thoſe Equations that have 
no imaginary Roots. Wherefore I will now ſhew how 
to find the Limits another Way, which is more eaſy, 


and extends to all Equations (+), 
CXXXVIII. 


Ad * * 


— — 


Reſidue is the Sum of their Cubo-Cubes leſs double the 
Product of their Cubes, that is, the Square of the Diffe- 
rence of their Cubes (Eucl. Bock II. Prop. 7. ); wherefore 
extracting the Square Root of this Reſidue, there is had the 
Difference of the Cubes of the two affirmative Roots; 
and the Sum added to the Difference, is double the Cube 
of the greater (22. 36.) and the Difference ſubducted 
from the Sum is double the Cube of the leſs, conſequently 
the Cube Root of the half Sum is nearly the greater, and 
the Cube Root of the half Difference but little exceeds 
the leſs affirmative Root. 

(%) This Rule for finding the ſuperior Limits (were 
it not for the great Labour of the Calculation, and that 
it will not ſerve when there are impoſſible Roots, for the 
Root of an imaginary Quantity cannot be approximated 
to) gives nearer and therefore better Limits than the 
Limits obtained by Transformations, as is next ſhewn, be- 
cauſe theſe latter are true, or mean Limits, viz. equidiſ- 
tant from the Roots. 

259. The greateſ? negative Coefficient of the | Equation, 
made affirmative and increaſed by Unity, is a ſuperior Li. 
mit to the greateſt affirmative Root : for if all the Coeffi- 
cients were equal and negative, and the Equation tran(- 
formed by. diminiſhing the Roots, by any of them in- 
creaſed by Unity, (224) all the Terms of the Transform- 
ed muſt become Affirmative (the Sum of the Affirmative 


Parts in each being greater than the Sum of the negative 


Parts) a fortiori therefore, if the Roots are diminiſhed 


by the greateſt increaſed by Unity when unequal, and 


ſome of them Affirmative, the Terms muſt all become 
Affirmative, therefore the Roots of the Transformed are 
all Negative (232): Whence the Quantity by which 


they were diminiſhed, is greater than the greateſt Root 


Dd 4 (233) 
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_ CXXXVIII. Multiply every Term of the Equation by 
the Number of its Dimenſions, and divide the Fader by 
the Root of the Equation. Then again multiply every one of 
the Terms that come out by a Number leſt by Unitythan before, 
and divide the Product by the Root of the Equaticn. And ſo 
o on, by always multiplying by Numbers leſs by Unity than 
before, and drviding the Product by the Root, till at length all 
the Terms are deſtroyed, whoſe Signs are different from the 
Sign of the firft or higheſt Term, except the laſt. And that 
Number will be greater than any affirmative Root; which be- 
ing writ in the Terms that come out for the Root, makes the 
| Aggregate 


(233). But this is commonly a very remote Limit, and 
uſeleſs if no Term but the laſt is Negative. 


260. 7 7 —. IE is. Theorem given by Mr Mac 


Laurin for finding an inferior Limit to the greateſt Root, that 
is, from the Square of the Coefficient of the third Term, 672 
duct double the Product of the ſecond and fourth ; to the Ręſi- 
due add double the Coefficient of the fifth Term, divide the 
Sum by the Index of the firſt Term, and extract the Biqua- 
draticRoot of the Quote, and it will be a little leſs than the greateſt 
Root; for from the algebraical Expreſſions of the Quantities 
and the binomial Theorem, it appears that the Coefficient 
of the third Term is the Sum of the Products of the Roots, 
taken two by two; whence its Square is equal to the 
Sum of the Squares of the Products of two by two, 
more the Sum of double the Products of the Squares of 
each Root into the Products of the other Roots taken 
two by two, and more alſo the Sums of the Products of 
the Roots taken four by four; alſo that the Product of the 
Coefficients of the ſecond and fourth Terms is the Sum 
of the Products of the Squares of each Root into the 
Products of the Roots taken two by two, more the Sum 
of the Products of the Roots taken four by four; and 
that therefore ſubducting double this Product from the 
Square of the third Coefficient, the Reſidue is the * 
8 
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Aggregate of thoſe which were each Time produced by Multi- 
* to — always the ſame Sign with the firſt or higheſt 
Term of the Equation. 


As if there was propoſed the Equation & —2 x4—10 x? 
+30xx+63x—120=0. I firſt multiply this thus; 
5 $3 2 3 
*. — 2 — O 30x x + 63— 120 
multiply the Terms that come out divided by x, thus; 

4 „ 
S* 8 * — 30x x + 
that come out again by x, there comes out 20 * — 24 
—box +60; which, to leſſen them, I divide by the 

greateſt 


Then I again 


oe + 6p and dividing the Terms 


_ — 


of the Squares of the Products of the Roots taken two 
by two, leſs double the Sum of the Products of the 
Roots taken four by four: Wherefore adding this dou- 
ble Sum, that is, double the Coefficient of the fifth 
Term, the Sum is the Sum of the Products of the Square 
of the Roots taken two by two; that is, the Sum 
of the Products of the Square of each Root into the Sum 
of the Squares of the other Roots: Now the Sum of the 
Products of the Square of each Root into the Sum of the 
Squares of the other Roots, is leſs than the Product of 
the Sum of the Biquadrates of the Roots into half the 
Index of the higheſt Term leſs Unity; and this laſt Pro- 
duct is leſs than the Product of the Biquadrate of the 
greateſt Root into the Index of the higheſt Term ; there- 
fore dividing the above Sum of double the Coefficient of 
the fifth Term, and the Difference of the Square of the 
Coefficient of the third Term, and the double Product of 
the ſecond and fourth Terms, by the Index of the higheſt 
Term, the Quote is leſs than the Biquadrate of the greateſt 
Root, and the biquadrate Root of the Quote is leſs than 
the greateſt Root. Hence, the Equation be Cubic, this 


| A 
Limit is to be found by a — .— becauſe 2.5 = 0, 
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greateſt common Diviſor 4, and you have 5 x3—6 K 
15 4 15. Thele being again multiplied by the Pro- 
greſſion 3, 2, 1, o, and divided by x, become 15 x x — 
12x— 15, and again divided by 3 become 5 xx —4x 
— 5, And theſe multiplied by the Progreflion 2, 1, o, 
and divided by 2 x become 5x — 2. Now, fince the 
higheſt Term of the Equation x5 is Affirmative, I tr 
what Number writ in theſe Products for x will _ 
them all to be Affirmative. And by trying 1, you have 
5x—2=3 Affirmative ; but 5 xx—qx— 5, you have 
—4 Negative, Wherefore the Limit will be greater than 
1. I therefore try ſome greater Number, as 2. And 
ſubſtituting 2 in each for x, they become. 


gx —2 = 8 

5õ 4» —5 =7 

5 * —bxx — 15 +15 =y 

5 —8 * — 30 K ＋ (COX ＋ 63 2 79 

x5 — 2 — 1043 + 30 && +63 x — 120= 46. 


Wherefore, ſince the Numbers that come out 8. 7. 1. 
79. 46. are all Affirmative, the Number 2 will be greater 
than the greateſt of the affirmative Roots. In like 
manner, if I would find the Limit of the negative 
Roots, I try negative Numbers. Or that which is all 
ane, I change the Views of every other Term, and try Affirma- 
tive ones, But having changed the Signs of every other 
Term, the Quantities in which the Numbers are to be 
ſubſtituted, will become 


5x ＋2 
 5#x +4x —$ 
5 * +6xx—15 x — 15 
5 = +8x3 — 0xx— bo x + 63 
x* þ2x* —10x* — 30x ＋ 63x + 120. 


Out of theſe I chuſe ſome Quantity wherein the nega- 
tive Terms feem moſt prevalent ; ſuppoſe 5 * + 8 x 
30 xx— 00 x + 63, and here ſubſtituting for x the 
Numbers 1 and 2, there come out the negative Num- ' 
bers—14 and — 33. Whence the Limit will be greater 
than — 2. But ſubſtituting the Number 3, there comes 

out 
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out the affirmative Number 234. And in like manner 
in the other Quantities, by ſubſtituting the Number 3 
for x, there comes out always an affirmative Number, 
which may be ſeen by bare Inſpection, Wherefore the 
Number— 3 is greater than all the negative Roots, 
And ſo you have the Limits 2 and — 3, between which 


are all the Roots (7). 
CXXXIX. 


Lt 


2 


. w 1 TE TT * ” - 5 * 9 . 
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CXXXVIII. (i) Becauſe that when the Roots are 
diminiſhed by any Quantity e, the laſt Term of the 
transformed differs nothing from the propoſed, but in 
the letter denoting the unknown; and that the preceding 
Terms of the transformed are derived according to this 
Rule from the laſt Term (226, 227); therefore by treat- 
ing the propoſed according to this Rule, Equations are 
derived which are the preceding Terms of the transform- 
ed, ſuppoſing the propoſed to be its laſt Term. Now if 
the Quantity e, by which the Roots are diminiſhed, is 
greater than the greateſt affirmative Root, the Roots be- 
come all negative, and all the Terms of the transformed 
become Affirmative (232); and converſely (233). There- 
fore that affirmative Quantity, which ſubſtituted in all 
the Equations derived according to this Rule, makes the 
Reſults all Affirmative, that is, of the ſame Sign with the 
hicheft Term of the Equation, is greater than the greateſt 
affirmative Root. Again, If the Quantity e, by which 
the Roots are increaſed, is greater than the greateſt ne- 
gative Root, the Roots become all Affirmative ; and all 
the Terins of the transformed, if the Equation is of 
even Dimenſions, become Affirmative and Negative alter» 
nately; but if of odd Dimenſions, Negative and Affirma- 
tive alternately (238); and converſely (239. Therefore 
that negative Quantity, which ſubſtituted in the given 
Equation, and in the Expreſſions by this Rule derived 
from it, makes the Reſults, when the Dimenſions are 
even, Affirmative and Negative alternately, and when 
the Dimenſions are odd, Negative and Affirmative alter- 
nately, is greater than the greateſt negative Root. 

2h Hence 
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CXXXIX. But the Invention of theſe Limits is of Ufe 


both in the Reduction of Equations by rational Roots, and in 
| the 


— — 


—— 


Hence the ſuperior Limit of the greateſt affirmative Root 
75 ' by inquiring the leaſt integer 3s Number, 
which, ſubſtituted in thoſe Expreſſions, will give them all 
Affirmative (234): And it muft be greater than the Coeffi= 
cient of the ſecond Term of the transformed divided by the Di- 
menſions, ſuppoſing all the Roots to be Affirmative (for 
were the Roots all equal it muſt be greater than this 
Quote); and it muſt not be greater than the greateſt negative 
Coefficient of the propoſed made Affirmative, and increaſed by 
Unity (259): And in this Inquiry we ought always to be- 
gin with that Expreſſion thus derived, that is, that Term 
of the transformed, where the negative Roots ſeem moſt to 
prevail, | 

Hence alſo the ſuperior Limit of the greateſt negative 
Root is found, by inquiring the leaſt integer negative Num- 
ber, which, ſubſtituted in thoſe Expreſſions, will give them 
alternately Afirmaiive and Negative, if the Dimenſions are 
even, but Negative and Affirmative alternately, if odd (2 39): 
And it muſt be greater than the Coefficient of the ſecond Term 
of the transformed divided by the Dimenſions, and not greater 
than the greateſt affirmative Coefficient of the propoſed made 
negative, and increaſed by Unity; (for if the Signs were 
changed in the alternate Places, it would be the greateſt 
negative Coefficient, and greater than the greateſt affir- 
mative Root (C XXIII); and is therefore now greater 
than the greateſt negative Root): and in this Inquiry we 
ought to begin with that Expreſſion or Term, where the affire 
mative Roots ſeems moſt to prevail. 2 

But the ſuperior Limit of the negative Roots is mo 
eaſily found by the Subſtitution of affirmative Numbers, 
having firſt changed the Signs of the alternate Terms of 
the transformed (CXXIII); for the ſuperior Limit of 
the affirmative Roots of the transformed, will be the 
ſuperior Limit of the negative Roots of the propoſed. 


CXXIII. 


261. 


7 
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the Extraction of Surd Roots out of them; left we might 


fometimes go about to look for the Root beyond theſe Limits. 


Thus, 


», 


261. An Equation ſhall be transformed into another, which 
ſhall have all its Roots affirmative, by ſubſtituting for x the 
ſuperior Limit of the affirmative Roots e, diminiſbed by y, 
the aſſumed Letter denoting the unknown ; viz. by ſubſtitu- 
ting e — y: for the Exceſs being always poſitive, and 
the Terms of the higheſt Power of the ſubſtituted Quan- 
tity - 5, having their Signs alternately + and —, and 
making a Part of every Term of the transformed, will 
be therefore always greater than the Parts of the ſame 
Terms, which have oppoſite Signs; ſo that the Signs 
of this higheſt Power every where prevailing, the Terms 
of the transformed will be alternately Affirmative and Ne- 
gative : whence all its Roots are Affirmative (142). 


262. Again, having found —e the ſuperior Limit of the 
negative Roots, if for x we ſubſtitute y — e, all the Roots 
of the Transformed will become Affirmative ; for all the 
Terms, as before, will be alternately Affirmative and Negative, 
and therefore all the Roots Affirmative. If the Roots of 
the propoſed are all Negative, it is plain that they will 
become all Affirmative, by changing the Signs of the al- 
ternate Terms (CXXIII). Having found the ſuperior 
Limit of the greateſt affirmative Root, the Limits of 
the other Roots or the mean Limits are Jn in the fol- 
lowing Manner, in which we ſuppoſe, for the 
that all the Roots of the propoſed are Affirmatiye ; it being an 
eaſy Tranſmutation of any Equation (261, 262). Let 
alſo the Roots be denominated 1/1, 2d, zd, Sc. according to 


their Magnitude, the leaſt being the firſt, &c. 


263. Having found the ſuperior Limit of the greateſt 
Root, if it be ſubſtituted for the unknown x, the Reſult will 
be poſatrve (234, 209, 201) for no Number which is not 
a Root, if all the Roots are poſſible, can make the Re- 
ſult=0; and if there are impoſſible Roots, their. Pro- 
duct is Affirmative, and cannot alter the Sign of the 
Product of the poſſible Roots. | 

5 | if 


Jake of Brevity, 
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Thus, in the laſt Equation, if I would find the rational 
Roots, if perhaps it has any ; from what we have ſaid, 
it 


n hw th 


If o be ſub/lituted for x, by deſtroying all the Terms 
in Stack 1 — 22 wil be — 107 Term with its 
proper Sign, that is + if the Dimenſions of the Equa- 
tions are even, and — if odd; for by Suppohition the 
Roots are all Affirmative, and therefore the Factors all 
Refiduals (181); that is, the Signs of the Terms are al- 
ternately + and — (59) ; and the laft , or -; accord- 
ing as the Index is even, or odd, (88). | 

If for x a Number leſs than the leaſt Root be fabſiituted, 
the Sign of the reſulting Quantity will be the ſame as that of 
the laſt Term; for all the Factors ſtill retain their own 
Signs, and are Reſiduals. | a 
If for x a Number, mean between the firſt and ſecond 
* (that is, greater than the leaſt, a let 940 the 
ſecond) be ſubſtituted, the Sign of the reſulting Number will 
be contrary to the Sign of the laſt Term of the propoſed ; for 
the leaſt Factor is become poſitive, or a Binowial, and 


the others remaining Refidual, the Sign of the Product 
is contrary. 


If for x a Number, mean between the ſecond and third 
Roots, be ſubſtituted, the Reſult will have the Sign of the 
laſt Term of the propeſed z for two Factors having changed 
their Signs, the Sign of the Product will remain the ſame 
as before they were changed, and therefore the Sign of 
the whole Product will be the ſame as before: and ſo on 
centinually; that is, if there be ſu:ceſſroely ſulſtituted Numbers 
leſs than the leaſt Root, and mean between all the Roots, the 

eſults will be in order the ſame, and the contrary alternately, 
with the Sign of the laſt Term of the propoſed. 

264. And converſely, If Numbers ſucceſſively ſubſtituted 
for my give Reſults 25 5 are * 2 al- 
tePnately to the Signs of the laſt Term of the propoſed, theſe 
Numbers are in Succeſhon, leſs than the leaſt Root, 
mean between the 1ſt, 2d, zd, &c. Roots of the pro- 
poſed; and therefore limit them. Whence, if two 7 

ers 


ww" „ And * 
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i is certain they can be no other than the Diviſors of 
the laſt Term of the Equation, which here is 120. 
| Then 


* 4 —— — 


th — 


bers jubſlitutea for x, give Reſults with contrary Signs, one 
or more Roots are limited by thoſe Numbers; for the Signs 
being contrary, one is contrary to the Sign of the laſt 
Ferm of the propoſed, and therefore one, or an odd 
Number of Factors, muſt have changed their Signs. 


265. If the Roots of an Equation be ſucceſſively diminiſhed 
by Duantities equal to its Roots, beginning with the leaſt or 
firſt Root, the laſ Term of the transformed will be always ex- 
terminated, (229); and its Penultimate or rather (havin 
reduced the Dimenſions by dividing x) the laſt Term: 
of the reduced is the Product of the Exceſſes of the other Roots 
of the propoſed above that Root, whereby they were diminiſhed. 
in. the Transformation (232). Now, when hey are diminiſh 
ed by the leaſt, or firſt Root, thoſe Exceſſes remain all. 
poſitive ; but the Factors, or Exceſſes, or Reſiduals, are 
one leſs in Number in the reduced, than 1n the propoſed ; 
therefore the Sign of the laſt Terms of this reduced, and of 
the. propoſed, are contrary. Again, if the Roots: are di- 
miniſbed by the. ſecond: Root, the Product of the Excefles of 
the other Roots above it, that is, the la? Term of thit re- 
duced will have its Sign the ſame with that of the. laſt Term 
of the propoſed ;_ for one Exceſs is become negative, i. e. 
one Factor a Binomial, and the reſidual Factors are alſo 
leſs by one, whence the whole Number of reſidual Fac- 
tors is diminiſhed by an even Number, and conſequent- 
ly their Product retains its Sign; that is, the Signs of 
the laſt Terms of the reduced and propoſed are the ſame. 
Again, if the Noots are. diminiſhed: by the: third Noot, the 
Sign of the laſt Term of the reduced will be contrary to that of 
tbe laſt Term of the propoſed ; for two Exceſſes will have 
become negative, that is, two Factors will have become 
binomial, and one reſidual Factor is wanting: whence 
the whole Number of Reſiduals is diminſhed by three, 
an odd Number, and therefore the Sign of the Product 
is changed, and /o on continually. Whence, if the Roots 


of 
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Then trying all its Diviſors, if none of them writ in the 
Equation for x would make all the Terms vaniſh, it is 
| certain 


_ 


—— 


— — 


of the propoſed, beginning with the leaſt, are ſucceſſively ſub- 

* 5 in the Equation boy an. | . Bee the 
Signs of the Reſults will be alternately the ſame, and contra- 
ry to the Sign of the igſi Term of the reduced (for they muſt 
be alternately contrary and the ſame with the Sign of the 
laſt Term of the propoſed) that is, the leaſt Root of the pro- 
poſed is leſs than the leaſt of the reduced, and the greateſt of the 
propoſed greater than the greateſt of the reduced; and the in- 
termediate Roots of the propoſed are mean between the Roots 
of the reduced, and conſequently are Limits to them. 


266. And converſely, the Roots of the reduced are mean 
Limits to the Roots of the propoſed: Hence the reduced is 
called the Equation of Limits; and if to its Roots be added 
Cipher and the ſuperior Limit of the great Root of the 
propoſed, there are given all the Limits of the Roots of the 
propeſed, and each Equation is the Equation of Limits to the 
other. | 


267. Hence, if the propoſed Equation be reduced by ſuc- 
ceſſive Multiplications and Diviſions, as directed by this Rule, 
to a ſimple Equation, the Root of the ſimple Equation is the 
mean Limit of the Roots of the Quadratic, whoſe Roots are. 
the mean Limits of the Roots of the Cubic, and ſo on to the 
propoſed : ſo that there is a compleat Series of Equations from + 
the ſimple Equation to the propoſed, each of which determines 
the Limits of the following Equation: And converſely, the 
propoſed contains all the Limits of the Roots of the firſt Equa- 
tion of Limits, whoſe Roots are all the Limits of the Roots of 
the ſecond Equation of Limits; and ſo on, deſcending through 
all the Equations deducible from the _—_— by ſucceſſive 
Multiplications of the Terms by their Indices, and Diviſions 
by the Root; or becauſe the Indices are in arithmetical Pro- 
greſſion, by Multiplications by the Terms of any arithmetical 
Progreſſion. 


268. If two Roots of the propoſed Equation are equal, | 
then their intermediate Limit muſt be equal to each of 
them; and this Limit is a Root of the Equation of Li- 

mits ; 
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certain that the Equation will admit of no. Root, but 
what is Surd. But there are many Diviſors of the laſt 
Term 120, Viz. I, — 1. 2.— 2. 3. — 3. 4+ — 4. $5. — 5. 
6. — 6. 8. — 8,10. — 10. 12, — 12. 15. — 15.20. —20, 
24, == 24. 30. — 30. 40. —40. 60, — 60, 120. and—120, 

To 


— 


—_ CO —_ 


— — 


— — 


mits : If therefore in ſulſlituting a Root of the Equation 0 
Limits — propoſed, the Reſult is = o, Aon the Limit 4 
a Rodt of the propoſed, and two Roots of the propoſed are equal ; 
and as often as ſuch a Reſult emerges equal to nothing, fo 
many Pair of Roots in the propoſed will be equal, and each of 
them equal to that Limit. $2. 1 * 

269. No rational Number whatever 7 for x will 
give u Reſult So, if all the Roots of the Equation be imagy- 
nary (206): for no rational Number can be equal to 
an imaginary one ; and though a Number equal to the 
real Part of an imaginary Root ſhould be ſubſtituted, 
yet the poſitive Product of the radical imaginary Part 
will always remain (193), and the Reſult always be 
affirmative, ED | 


270. If two rational Limits are found for every Root 
an Equation, the Roots are all real and unequal : If the 
ternation of the Signs of the reſults emerging from the Sub- 
fiitution of rational Numbers is interrupted by a Cipher only, 
the Roots are all real, and there are ſo many pairs of equal 
Roots as Interruptions. If the Alternation is interrupted not 
by Cypher, but by the Intervention of poſitive Reſults in the 
place F negative, then ſo many pair of Roots are imagi- 
nary, 

271. If any Roots of the Equation of Limits are impoſſi- 
ble, or imaginary, there muſt be ſo many at leaſt impoſſible 
in the propeſed: for the laſt Term of the Equation of 
Limits is the Product of the Exceſſes of the Roots of 
the propoſed above the Quantity whereby they were 
Diminiſhed (232.) ; if therefore there are any impoſſi- 
ble Expreſſions in thoſe Exceſſes, there muſt of conſe- 
quence be impoſſible Expreſſions in the Roots of the 

Ee ; Pro- 
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To try all theſe Diviſors would be tedious. But it being 
known that the Roots are between 2 and — 3, we are 
freed from that Labour. For now there will be no need 
to try the Diviſors, unleſs thoſe only that are within 
theſe Limits, viz, the Diviſors 1, and — 1. and — 2. 
For if none of theſe are the Root, it is certain that the 


Equation has no Root but what is Surd (4). 
E 


a as a n 


{IS 
* 
T” — — 


propoſed. But it does not follow, that if all the Roots of 
the Equation. of Limits are Real, the Roots of the prope 
ſhall all be Real; becauſe the Roots of the Equation of 
Limits are got all the Limits, but only the mean Limits 
of the Roots of the propoſed : Yet it wil {os that if 
all the Roots of the propoſed are Real, all the Roots of all 
the Equations of Limits deducible from it, are alſo real; for 
the Roots of the propoſed are all the Limits of the firſt 
Equation of Limits, and ſo on; but of imaginary 
Quantities there can be no real Limits. TE 


CXXXIX. (4) When any imaginary Roots are in 
the propoſed, the ſuperior Limit of the greateſt affirma- 
tive Root will be leſs accurately determined, if their 
Product, which is always Affirmative, bears any conſi- 
derable proportion to that of the affirmative Roots. 


aL 
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The Reduflion of EQuaTIoONsS by Surd Diviſors. 


CXL. T TlItherto I have treated of the Reduction of 
| Equations which admit of rational Divi- 
ſors, (4) But before we can conclude, that an Equation of 

four 


- ”. * 
«Aa 1 D ah 2 * 8 Ts _— 
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CXC. (a) It may be of Uſe to ſet forth in one View 
the moſt uſual Methods of finding the rational Roots of 
Equations, whoſe Dimenſions aſcend above the Qua- 
dratic, the Reduction of which is given in Art, LXXIV. 


Dye firſt and moſt general Method is by finding the Divi- 

Jors of the laſt Term, Art. CXXX. which being the Pro- 
duct of all the Roots, as many of the Roots as are Ra- 
tional, muſt be found among the Diviſors of the laſt 
Term: Every Diviſor of the laſt Term, which ſubſlituted 
for x cauſes the Aggregate to vaniſh, or, which being con- 
netted with x meaſures the Aggregate of the Terms, (Art. CX. 
CXIII.) is Root. 

IF the Equation be Cubic, it is ſufficient to find the le 
Dire; 7 Biquadratic, the B of 2 . 
are 45 to be ſought ; and in general, for Equations of ſupe- 
rior Dimenſions, Diviſors are to be ſought, whoſe Dinofoms 
are half, or one Degree lower than half the Dimenſions of the 
propeſed. (212. 164.) 

In general, when all the Roots are found, except two, 
thiſe two are moſt expeditiouſly found, by finding the Roots FA 
the Quadratic Quote, which will emerge by dividing the 
propoſed by the Product of the Diwiſors already found. 


But as the Diviſors of the laſt Term of the propoſed 
Equation may be numerous, the Labour of Subſtitution 
will be abridged, by dividing the Roots by their common Di- 
viſor if they admit of one (247.) ; and when the Submul- 
tiples of the Roots are found, the Roots themſelves will 
be had by their known Relation to thoſe of the Trans- 


formed (221). 
Ee2 The 
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four, fix, or more Dimenſions, is irreducible, we muſt ff try 
| F 92K | whether 


The Number of Diviſors to be ſubſtituted is further 
abridged by finding the ſuperior Limit of the greateſt 
Root of the Propoſed by Art. CXXXV, or CX XX VIII. 


But this Number will be reduced to the real Roots by tranſ- 
forming the propoſed into others ſucceſſively, whoſe Roots ſhall be 
greater and greater, and leſs and leſs, by Unity, than thoſe of the 
propoſed : For the Values of x in the propoſed are ſome 

Divifors of the laſt Term, when x is ſuppoſed equal to Cy- 
pher or nothing ;, and the Values of y, in the transformed 
Equations, are ſome of the Diviſors 4 their laß Terms reſ- 
pettively ; and theſe Values muſt be in Arithmetical Progreſſion, 
whoſe common Difference is Unity, becauſe x —2, x —1, 
x, Xx + I, and x -- 2, &c. are in Arithmetical Progreſſion : 
But the Subſtitution of 2, 1, o, — 1 — 2, &c. for x in the 
Propoſed, is equivalent to theſe Transformations (234.) 
IV hence the Rule of Art. L. abridges the ſimple Diviſors of 
the laſt Term, and that of Art. LI. abridges its Diviſors of 
two Dimenſions, to the Ro:ts. 


IF the props ed involves 1 or more Letters, the Rules 0 
4 LII. ii are to be obſerved. ö 7 


The other general Method of reſolving higher Equations, 


whoſe Roots are rational, is to exterminate the ſecond Term of 


the 4 5 (Art. CXXV.) to Fe the * the Trans- 
formed, and from theſe to find the Roots of the propoſed 
(221). Now the Roots of the Transformed wanting its ſe- 
cond Term, are found, either by Approximation; or accu- 
rately and without Approximation. 


By Approximation, thus: Let x3. . x. rr o. be 

a Cubic, which wants the ſecond Term. If all its 
Roots are real, it will have its third Term * (244) Ne- 
gative; but if its third Term is Affirmative, it gene- 
rally has two impoſſible Roots (244.) And in both Caſes, 
elther one negative Root is equal to two Afﬀfrmatives, 
br two Negatives to one Affirmative (243). 31 l 
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whether or not it may be reduced by any Surd Diviſor — 
| mr 


— 
— — 


If all the Roots are real, and one Negative is equal to two 
Acrmati ves, the laſt Term will be Affirmative (becauſe — x 
—X + =+); andof this form xi —qx +r==0 ; con- 

ſequently the negative Root, being ſingle and the greateſt, will be 


nearly (An. CRXXVI.) . ©; more near . 


nearer fill j DE: Sc. And if one Affirmative (the 


Roots being all real) is equal to the Sum of two Negatives, 
the laſt Term will be Negative (becauſe + X.+ X — =—); 


and the Equation of this Form X*— qx —r==0 ; conſe- 


quently, the affirmative Root, being ſingle and the greateſt, 


will be nearly wy — more near EE 3 nearer fill 


of — D E, c. Noto the greateſt Root being found to any Ac. 


curacy (Art. CXXXVI.) the other Roots are had by the Re- 
duction of the Duadratic Quote. If rwo Roots of $3,%.9qx. 
r . be imaginary, the real Root will be ggual ta them both; 
and if the Equation be of the Form x3 4 q x +r=o, 
tbe Rational will be Negative and greateſt ; and if the Equa- 
tion be of the Form x* + + q X—T = 0, the Rational will be 
Affirmative and greateſt ; And conſequently the rational Root is 
3 5 7 | 

= 8 = Jo — Se. ain Art. CXXXvl. 
Let a Biquadratic want (or be ſo Transformed as to want) 
the ſecond Term, as x* *. q x2. rx. s Oo. If all its Roots 
are real, the third Term g and the laſt , will be Ne- 
gative (244.) Now becauſe it wants the ſecond Term, 
either firſt, one Affirmative is equal to three Negatives; 
or, ſecondly, two Affirmatives are equal to two Nega- 
tives; or, thirdly, three Afﬀirmatives are equal to one 
Negative (243 .) If the firſt, then the fourth and fifth 
Terms 7.x and 5s will be Negative, becauſe — XK TNA 
SS = and 
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which is the ſame Thing, you muſt try whether the Equation 


can 


— > — — 


=— and — x +x TXT == , and the Equation of 
this form x4—qux*— Ix -S 0. the Affirmative is fingle, 

and greateſt, and will therefore be „ — „ or K's DM or 
3 


7 5 * 
* Er „Ec. If the ſecond, then if the greateſt Root is 
one of the two Affirmatives, the fourth Term 7x will be 
Negative, and the laſt Term Affirmative, and the Equa- 
tion of the Form - - rx ＋ S so; and if the 
greateſt Root is one of the two Negatives, the fourth 
Term will be Affirmative, the laſt Negative, and the 
Equation of the Form x#—qa*+ * —$s= o and if the 
Roots are all equal to each other, the fourth Term va- 
niſhes, and the Equation is of the Form K - eo: 
Now in all Caſes, the two Affirmatives may be approximated 
to, by Art. CX XXVII. and the two Negatives found by the 
Reduction of the Quadratic Quote, which will emerge by di- 
viding the Propoſed by the Product of the Affirmatrves : If 
the third Caſe, then the fourth Term will be Affirma- 
tive, the Jaſt ve, and the Equation of the Form 
* g T- Fro; and the Negative is ſingle and 
„„ I R—c 5 S—e 7 T—g 
greateſt ; and will be / — Ty — or / „e. 
and in this, and the firſl Caſe, the other Roots are found by 
Redutlion of the cubic Quote, which will emerge by dividing 
the Propoſed by the found Root. Now tho” the propoſed 
Biquadratic ſhould contain two imaginary. Roots, yet 
if the laſt Term is Negative, the third being Affirma- 
tive, the rational Roots, if any, will be Approximated. to, 
by Art. CXXXVI, or CXXXVII. . 
The Roots of the Transformed, ariſing from taking 
a way the ſecond Term, are ſought direcily and without 
Approximation, thus. | | 


272. In the cubic x*,%.qz.r=0. If *7 be preater 
e 


than 4 13, that is, 2 q*>=31* be poſſible, and conſe- 
5 2 quently 
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can be ſo diuided into two equal Parts, that you can _— 


_— 


- ——_____ —_— 


uently X . qs impoſſible 3 then the three Roots are real: 
1h . Su — to the third, are unegual. 
273. Fr q3 = 1?, that is, if $4 q- r =0, and 
qr o, then the thrie Roots are real; and the two, 
whoſe Sum is equal to the third, are equal. * 
274. If £,93—+ r* be impoſſible, and conſequently 4 r 
— 25 q3 poſſible ; then the two Roots, whoſe Sum is equal 10 
the third, are impoſſible. Let firſt the Roots of x3—gq x + 
S o be x—f+g, „-, and x+2f: Then by 
ſuppolition, x3—q x + -F -x x +2f3—g*f 
(CXIII.) whence 3/*+2g*=9q( 182.) and 275 23 


Conſequently f*+ 45 ==» and fi —g* f= - Let ſe- 


condly the Roots of &õ— * — r ο be x +f+g, 
x+f—g, and x—2f: Then v\—qz—r= 43 
— — * 


TJ whence 37. Hg. g, and 
Fr Allo — 2 2 e, and —f3 + 


e- Now:the Cube of ſr+£=L is in both 
Cafes - -g f= and the Square, as well 
of Hg. a off ſ=D> is far 
+ 7 ==: Wherefore ſubducting the Square * | 


2 6 3 ' 

the Cube, 2; 2287 4. —E:2.0- In this 
Wes SEL 7 3 1% 7 t! 

reſidue, if / be greater than g, then dividing 388 

2 by g2/*, the Quote 37 is greater than 330, con- 
"ISIS | N 

ſequently the Member 39 4E = Affirma- 

> Ee 4 | tive, 
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the Root out of both (b.) But that may he done by the 
— Method. CXLI. 


— 0 


— 


4 


27 
poſſible: And if in that «Ref g=0, than; 3 * fo 


g N WL 5 
Wf += yore» whence — 7 =0, and = ==: 


7 4 
And if in "the ſame Reſidue f is leſs than g, then 322 Mo 


22+ 1 — is Negative, and conſequently 5 is 
3 ; and 1 7 — Ei is poſſible. | 


When q- r*. 1s poſſi 8 e. when 4.1% —2, q3 
is fag (27 72, ) the Treate/t Root is found thus *: Sublurs 
the Coefficient + the third Term, from the ſquare Number 
next greater than itſelf ; divide the laft Term by this Reſidue ; 
the Hunte (which is the Root of the aſſumed "Saved; affefted 
with the Sign contrary to that of the laſt Term will be the 


greateſt Root. For q= 3f/*+g?, and 2f&* =4f*, and 
= K=C will divide r= 2/3—2g*f, and 2 


=2f. Alſofi—g* will divide — r=—2f*+ 22.7, and 


E and as well - 27, as 
2fXx2f=4f*. The greateſt Root being thus found, the 
two leſs are found by reducing the quadratic Quote, 
whoſe Roots are to be affected with the Sign of the laſt 
Term of the cubic. The Roots of the transformed 
being found, thoſe of the propoſed will be found from 
their known Relation (221.) 


276. When a q = , either of t the equal Roots is 2 g f* 
found, by extraci ing i” ſquare Root of +3 of the Coe 133 ofthe 
third Term; or byextratting the cube Root of hal, 
ar, laftly, by dividing triple the loft Term by double t Corffi- 

cient 
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— — * * * ä 


otent of tht third Term; and theſe Roots are to be affected with 
the Sign of the laſt Term. Then double of either of theſe 
Roots, 72 with the Sign contrary to that of the ia Term, 
will be the greateſt Root. For ſince go, then 3/* + 


4 = af*; but 3/* + #* 2 7. and 7 7845 whence 


HFA, and FV. Likewiſe 273— 2 £ f'= 2f3 
3 3 
but 27 —28* f=r, and f* — = 3 whence fi = 


1 afr 3 a/7 7 

=> and f = V7 : Allo f 5 = V2 
(149) : So that either of the leſs Roots is had, by a ſimple 
— SO Extraction, or by a ſimple Diviſion. f hs 


277. When a 1*— q is poſſible, i. e. 2 q- 4 * in- 
oſſible (274) the rational Root is found thus. If the Coeffi- 
227 0 27 third Term is „ add it to 7 — 
ſubduct it from) the ſquare Number next greater than itſelf ; 
then by the Sum, or by the Difference, divide the laſt Term : 
this Quote (which if the Equation has a rational Root, wil. 
be the Root of the aſſumed Square) affefted with the Sign con- 
trary to that of the la Term will be the rational Root. For 
putting the Roots of x* + 9x + r = © (viz. when the ra- 


tional Root is negative) x—f+\/—3g*, x—f—/—323, 
and x—2f; then x3 e + ri=x? JIT NA 


377 Fbeff; whence—3f* + 36. =T q, and g- 
A allo 2/3+64f=1, and H=. A. 
gain, putting the Roots of & T.qx—r (viz. when the 
rational Rootis affirmative) to bex + f+ V—32z _— 

hn > r 
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proper Signs, may be equal to nothing, and let the highe/t 
Term be adfected with an affirmative * Then, if the — oo 


ion 


— _ 
* — 1 


zes, and æ— 2; then a® T's x — aloe 
3/* +38 K —b£ ; whence — 3 f*+ 32. 
To, and f = z allo — 2/1 -G ff, and 


f* 3 32 = 2 Wherefore, ſince 7 = —- 23 + 


32% and 2 7822472; therefore af* 1 4 + 3 8 
' 4 


will divide r= 2f* + 6g*f; and the Quote will be 
equal to 2f. | 


But the rational Root in this Caſe is more readily 
found by the Method of Diviſors, or by Cardan's Rule, 
Art. CLII. A Biquadratic, which wants the ſecond 
Term, may be ſolved by the Method of Des Cartes, 
Art. CLV. but more eafily by the Method of Diviſors 
of the laſt Term: and, in gencral, Biquadratics, and 
all Equations of higher Dimenſions, if their Roots are 
all, or any of them, rational, admit thoſe Roots to be 

found molt eaſily by the Method of Diviſors. Biqua- 
dratics may, however, be ſolved without taking away 
the ſecond Term, by a Method deduced by Mr. Tho- 
mas Simpſon, from Art. CXLIV. Numb. 298. which 
will be there explained, or by Theorems given by Meſſ. 
M*«Laurin, Colſon, and others: but the moſt expedi- 


# 


tious Method is generally that of Diviſors. 


278. CXL. (b) An Equation of even Dimenſions, | the 
2 of whoſe higheſt Term is Unity, and which is clear 
of Fraftions and Surds, may be conceived to be the Difference 
of two compleat Squares ;- whence, by adding the leſs Square to 
it, it may be compleated into the greater ; and the Root found 
by the Reſolution of an adfefied Quadratic. | | 
Putting therefore 27 the Index of the higheſt Term 


of the Equation, the Index of the higheſt Term of the 
2 ; greater 
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tin be a Quadratic, (for we may add this Caſe for the Ins- 
ber 


n 


_ —_— 


greater Square will be alſo 2 7, and that of the higheſt 
Term of its Root (the Root is always ſome Power of 
a Binome) will be r (83) ; and putting p for the Coelli- 
cient of the ſecond Term of the Equation, and þ for 
that of the ſecond Term of the Root; that of the ſe- 
cond Term of the greateſt Square will be p (122.) 
Let the given Equation be x*” +px* lp qaY = + 
r ff,. #412 T wit”? &c. 
&c. a! o; and let the Root of the greater 
Square be A + Q#U 4 RIYTIEESHTSq 
+ TY, &c, &c. Vx": Then the greater Square 


will be #27 +px*" 2 Af x x*""*+2R+pQx 


* 2.è — 342 25FpR + Q2 x77 i +2T+pS+ 2 


X O EZV TY IT +2QS FR? x ft + 
= FpV+2QT+2RSx3*"7, Kc. Kc. (122). 


279. Let the indeterminateExpreſſions in theCoefficients 


of the greater Square, viz. 2Q, 2R, 28, 2 T, 2 V, &c. 


be changed into the Greek Letters a, f, y, J, e, C, n, 8, 
x, >, &c. reſpectively: Then the greater Square will be 


expreſſed thus & + R 144777 TAN — +8 pe pa 


X "34 1+ HPB+ aaa Xt i++ +308 X 


1 TLS TN 
K TTT e , Ke. 


&c. Wherefore equating the correſpondent Terms of this 


Square with thoſe of the given Equation, we have #he Values 


of the 1 N Letters in known _ 


gut 
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ogy of the Matter) take from both Sides the loweſt Term, 
| and 


I, * =g=—=Iþ*. II. þ=r—Epa, III. y=s—$p8 


fag. IV. t — 2p — fag. V. 4p — fa 


— 468. VI. c W— 2p —249—2f5. VII. »=Z 


21 .- Za —269— f. VIII. 2-125 


4-485 — 279. IX. Xt bem pa- 2 4— 484 — 
n K. eb a 18.17 
de, and fo on in infinitum. 


280. Now the Index of the higheſt Term of the Root of the 
greater Square being r, that of the higheſt Term of the Root of 
the leſs or complement Square cannot be greater than r —1 ; 
and becauſe it is always ſuppoſed that the Terms of 


this Square have a common Diviſor », if we put 


yn * EX b18*4+mes"34+hbx'4, &c. for the 

Root, the complement Square will be (122) N 
+ 2nHxs*3+ 2ntmonl x ＋⁊ 2 2 
X x S TzMATZz MITA x of s, &c. Whence it 
appears, that the higbeſt Index, which the firſt Term of the 
complement Square can have, is 2r—2; and conſequently 
that it can be added but to the third Term of the Equation, 
its ſecond to the fourth of the Equation, and ſo on in order. 


28 1. Now ſuppoſing the above indefinite Equation 
compleated by the Addition of the indefinite comple- 
ment Square, then by equating the Terms with the 
correſpondent Terms of the greater Square, we ſhall 
have ſo many Equations for determining the Quantities 
ſought, as there are Terms in the greater Square after 


the two firſt; that is, 2r—1 ; the whole Number be- 


ing2r +1 (211). Now the Number of Quantities 
| | ſough* 
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and add one fourth Part of the Square of the known Quan- 
tity of the middle Term. 

| As 


ſought are -— x Terms of the Root of the greater 
Square (the two firſt being Unity and 2% (122), and 
r Terms of the Root of the leſs Square, the Dimen- 
ſions being r—1 (280) ) and » the common Diviſor ; 
that is, r—1 4+ r + 1=2r: I bence there are 21—1 
Equations to determine 2 1 Quantities ; conſequently they can 
only be found by Trial, (194). 


282. Theſe Equations, tranſpoſing all the Terms into 


one Member, are I. 2Q + :9*—qg -h O. II. 2R 
+2Q—r—2nkl=0. III. 28 ＋ pR+ Q*®—5s—2ntm 
—n—o. IV. 2T +pS+2QR—t—2nbt— 


2nlm=0. V.2V +p T+2QS+ R*i-v_ntr— 


— 2nlh-——-num*=0. VI. 2W +pV +2QT +2RS 
—w—2nkp—2nln—2nmb=o. VII. 2Z+pW 


+2QV+2RT TS —z—2nto—2nlp—2nmnzs 
—nh?—=0, &c. in infinitum, and from theſe there are 


found general Limitations for the particular Quantities n, 


QA, R, 8, k, l, &c. thus. 


283. By (282, I.) 2Q=q—ip*+n#, but? 
2 ˙ 4 (279, I.); whence 2 Q=a+2n#, and a= 
22 — : Whence that n may be a Diviſer of a, it muſt 
alſo be a Diviſor of Q or elſe Q muſi vaniſh: alſo that 
k may be a Diviſor of a, it muſt alſo divide Q, or elſe Q=0- 


5 k - 2: p* 
Alſo we have Q= E= I . 


284. By (282, II.) 2 R= GTI =r— 
za bn 2 (283); but 2 p a=8 (279, II.) 


whence 2R =8— i pnt* + 2nkl, and = 2R— 
DALY 


1 
; 
4 
! 
j 
1 
9 
q 
i 
4 
uy 
4 
' 
1 
f 


= mn 


CF 


. ˙ ü ⁵˙ N ̃]˙ CU — 
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As if the Equation be rr b=0, ſubſtract 
. from 


_— 


— 


— 2 edt Whence n in order to divide f, muff 
4% divide R; or R O. Alſo k to divide B, muff alſo di- 
vide R; or R =0. Alſo we haveR =—pnk:+nkl 


T. ePTE r Kl. 


| 285. By (282. 25 aS R GTA 


+ »Þ, ButpR==2 = {p 2oþpnkl(284); and 


Q2=2n* 4+ Lank 3 (283); whence 2 8 = 
— + *nk{2mm —pnl—tanXtþs 258 
—aa%=5-11:; buts— 7p Þ—{aamzy (279. III); 
whence 28 =y — {#2 H nE + gnm—npl -an 
X þ + la. Whence Ven divides v, it muſt alſo divide 8; 

or S D O. . Aliſo if k divides y, I muſt. vaniſh; and beſides 
. k muſt alſo divide 8; er S o. Alſo we baue 


—ů > rr 


25 ˙ 2 — — ant - p˙⁵l TIE LN 
— . 
. 


286. By the like Proceſs from 282. IV. and 279. IV. 
and 285. we have T == -QR+ nk In 
e er Lx 7 
5 nm L ant + nh — pn +2 2 AI 
21 = + 


* *$ 
Fa nl—bpnm=—8anlxi-4nt . 524. 


Lage GD. SH FF * — and 


16 
n1m. Whence n to be a Diviſor of I, muft alſe divide T; 


or 
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from both Sides b, and add 4 as, and there will come 
| out 


—_ — 
1 


** 
— — 


T go. Alſo k ib Diviſir of I, both n I m nd 
rn muſt vaniſh ; and beſide, — 2 
byk; or TO. | N 


287. In like Manner from Numbers 282. V. 279. V. 
*— 2 — 


and 286. we determine V = —— —Q8 2 
2 — „ 
CC 
Tn =D = YEN! p*nt+ip*tnm+ipant 
pn: au m— g Xt +; — pn — i anlt 7p 
nnn * 
32 | 
2 KEH 1 
. 32 
e 2 
8 
. 1 14 — 


r — TY I —TOY 


* Oh 
that n ſhould divide e, it muſt alſo divide V; or Vo. 
Alſo that k ſhould divide e‚„ %nm*—ipnÞF — pnIm— 
2p*nl: +nlh muft vaniſh ; and befdes, Rags _ V, 


or V =0, 


288. By the like Proceſs from W 282. VI. 279. 
VI. and 287. we determine W = 10. — 2412.4 
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out xxSax+iaa=b+Þ+% aa; and extracting on both 
| | Sides 


p_ 
—_— _—_— > 


A 
3 „ * — 
PE 


T ee e 


| 82 
+ 48mpn*—4apn* + 321. — 320 un x B —j*ntÞ 
_ 64 © 14 NS 
bafp*n—12p*nb6 2a n—12 a* p+16pny+72p1m7* 
8 "LI. og A 64 | 
FEantd16anl—16n3—gorTmx (#)+ 
"A — — RY 23 98 
4ip*n—8mpin——24anlp + 16hp*n+48s!pn+ 
uy; | n 
T6a*In-F Bain + ZZ D- — 
OED e AR; 


Jzyin=328mn=32pmnxk+ 32:+4 Pp" n+16Imp'n 
— r * 1 


Dee if 
1 In Inn. Whence, that n ſhould divide e, it muft alſo 
divide W; or WS o. Alſo that k ſhould divide 2, it is 
necefſary-that Iv la p3 +4 1mp*n+iapPn—281 n 
—Ftphla—zjalmn-+zln-+mbnſuld vaniſp; and 
moreover that k. ſhould divide W; or that WS oO: and fo 
en in infinitum. | | 


289. From the foregoing Determinations it follows, 
that » will meaſure ſo many of the antecedent. Greek 
Letters, as there are undetermined Terms in the Root 
of the greater Square, if it meaſures the ſubſequent 
Greek Letters. Now the Number of undetermined 
Terms in that Root is r— 1 (for 7 ＋1— 2 r—1), 
and the whole Number. of Greek Letters or Terms after 
the two firſt of the Equation is 27 — 1 (for 2 —r+T 


— 22 2 
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* 
* 


Sides the Root, you will have æũ— 1 AAN TZ44, or 


x=ia%ty/b++aa(c): 


CXLII. 


— — _— * — — 


2 27-1; wherefote ſubducting - 1, the Number 
which u muſt divide if it divides the ſubſequent, from 
27-1, the Reſidue r is the Number of the laſt Greek Let- 
ters whoſe common Diviſar n muſt be; and ſuch a Diviſor is 
always to be ſought. | | 


290. And becauſe by Suppoſition we look for a ſurd Di- 
viſor, all Diviſors are to j a which are Squares, or 


Multiples of Squares; for if n is a Square, then y/ » x 
tf + 1x'>?, &c. would be rational; and if z is a 


121 12 


Multiple of a Square as / X m?, then m x bx" 


&c. would be rational, and z depreſſed to / would be 


rational. : 


291. If any of the Terms Q R S, &c. of the Root of 
the greater Square is a Fraction, its Denominator muſt be 2, 
and the Coefficient in which its Square is, muſt be an «dd 
Number ; and n muſt be an odd Number : for in the Square 
it is firſt multiplied into 2, (122); whence if the Deno- 
minator be 2, it will become an Integer, being a Mul- 
tiple of 2; and the other Parts of the ſame Coefficient be- 
ing double Products (122), when they are reduced to the 
ſame Denomination, will be Multiples of 4.. Now the 
Denominator being 2, the Numerator muſt be odd 
(Euc. VII. 24.) ; and therefore its Square is add (Euc. 
29. IX.), whence the Coefficient and its Diviſor 2 is 
odd ; but if the Denominator was any other Number, 
the Fraction multiplied into 2 could never become an In- 
teger; and therefore the Coefficient would till be a 
Fraction, or the higheſt Term would have a Coefficient 
different from Unity ; both which are contrary to Hy- 


potheſis. | 
292. According as any of the Terms Q, R, 8, &c. of 
the Root of the greater Square is an Integer, or a Faction; 


WL 


— — — — 
_ — —— —— —L— . — — — - 
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CXLII. But if the Equation be of four Dimenſions, 
2 Juppeſe 


—_ — — 


fo muſt the correſpondent Term of the Root of the complement 
Square be an Integer, or a Frattion reſpettively, and have 
2 its Denominator. For any Coefficient of the greater 
Square is equal to the Sum of the correſpondent Coeffi- 
cients of the Equation, and of the complement Square 
into n; but n, and the Coefficients in the Equation, 
and greater Square, for the ſame Term being always 
Integers (291), the Coefficient of the complement Square 
muſt be an Integer; conſequently, according as the 
Term in one Root is integer or fracted, the correſpon- 
dent Term in the other muſt alſo be integer and fracted, 
and have the Denominator 2; that the Square of the 
Fraction into n may either deſtroy the other fractional 
Square, or with it make an integer ; which could not 
be done, it one being Integer, the other was a Frac- 
tion. 


293. 1f any Coeſficient of the Equation, as p, r, t, w, Cc. 
in a Place denominated from an even Number, be odd; n alſo 
muſt be add for the Exponents of the Terms denomi- 
tated from an even Number in each Square are odd, and 
theſe Coefficients conſiſt of double Rectangles, without 
any Square (123), wherefore they are even Numbers, 
if the Roots are Integers. Conſequently the Differences 
of thoſe even Coefficients, that is, the Coefficients of the 
Equation denominated from an even Number, are even, 
when the Roots are Integer: If therefore any Coefficient 
in an even Place is odd, the correſpondent Terms in the 
Roots of both Squares are Fractions, whoſe Denomina- 
tors are 2; and therefore the Numerators are odd, and 
their Squares odd, and the Aggregate odd, and u the 
Diviſor of the Aggregate odd (Eucl. 29. IX.) and con- 
ver ſely. 


294. n being odd, muſt, when divided ly 4, leave Unity. 
For let N repreſent any Number in general, and 1 an 
odd Number; then becauſe that every odd Number is 2 

Multiple 


WW 


or wv 


QA Fe t Q@ 


te. 


y. 
n 
2 
e 
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ſuppoſe a. þ x*+ q x xr x+ $=0, where p, 4, r, al s 
| dlenct 


4 


. a. 1 ld 


Multiple of 4 more or leſs Unity, viz. I = 4N +1; and 
that the Square of an odd Number is a Multiple of 4 more 
Unity, viz. I ANTI (Eucl. 29. IX.) and that if 
from ſuch a Square there be taken any Multiple of 4, 
the Remainder, if greater than Unity, will be a Multiple 
of 4 more Unity, viz. 4M 1: And becauſe that the 
Product of u, into the odd Coefficient of the complement 
Square, 1s equal to the Difference of the odd Coefficients 
of the greater Square, and Equation: Alſo becauſe the 
_ oots of thoſe Coefficients are the Halves of odd 
Numbers. We have the 4th Part of the Product of u 
into an odd Square, equal to the 4th Part of the Diffe- 
rence of an odd Square, and of quadruple an odd 
Number. Wherefore n into an odd Square is equal to 
the Difference of an odd Square, and of quadruple an 
odd Number; that is, # into a Multiple of 4 more Unity 
is equal to a Multiple of 4 more Unity; and conſequent- 
ly, # is equal to a Multiple of 4 more Unity, For it is 


not a Multiple of 4 leſs Unity, but of 4 more Unity, 


which can give the Product a Multiple of 4 more Unity. 


2 5. Theſe general Limitations being premiſed, let 
thoſe indefinite Expreffions in Ne. 279 and 282, &c. 


become finite: That is, if there is propoſed an Equa- 


tion of given Dimenſions, it is manifeſt, that the Terms 
involving the Letters above the given Dimenſions muſt 
vaniſh, Let the propoſed be & ＋ px? A +1 x5 + 
Sxt+tx*va*+wxa+z=0. Then the followin 
will be, as it is propoſed by the Author in Art. CLI. 45 
Exemplar for all Reduttions by ſurd Diviſors. Becauſe 
27 28, therefore r=4, and r—1:=3; and the Root 
of the greater Square is & + 4px TAN +R#z+8S; 
and the Root of the , complement Square is Vn X 
kxi + lx* TMNT; and the ſeven Equations for the 
Greek Letters, are 1. 9 —- p a; 2.r —tep=8; 
3 $—3,8—jaa=y; 4 t=—-fipy —tef=t; 
f 2 5. Va 


IE 
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denote the known Duantities of the Terms of the Equation ad- 
fedted by their proper Signs, make 
q—Tpp=a - ap R. 
5 aa - Den 


— 8 1 


5. Vi ay—iBB8=:; 6. 10-4 8; and 7. 217 =1. 
(279): And the ſeven Equations for the Coefficients, are 
1. 2 Q -*p*—q—1#*=0; 2. 2R+p Q—r—2nktl=o; 
3. 29+pR+ 2®—s5—2mnk—nkt=0; 4 pS8-+ 
2QR—t—2nkb—2nilm=z0; 5. 2QS+R*f—yv 
anlh—nm=0; 6, 2RSd—w—2nmhbz=z0; 7. 82— 
 2z—nh/:2—=0, (282, 288). Now r being 4, u muſt be 
a common Diviſor of 8, e, &, and n (289); and odd, if 
any of the alternate Coefficients be odd (293) ; and nei- 
ther Square, nor Multiple of a. Square (290); and di- 
' vided by 4 to leave Unity (294). Then becauſe by the 

th Equation, Sz = z + , if n be even, ſeek a ſquare 
— h*, to which, after it is drawn into u, the laſt 
Term of the Equation z being added by its proper Sign, 
z + nh, ſhall make a ſquare Number: But if » be odd, 
becauſe ſome Term of the Root, or reduced Equation, 
is a Fraction, whoſe Denominator being 2, the other 
Numbers in the ſame Coefficient with the Square of its 
Numerator, are Multiples of 4, and ſo 4S*=4 z +4 n h* 
(291, 292, 293); connect the Product of u into a ſquare 
Number to quadruple the laſt Term of the Equation, 
viz, 4z+ 4n6h?, until a — Number is found. Ex- 
tract the ſquare Root, and call it 8, when u is even; 


but 28, when x is odd; and make / = b. Then 


if S be a Fraction, ſo muſt h; both having the Deno- 
minator 2 (291) and let all Numbers 8, and h, within 
this Limit, be collected in a Catalogue. Having thus 
found u, h, and 8; & is next to be found, by a ſucceſſive 
Aſſumption of all Numbers, which do not make 
nk -+ 2 þ greater than quadruple the greateſt Term of 
the Equation : When + is had, Q is to be found by 


. (283). Qbeing found, all Numbers are 
to 
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Then put for n ſome common integral Diviſer of the Terms 


Band 2 f, that is not a Square, and which ought to be odd, 


and 


PREY . r 
_ 


„ 1 


* 


to be tried for /, which do not make a + Q greater than 
quadruple the greateſt Term of the Equation ; and / be- 


* ing found, we have R = a2 I ; ＋ IAI. (284). 


Laſtly, to find m, all Numbers are ſucceſſively to be 
tried, which do not make n m R greater than the great- 
eſt Term of the Equation: Always making & a Fraction, 
when p is ſo; J a Fraction, when Q is one; and m a 
Fraction, when R is one (292). From the ſeveral 
Values of the Letters regiſtered in the Catalogue, thoſe 
only are to be aſſumed, which will anſwer all the Con- 
ditions of the Equations; for this Coincidence is a Proof 
that they have been rightly aſſumed. Thus S 24 
i be by the 7th Equation; and alſo=2=? — — 
| of SP —z 
+ I by the third; and its Correſpondent þb =m—_—_ 


n 
pS+2QR—'—2nlm 
2nk * 


by the ach; alſo =2 CRY by the gth; 


2nl 

ed Lino = = by the 6th Equation. If all theſe Con- 
ditions coincide, then for the propaſed x* þ px? ,. 
* +ixt pts T ont þwibk zz o, write TDR 
+Q#x*+Rz+S=ynxtzx' +! +mx +5. But 
beſide this general Rule, there may be particular Rules 
for Equations in the particular Degrees of even Dimen- 
ſions, as in the following. 


by the 7th Equation; and 


and 


Ffz CcxlI. 
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and divided by 4 to leave Unity, if either of the Terms p and 
r be odd. Put 77 for k ſeme Divifer of the Quantity 


if p be even; or half of the odd Diviſor, if p be odd; or no- 
thing, if the Dividual g be nothing. Take the Quotient from 
2 pk, and call the half of the Remainder l. Then for Q put 


* and try if n divides Q Qs, and the Root of 


the Quotient be rational and equal to | ; which if it bappen 2 
add to each Part of the Equation nk KX XT 2nklx +nll, 
and extract the Root on bath Sides, there coming out x x + Lp : 


+ Q= 3 (40 | 


* 


4 — 
6 


1 
CXLI. (c). If the Equation. be a * + þx 
+g=0; here2r = 2, whence r = 1, and - i =0. 
That i is, the Equation i is not defective, and n, k, &c. are 
So. Whence to reduce it, it is to be made defective, 
by tranſpoſing , but + þ x is (Fucl. II. 4.) com- 
Pleated into a Square, by adding 4p? z wherefore adding 
7750 x2 + p, and to , there is * + þ x += p* =: 
4X7 ＋ ; and — the Root, * ＋* - 72 = 


3 Kc. Xx VI. 


CXLII. (4). Here 21 = ; whence r 2, r —1=]; 
whence the Root of the greater Square! is * 2 r 


and that of the Complement n #x +1 T7 (278); ; whence 
the three Equations for the Greek Letters are firſt, 
— Saz; ſecond, 19 =Þþ; third, aa ＋ 
(279) but here let us uſe g, for 7; following the No- 
tation of che Author: Becauſe r 2, thence 7 muſt be 
the common Diviſor of f and &, (289); it muſt alſo be 
"odd, if p, or r, be odd, (293); and divided by 4, to 
Jeave Unity, (294); and neither a Square, or Multi- 
ple of a Square, (290). The three Equations for the 
S Coefficients 


For 


— —————— 


BY SURD DIVIS ORS. 439 


For Example, let there be propoſed the Equation &“ + 
12 x— 17 = 0, and becauſe p and q are both here want- 
ing, and r is 12, and is — 17, having ſubſtituted theſe 

Numbers, 


— 


— — — — — e 


Coefficients will be iſt, 2Q A- - o], 


2d, pQ—r—2nktl=0; 3d, Q- nE =o, (282). 
By the firſt, Q = fa T1, and by the third, 24 = Q2 
Zab inks _ 2 


— 5; Whencen= : 2 2 
— A 
— 2 t —tak + "In FiaF—Þb 
= 2 — But the Form will be more 
E CE-. 
commodious, by writing . that 


PX ip +a—213 
is, u is to divide 22 by FX:nkt*Ha—2P. Again, 
by the firſt Equation, Q=4n# +3a; and by the ſe- 
cond, 92 © whence 1 nE - þ a—r=2 ntl, 
that is, — 2 21 =r —ipa—ZpnÞF=8—IpuÞ; 


7 6 * ** B 
whence 2 nk —2nkl=8, and 9 Now 


ſince » divides , by the Quote E x 4 pt —21; & will 
divideZby the Quote 354-217; and ſubducting the 


8 from 251; the Reſidue is 21: and 
half the Remainder is J. And by the third Equation, 


V= Now when p is odd, the Root hn men 
7 


may be 21 (295) becauſe of a Fraction; wherefore half 
the odd Diviſor of —is then to be taken for /, 


Ffg4 296. When 


\ 


440 REDUCTION OF EQUATIONS 


Numbers, you will have «= o, Þ= 12, and 4 =—17, 
and the only common Diviſor of 6 and 2 2, or 12 and 


. ͤ Abb ⁰˙¹¹m — —— — 
- — ́æↄ—— . — — —— 


— 34 viz. 2, will be n. Moreover, = is 6, and its Di- 
viſors 1, 2, 3, and 6, are ſucceſlively to be tried for & 


| and — 3, — 3, — 1, — 2, for] reſpectively. But 


4. unt b, 1 js equal to Q. Moreover, 


„ „that is t — is . 


Where the even Numbers 2 and 6 are writ for 4, Q 
becomes 4 and 3b, and QQ -: will be an odd Num- 
ber, and conſequently cannot be divided by # or 2. 
Wherefore thofe Numbers 2 and 6 are to be rejected. 
But when 1 and 3 are writ for #, Q becomes 1 and , 
and QQ - is 18 and 98, which Numbers may be di- 
vided by u, and the Roots of the Quotients extracted. 
For they are + 3 and + 7; whereof however only — 
agrees with 7, I put therefore 4 1, 1 = — 3, and 

=1, and 1 add the Quantity n 4 kx x Þ 2 klx 4- 
all, that is, 2 x x — 12 K 18 to each Part of the 
Equation, and there comes out x* þ 2x x + 1 =2xx 


" . . 0 4 7 
— 1— „* - FI— 1 —_— 


| 296. JVhen kg, then neceſſarily g o; becauſe by 


the firſt Equation Qn a, and by the ſecond, p Q r; 
thence 5 = (- z ap) » f 885 o. In this Caſe, 


n being ſome Diviſer of 3 & if = 
ber, its Root 1 is], 


15 a Square Num- 


297. Þ may vaniſh all he K be a real Quantity, WE es 21, 
or 2 pk =1; fr E=nxkxIpk—2T Tn this Caſe, 
of the compound Divifors of 2 C, take one'which 15 a Multiple 
of a + atk but itſelf not a Square, as n E; then if the 
Que Sat nk — * p k. /ball be]. 


—12 * 


ö 
B 
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— 12 + 18, and extracting on both Sides the Root 
124 1 S 2 - 39%. But if you had rather 
avoid the Extraction of the Root, make x x + i p x + 
Q=y/ nx Fx Þ 1, and you will hnd, as before, x x 
+ jy =+-Ly/ 2X x — 3. And if again you extract the 
Root of this Equation, there will come out x = + * 


24 V _ 7 3y/ 25 that is, according to the Va- 


| riations of the Signs, x = —=44/ 2 +4/ 3y/ 2 —zZ, 


and x=—/2—-vV3y/ 2—3} Alſo x = 192 
VL an A A 
Which are four Roots of the Equation at firſt propoſed, 
* + 12x —17 = o. But the two laſt of them are im- 
poſſible. 

Let us now propoſe the Equation x4 — 6 * — 58 xx 
— I14 x — 11 =0, and by writing —6, — 58, — 114, 
and — 11, for p, 9, r, and s 4 PARA + there will 
ariſe—67=a, — 315 = þ, and—11333 fg. The 
only common Diviſor of the Numbers g and 2 2, or of 


— 315 and — — i is 3, and conſequently will be here 


u, and the Diviſors of Ly or — 108, are 3, 5, 7, 15, 


27, 35, and 105, which are therefore to be tried for þ. 
Wherefore, I try firſt 3, and the Quotient — 35, which 
comes out by dividing — by K, or — 105 by 3, I ſub- 
tract from f p &, or — 3 X 3, and there remains 26 ; 
the half whereof, 13 ought to be l. But £ 7 — 


— — 


„ or 


that is, — 20, will be Q, and 22— 


will be 411, which may be divided by n, or 3, but the 
Root of the Quotient 137 cannot be extracted. Where- 


fore 
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fore I reject 3, and try 5 for # The Quotient that now 
comes out by dividing = by &, or —105 by 5, is —21, 


and ſubtracting this from 4 p4, or — 3 X 5, there re- 
mains 6, the half whereof 3 will be J. Alſo Q or 


2 that is — = = B, is the Number 4. And 
2 


QQ, or 16 + 11 1 be divided by n; and the 
Root of the Quotient, which is 9, being extracted, i. e. 
3 agrees with J. Wherefore I conclude that / is = 3, 
k = 5, Q=4, and n = 3; and if nthxx+2nkls 
+ nll, that is, 75xx + 90 x + 27 be added to each 
Part of the Equation, the Root may be extracted on both 
Sides, and there will come cut xx + 3px + Q = VN 


kx +1, Cnr eee e and 
the Root being again extracted, x = | ba - N 3 1 


* * . 


Thus, if there was propoſed this Equation x* — 9 x3 
+ 15 xx —-27 x +9 = o, by writing — 9, + 15, 
— 27, and + 9 for p, 4, r, and s reſpectively, there 
will come out — 5 * = a, —05 4 =, and 253 26 
The common Diviſors of Band 2 E, or — 24 and 3.5 
are 3, 5» 9, 15, 27, 45, and 135; butg is a ſquare 
Number, and 3, 15, 27, 135, divided by the Number 
4, do not leave Unity, as, by reafon of the odd Term 
ps they ought to do. Theſe therefore being rejected, 
there remain only 5 and 45 to be tried for n. Let us put 


therefore, firſt n = 5, and the odd Diviſors of Lor 
7 


E being halved, viz. , 2, 2, f, , are to be tried 
tor k. If + be made 2, the Quotient — , which 


comes out by dividing — by 4, ſubtracted from + pl, 


Or 
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or — 2, vi 18 for 21, and 


and P 5, or — 5 may be divided indeed by u or 5» 
but the Root of the negative Quotient — k is impoſſible, 
which yet ought to be 9. Wherefore I conclude + not 
to be 2, and then I try if it be 5. The Quotient which 


ariſes by dividing £ by k, or — 5x by 3, v:z, the Quo- 


tient — 27 I 8 from 2 or — 27, and there re- 
mains Aus Whence now / will be nothing, But 


24 or 3 is equal to Q, and QQ = s is nothing; 
2 


whence again /, which is the Root of QQ — 5, divided 
by u, is found to be nothing, Wherefore theſe things, 
thus agreeing, I conclude = to be = 5s, + =3, I o, 
and Q = 3, and therefore by adding to each Part of the 
Equation gen the Terms n #txx + 2nlkx+nll, 
that is, 25 x x, and by extracting on both Sides the 
ſquare Root, there comes out xx Phat ipx+ Q= bs nX 
Te +1, that is, ** —434+ SUS XA. 
CXLIII. By the ſame Method literal Equations are alſo 
reduced. As if there was 22 T <a XxX—2 
a x + a* = o, by ſubſtituting — 24, 2 424 — cc, — 
2 45, and 4 a* for p, 9, r, and s reſpectively, you will 
obtain aa — c a, — 4c - 4 g, and 4 ＋ + 
aa - g. The common Diviſor of the Quan- 
tities 5 and 2 Eis aa + cc, which therefore will be x 


and z or — a, has the Diviſors 1 and 3. But becauſe 


n is 5 two Dimenſions, and 4 / ought to be of no 
more than one, therefore & will be of none, and con- 
ſequently cannot be a. Let therefore + be 1, and 


—— being divided by E, take the Quotient — a from 2 p 


Or 


————— Bs = > — 
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or a and there will remain nothing for J. Moreover, 
mL FL oraaisQ, and Q - ora. — is o; and 
thence again there "ey out nothing for J. Which 


ſhews the Quantities, &, I, and Q to be rightly found; 
and adding to each Part of the Equation propoſed, the 
Terms n#kxx+2nk1x+211, that is, aax x+cc xx, the 
Root may be extracted on both Sides; and by that Ex- 
traction there will come out x x +ipx+ Q = Vn 
k x— 1, that is, xx - 4 TA TVA Tec. 
And the Root being again extracted, you will have x 
=teatzy/ aa+cct 


— 


Dr —:.:. 
cc -A TLTA NVA +cc. 


CXLIV. Hitherto I have applied he Rule to the Ex- 
traction of ſurd Roots; the fame may alſo be applied to the 
Extrattion 7 rational Roots, if for the Quantity n you 
make ufe of Unity; and after that Manner we may examine, 
whether an Equation that wants fracted or ſurd Terms can 
admit of any Diviſor, either rational or 2 of two Di- 
menſions. As if the Equation & — * — 5 xx +12 x 
— 6 = © was propoſed, by ſubſtituting — 1, — 5, 4 
12, and — 6 for p, 9. r, and s reſpectively, you will 
find —54 S a, 94 b, and putting » = 1, The 


Diviſors of the Quantity — or 23, are I, 3, 5, 155 255 


75 the Halves whereof (if p be odd) are to be tried for 
4. And if for & we try 5 you will have 2, p44 
—＋ 5, and its half — 5 J. Alſo 23 »*£ 2 2 


x 7 2 


=0Q, and . = 6 2, the Root whereof agrees 


with J. 


* 


I therefore conclude, that the Quantities u, E, I, Q, 
are rightly found ; and having added to each Part of the 
Equation the Terms #4 Z + 111, that is, 
6 4 xx 122K ＋ 5, the Root may be extracted on 

| I both 
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both Sides; and by that Extraction there will come out 
** +iprxr+Q=+y/ nxtx+1, that is, xx— + 
x+ i= TINX2 AK 24, or K ͤ - 3K 4 3 0, 
and xx + 2K — 2 = 0, and ſo by theſe two quadratic 
Equations the biquadratic one propofed may be divided. 
le) But rational Diviſars of this Sort may more expedi- 
tiouſiy be found by another Method delivered above. 


1 


* 


8 '% 


CXLIV. (e). 298. The Value of Q may be found in this 
Caſe, the Diviſar n being 1, without Trials by the Solution of 


1* —48 


the cubic Equation & T 4 pr—s x Q— — 
x Do, andibence the Values of K and 1 will be found; 


for by the firſt Equation in CXLIL 2 QT f-; 
by the ſecond, PQ g 211; and by the third, Q 
s=1*; whence the Product of the firſt and third is equal 


to the Square of the ſecond ; that is, ÞÞ =2 Q3 + 
IS , Wm2s Q=r x4 —g=i -r 
T; wherefore tranſpoſing the Terms into one Mem- 


ber, and dividing by 2, we have Wig CT. 


uA e. and Q being found, we 


Or RY 


have k=v 2Q++p*—9, alſo 2. IA hence 


we ſhall have x, by extracting the ſquare Root on both Sides, 
from u ＋ px +Q=+kx+1; which ſolved gives 


— — k 
x=+tk—=ip+\/yjppiD tl-Q=tk——zp+ 


pep exhibiting the four Roots of the given 
Badr, according to the V. 3 of the Signs, 


CXLV, 


| 
4 
| 
| 
| 
| 
' 


: 
| 
| 
| 
| 
| 
| 
| 
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CXLV. If at any Time there are many Diviſors of the 
Quantity — fo that it may be tos difficult to try all of them 


for k, their Number may be ſoon diminiſhed,” by ſeeking all the 
Diviſors of the Quantity, as — Arr. For the Quantity 
Q ought to be equal to ſome of theſe, or to the half of 2 odd 
one. Thus, in the laſt Example as r is — 2, ſome 
one of whoſe Diviſors, 1, 3, 9, or of them halved 4 þ 
2, 2, ought to be Q. Wherefore, by trying ſingly 


the halved Diviſors of the Quantity — Viz, 2, 25 


22, and 25 for &, I reject all that do not make Z a + + n 
Ek, or —2 7: * that is, Qto be one of * Num- 
bers 1, 3, 9, 2, 2, 1. But by writing 2 2 25 , LEP 
2 for &, there come out reſpectively — 25 — 2, + 
2, ＋ 22, &c. for Q; out of which only — 4 and = are 
found among the aforeſaid Numbers 1, 3, 9, 2, 2, 2, 
and conſequently the reſt being rejected, either & will be 
=32andQ = -&, or += Sand Q =, Which 
two Caſes let be examined. And ſo much of Equations 
of four Dimenſions. (f) © 
CXLVI. If an Equation of 2 Dimenſions is to be reduced 
kt it be X + px*+ EY + s$xx+tx + So, 
and make 
9 IPZ a. rxzpant - B= yu. 
y—jaaz=t. t—iap=n 1286. 
$6} nn=>, 84 


— — — 


— 9 — 


CXLV. (VJ. For by the third Equation, . SQ; 
whence 4 - an; and by the ſecond Equation, 
nA Q-—pQntl+n= tA; whence as—{r*=a 
Q- e. - NQ] but by the firſt 
Equation, «+ nf =2Q; wherefore 45 - - 


—2QnPÞ—5*Q2+pQn#1; conſequently Q_ being 
in every Term is a Diviſor. 2 
en 
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Then for n take of the Terms 2%, n, 20, ſome common 
integer Diviſor, that is not a Square, and that likewiſe is 
not diviſible by a ſquare Number, and which alſo divided by 
the Number 4, ſhall leave Unity ; provided any one of the 
Terms p, r, t, be odd. For k take ſome integer Diviſor of 


the Quantity 5 - if p be even, or the half of an odd Divi- 


for if p be odd, or o if a be o. For Q take the Quantity 
Za TInkk. For | ſome Diviſor of the Quantity 
Qr . 9822 if Q be an Integer; or the half of an odd 
Diviſer if Q be a Fraction that has for its Denominator the 
Number 2 ; or o, if that Dividual We: Be no- 


| n 
thing. And for R the Quantity ir—=iQp+nkl. Then 
try if RR v can be divided by n, and the Root of the Quo- 
tient extracted; and beſides, if that Root be equal as well to 
1 
the Quantity Der as to the Quantity EF = = l=. 
F all theſe happen, call that Root m; and in room of the 
Equation propoſed, write this, x, Fpxx +Q x +R = 
+/nxkxx+lx+m. For this Equation, by ſquaring 
its Parts, and taking from both Sides the Terms on the right 
Hand, will produce the Equation propoſed, Now if all theſe 
. Things do not happen in the Caſe propoſed, the Reduction will 
be impoſſible, provided it appears beforehand that the Equa- 
tion cannot be reduced by a rational Divifor (g). 1 
er 


U— * 


CXLVI. (g). For 27 =6, whence 3, and r—1=2, 
wherefore the Roots are & þ Ipx*+Qz R, and Vn 
k x* +lx+m ( 280); and the Equations for Greek Let- 
ters 1ſt. - 4 a; 2d. r—Sap=8; 3d. — 428 
— $44=y; 4th. i - ag; Sth. v— 4 fEBE= (279). 
. | but 


4 -  - == 
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For Example, let there be propoſed the Equation &. 
| —2aabb 34 

z a * þ£2bbx*2abbs3 +24* b 52 737 
ep = 3b 
So, and by writing — 2 2, + 2bb, +2 abb, — 29 
abb+2a* b—4at?, o, and Zaat*—a*bb for p, 
9 7, 5, f, and v reſpectively, there . come out 235 
| — 44 


— 
* 


* 


Pay * 
— * —_— * 4 


but for y, , 4, let us write , u, 8, reſpectively, to con- 
farm to the Author's Notation. The Equations for the 
Coefficients are 1ſt, 2 Q+ *p*—q—nit=0; 2d,2R 
4SpQ—r—2nktl=0; 3d. — Fan 
o; 4th, 2QR—t—2nl/m=0; and 5th, R*—v— 
um o (282). alſor = 3, whence » muſt be the com- 
mon Diviſor of &, u, 6, (289): and have the other ge- 


neral Limitations of Ne. 290, 293, 294. 


Now by the firſt, ſecond, and third Equations, as in 
Art, CXLII. by equating the Values of R, u is found 
to divide 25, by kx £n* B — ak—*3 ＋ 2pl—4m 
— 212; wherefore & cannot divide =, except —2 /2 be 


made to vaniſh. Alſo by firſt and fourth Equations, R= 
t+2nlm 4 4 
N = (by ſecond Equation) — r p 7 #*+nktI +7 8; 
whence by Multiplying by a, and tranſpoſing, we have 
n=(t!t—iap) rap Þ ban [1B — 2nlm; where- 


. » whence 4 cannot 
A a p an. - 21m 


divide 2, except 21m be made to vaniſh ; by the fifth 
1 R*=v+nm*= (by ſecond Equation) 


fore n = 


LP Ah. FEN T NN PP +lpnk = 
nm* ; whence by dividing and multiplying by 2, n= 
20 
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— ga a. 425 - s. 24 b + 2aab b—4a 
— — +24 b+ 3aabb—4ab —5 f 
. e and eo 4 þ 
b - s. And the common Diviſor of the Terms 
20, 4 and 2 8, is 44 — 260, or 2 bb —aa, according 


as 4 4 or 2 bb is the greater, But let @ @ be greater than 
2bb, 


* . 
„ n * th 4 


_ 


209 
4K —pIn* PZ pBnkd 21 ANTI — 2 


whence # cannot divide =, unleſs 2 is made to va- 


niſn. Whence that p may divide 22, 15 and 22; —2Þ 
+ 2/m-— 2 muſt vaniſh : But this will be BR if e 
be multiplied into 8, and 4 of an ſubducted from the Pro- 
duct; for $6—inn=Apfnt—;. fn N 
Tap IN x4 ,. Rm} r 
* n*—p 813 Tt —1 alpn* +3, 3 1þ3 1% - mp*n* 
XA —jnm*—x appr +jabn + {Bp n* —13 p38 
EF mplii—TapInmy l. I TA Dl 
1 + 3p 8mm" . er 1am n — 
FI Tpi Nc 15 + 2775 
n* — E XA, the Term Vn having vaniſhed, the 


Reſidue is Diviſible both by #* and +; both which are 
in every Term. Whetefore writing & —1 nn =a, we 


bave 4 _ Having found u, and I, Q —X2 
(283), and R TPA -n nkl(284)=(by 


the fourth Equation) — — _— whence by Multiplica« 


tion and Tranfpinon, TIL a N- Nan aa 
Gg * 


450 REDUCTION OF EQUATIONS 
2bb, andaa—2bb will be n. For n muſt always be 


affirmative, Moreover, on is —5aa+2ab+Þ++%bb, 
n 


— is — 24.4 245 band is 244], and 
7 5 


conſequentiy * 2 — 5575 or ——, is 4 46 — 4 48 b 


— T2 1 b3— 3 a ab4, the Diviſors whereof 
are 1, a, aa; but rams nx cannot be of more 
than one Dimenſion, and the / n is of one, therefore 
& will be of none; and conſequently can only be a Num- 
ber. Wherefore, rejecting @ and @ a, there remains 
only 1 for &. ey Rk + a+ nA gives o for Q and 


Qr Gs 2 is alſo nothing; and conſequently /, 


which _ to be its Diviſor, will be nothing. Laſtly, 
Er p QI gives 463 for R. And RR is 
— 24 4 ＋ , which may be divided by # or a a — 
25 b, and the Root of the Quotient a a b be extracted, 


2 9 
— —— 


E 


X — 2 (that is rQ—p Q—?7) An- icant; 


22 Whence / is a Di- 
n N hn n — a 


viſor of rQ= 5 12 


R 42257 Q+ nkl hs Laſtly, m= (by the fifth 


Equation) 4/ =; = (bythe 4th Equation) == 4 


wherefore I 


— «#: Ibeing found, 


= (by the third Equation) Al. 2 =, Where- 


fore if all coincide, for EC * + qxt +7:43 þ $32 + 
tx+v=o, write #3 ＋ 4 = +Qz+R=z+y/n x 


7 <Tx + mM, 


and 
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and that Root taken negatively, viz, — 4 b, is not un- 
equal to the indefinite Quantity — or . * but 
nl O 


equal to · the definite Quantity ä . 


Wherefore that Root — a 0 will be m, and in the Room 
of the Equation propoſed, there may be writ x* - 4p x 


x+Qz+R=y/ nxXkxzx+ilx+m, that is, x3 — 
axx+abb=\/ aa—2bbXxx—ab. The Truth » 


which Concluſion you may prove by ſquaring the Parts of t 
Equation fund, and A ah away the rok on the Right 
Hand from both Sides, For from that Operation will be 


produced the Equation x*—2 4 x* +26bb x* + 2abb x#— 
2aabbxx +24 bxx—4abxx+ 3a H go, 


which was propoſed to be reduced, 


CXLVII. If the Equation is of eight Dimenſions, let it be 
R* * px7+qx*%þ+ rx*+ 8x*+tx* +vxx+wx+Zz=0, 
and make q A pP a. T- f pag. s — 2 pH- aa 
7. t- pPY—- Za SQ . v— gay — fe. W— 1 
&, and 2 — 4 % n. And ſeek of the Terms 29, 26, 2t, 
8 , a common Diviſor that ſball be an Integer, and neither a 

uare Number, nor diviſible by a ſquare 3 and which 
alſo divided by 4. ſhall leave Unity, provided any of the alter- 
nate Terms, p, r, t, w be odd, If there be no ſuch common 
2 it is certain, that the Equation cannot be reduced by 
the Extraction of a quadratick ſurd Root, and if it cannot be 
fo reduced, there will ſcarce be found à common Divijor of all 


thoſe four 7 10u a9 The -"Y on therefore hitherto is a 
Sort of an Examination, whether the Equation be reducible or 


not; and conſequently, ſince that Sort of Reduftions are ſeldom 
Poſſible, it will moſt commonly end the Wark. (b). 


CXLVIII. And, by a like Reaſon, if the Equation be of 
ten, twelve, or more Dimenſions, the Impoſſibility of its Reduc- 
tion may be known, 


* TT Ve" 
—— 


M——— 


CXLVII. (+) See No. 295. | 
G g 2 As 
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As if it be & PD q r“ Ss tx 
vx4#þ+ax3+bx?þ+cx+d =o, you muſt make q 1 p p 
Sa, -Z pa , 8—Lpf —iac=y, t—Etpy—ag 
=, y- TpYO—- Za y- 16e, a— fa — ei, 
b—iE3—Lyyz==n - 57g d, d — dx, and 
ſeel ſuch a common Diviſer to the frve Terms, 2+, 25, 8 n, 
40, Bu, as is an Integer, and not a Square, and which ſhall 
alſo leave 1 when divided by 4, if any one of the Terms 
Ps T; t, a, e, be odd (i). 

CXLIX. So if there be an Equation of twelve Dimenſions, 
as xX ＋TpPX TX TTT SX + tx' + vx%+ ax 
+ bx* + cx3+dx*+ex + fo make q= pp=a, r— 
E2pa=s, s—ipp8—aatzy, t—Ipy—Lap=), v— 

pb a GRe a—{ pe} ad—i8y=t, b 
2 a — 69 — 50 u, -g ge— 5d, d—'y— 
400 , ede g M f— fte ZS A, and you muſt ſeek a 
common integer Diviſor of the fix Terms 22, 8 n, 40, 8 », 
4 >, 8 u, that is not a Square, but being divided by 4. ſhall leave 
Unity, provided any one of the Terms p, r, t, a, c, e, be odd. 


CL. And thus you may go on ad infinitum, and the pro- 
poſed Equation when it has no common Diviſor, will be always 
irreduceable by the Extraction of the ſurd quadratick Root. 
But if at any Time LIP a Diuiſor n being found, there are 
Hopes of a future Reduction, it may be tried by following the 
Steps of the Operation we ſhewed in an Equation of eight Di- 
menſions (k). | 

CLI. Seek a ſquare Number, to which * it is multi- 
plied by n, the laſt Term 7 of the Equation being added under 
its proper Sign, ſhall make a ſquare Number. But that may 
be expeditiouſly performed if you add to 2, when n is an even 
Number, or to 4 Z when it is odd, theſe Quantities ſucceſſively 
n, 3n, 5n, 7 n,9n, 11n, and ſo on till the Sum becomes 
equal to ſome Niunber in the Table of ſquare Numbers, which 
J. ſuppoſe to be ready at Hand (I). And if no ſuch ſquare 


—— 


9 — 


CXLVIII. (i) See Ne. 279. 

CL. (4) See Ne. 295. 

CLI. (1) For the Sums of the odd Laterals are ſquare 
Numbers. (43), | 


| Number 
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Number occurs before the ſquare Root FA that Sum, aug- 
mented by the _ Root of the Exceſs of that Sum above the 
laft Term of the Equation, is four Times greater than the great- 
eft of the Terms of the propoſed Equation p, q, r, 5, t, v, &c. 
there will be no Occaſion to try a farther ; for then the E- 
guation cannot be reduced (m). But if ſuch a ſquare Number 
does accordingly occur, let its Root be 8, if n is even, or 2 8 


if n be : and call SED Sh. But S and h cught to 


n 

be Integers if n 1s even, but if n is odd, they may be Frac- 
tions that have 2 for their Denominator. And if one is a Frac- 
tion, the other ought to be ſo to. Which alſo is to be obſerved 
of the Numbers k and m, Q and l, p and k hereafter to be 
found. And all the Numbers S and h, that can be found with- 
in the preſcribed Limit, muſt be collected in a Catalogue. 

Afterwards, for k all the Numbers are to be ſucceſſrvely — 
tried, which do not make nk + p four Times greater than 
the greateſt Term of the Equation, and you muſt in all Caſes 


put a <Ts Q. Then you are to try ſucceſſively for | all 
the Numbers that do not make n1 + Q four Times greater than 
the greateſt Term of the Equation, and in every Trial put 
op. til. Laſtly, for m you muſt try 


; 4 
ſucceſſroely all the Numbers which do not make n m + R four 
Times greater than the greateſt of the Terms of the Equation, 
and you muſt fee whether in any Caſe if you make 8—Q Q— 
pR+nll=2H, dH+nkm=S, let S be ſome of 
the Numbers which were before brought into the Catalogue for 
S; and beſides, if the other Number anſwering to that 8, 
which being ſet down for h in the ſame Catalogue, will be 


— 


(m) For 4S$*=4z+ 41 HN, if there is a fractional 
Term in the Root; now putting y the greateſt Term of 
the Equation, 48. —4 n h, i. e. IT EAN — 4nÞ= 
423 if then 42+ 4nh*—4nþ* be greater than 4), it 
is greater than 4z, and the Equation irreducible ; whence 


a fortiori, if J4z+4nh*+4/4z+4nbt—4nh be 
greater than 4), the Lausen irreducible. * 


G g 3 equal 
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2RS—w 2QS+RR—v—nmm 


equal to theſe three, , , 
” TW | 2nl 
and = —— . F all theſe Things ſhall 


happen in any Caſe, in/lead of the Equation propoſed you muſt 
write this x8 3 px* EQxx+Rx+S=y/n x 


KM + 1x Xp MX--hh. 


= 0, and you will haveg—Fpp=z—1—4=—5= 


aa = 5 == rr. t — 2p — 2428 2 — 5 


=— 334 =n. Therefore 28, 2 6, 2 6, 8 n reſpectively 
are — 5, — £25, — 20, and — , and their common 
Diviſor 5, which divided by 4, leaves 1, as it ought, 
becauſe the Term 5s is odd. Since therefore the common 
Diviſor , or 5, is found, which gives hope to a future 
Reduction, and becauſe it is odd, to 4 z, or — 20, I 
ſucceſſively add x, 3 u, 5 u, 7 u, 9 n, &c. or 5, 15, 25, 
35, 45, &c. and there ariſes — 15, o, 25, 60, 105, 


160, 225, 300, 385, 480, 585, 700, 825, 960, 1105, 


1260, 1425, 1600. Of which only o, 25, 225, and 
1600 are Squares. 


Wherefore the Halves of theſe Roots o, 5, £5, 20, are 
to be collected in a Table for the Values of 8, and the 


V alues of 2 — E that is, 1, 3, 1, 9, reſpectively for 
5. But becauſeS + h, if 20 be taken for S and g for 
h, becomes 65, a Number greater than four Times the 


greateſt Term of the Equation ; therefore I reject 20 
and , and write only the reſt in the Table as follows: 


Then l try for } all the Numbers which do not make 
2% +nk, or 24 5 J, greater than 40, (four Times the 
Es e b F E greateſt 
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greateſt Term of the Equation) that is, the N umbers — 
8, = 7, 6, „ , by 2, 


* — $i 
3» 47 55 6, 7» putting . Or —— that IS, 


the Numbers 43:5, 120, 24, 60, 25, 20, +5, o, = 
\ 5, o, 22, 20, 22, 60, 22, 120, reſpectively for Q. 
But even ſince Q + » /, and much more Q, ought not 
to be greater than 40, I perceive I am to reject 3-5, 
120, 424, and 60, and their Correſpondents — 8, — 7, 
—— 6, —5, 5, 6, 7, and conſequently that only — 4, 
— 3, — 2, — 1, o, 1, 2, 3, 4, muſt reſpectively be 
tried for 4, and ZZ, 20, z, o, — 2, o, £3, 20, 25, 
reſpectively for Q. Let us therefore try — 1 for &, and 
o for Q, and iu this Caſe for / there will be ſucceſſively 
to be tried all the Numbers which do not make Q + x / 
greater than 40, that is, all the Numbers between 10 
and — 10; and for R you are reſpectively to try the Num. 
bars 2502825 
4 

aw CO, ang fy cw JO, wn 3, IJ, — 25, == 20, == 345 
— IO, — 55 O, 55 10, 155 20, 255 35» 40, 45» the 
three former of which and the laſt, becauſe they are 
greater than 40, may be neglected. Let us try therefore 
— 2 for /, and 5 for R, and in this Caſe for n there will 
be beſides to be tried all the Numbers which do not make 
R + nm, or 5 5 m, greater than 40, that is, all the 
Numbers between 7 and — q, and ſee whether or not by 
putting s Q- R + 211, that is 5 — 20 + 20 or 
5.=2H, it may be HN] AN or - 5 d; that 
err 
bl 5 

2 2. 

= =35, =15 —4.5 1.8.35 4636 95. 25. 


+ nk tl, or — 5 —5 1, that is, —55, 


is, if any of theſe Numbers 


BC EWA Yo UE Eo” 


2, is equal to any of the Numbers o, & 4, K, which 
were brought into the Catalogue for 8S. And we meet 
with four of theſe — 25, — , , 23, to which anſwer 
+27, +43, +43, + +2, written for þ in the ſame Table, 
as alſo 2, I, o, — 1 ſubſtituted for m. But let us try 

| £ 


Gg 4 | ; __ 7 
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for 8, 1 for m, and + 3 for h, and you will have 


2RS—w —25 +10 : 
— — — — —= 22, and 
2 * m 10 N 


2QS+RR—v—nmm_ 21 ＋ 10 — 5 
211 ad 20 
pSÞ2QR—t—2nlm_—1o+5 + 20 
| -2nk „ Zo. : 
Wherefore, ſince there comes out in all Caſes — 3, or B, 
I conclude all the Numbers to be rightly found, and 
conſequently that in room of the Equation propoſed, you 
muſt write x* + 4p 3 ＋ QL ＋ RTS S V N 
* + ITX + mx + /, that is, x* ＋ 2 43 ＋ gx — 2 
22 1 5X - 2K T 12. For by ſquar- 
ing the Parts of this, there will be produced that 
Equation of eight Dimenſions, which was at firſt pro- 
ſed. + OT Sa. 
"tha if by trying all the Caſes of the Numbers, all the 
aforeſaid Values of þ had not in any Caſe conſented, it 
would be an Argument that the Equation could not be 
reduced by the Extraction of the ſurd quadratick Root. 
But ſomething might be here remarked for the Abbre- 
viating of the Work, which however I paſs over for the 
Sake of Brevity, ſeeing the Uſe of ſo great Reductions is 
very little, and I was willing to ſhew rather the Poſſibi- 
lity of the Thing, than 8 that was commodious, 
Theſe therefore are the Reductions of Equations by the 
Extraction of the ſurd guadratick Root. „ 
TI might now join the Reductions of Equations 700 
Extraction 0 & ſurd cubick Root, but theſe as being 
ſeldom of Uſe, for Brevity I paſs by. FN 


CLII. Yet there are ſome Reductions of cubict Egua- 
tions commonly known, which, if I ſhould wholly paſs 
over, the Reader might perhaps think us deficient. Let 
there be propoſed the cubick Equation x3 * + q x r=0, 
the ſecond Term whereof is wanting. For that every cubick 
Equation may be reduced to this om, is evident from what 
we have ſaid above. Let x be ſuppoſed = a+ b. Then will 
be a3 + 344 ＋ 3abb-+68 (that is xa) RH 2 


=—2 and 


— _—_ 
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Let 3aa bz ab b (that is, 3a bx) dx o, and 
then will a* + bi re o. By the former Equation 


bi Ty and A b3 ==> Therefore, by 
the latter, a? — 2 rio, er ab rw = . and 


by the Extraction of the adfecled quadratick Root, a5 — ir 
f © . . 
+/zrr bar” Extract the cubic Root and you will have ap. 


And above, you — Sb, and a bx. Therefore 


* is the Root of the Equation propoſed (n). 
| For 


— 
* 


— 


— 


CLII. (2). Or thus, ſuppoſe a? + 53 þ+ r = Tr =0, and 
3ab+9g So; thena+b=x. Forgab+q (=0) 
Xa=Fb=34b +3aÞ-+qa+bqg(=0), and this 
added to a3 + b*+r =o, the Sum is a3 þ 3 a*b+3a b 
+ +ga+qgb+r=0; which is the transformed 
which would have reſulted from the Subſtitution of a 4 6 
for x in the Equation x*+ g O. Hence it fol- 
lows, that if two Quantities can be found, which being 
ſubſtituted for a and b, will fulfil the Conditions, that 
a U +r=0; and that 3ab-+q =0; then their 
Sum ſubſtituted for x will make alſo «& + r = o. 


Becauſe a3 + &* + r=0, therefore b3 = — 33 
-; and becauſe 3ab+9g=0, therefore þ=— £ 


and BY = — 255 wherefore 4 £; and 
| 27 a® 274 


multipying by a', 4s r L, and by extracting 
the 
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For Example, let there be propoſed the Equation y3 — 
6yy+63+12=0. To take away the ſecond Term 
of this Equation, make x + 2 = y, and there will ariſe 
„* $— 6x +8=0. Wheregis =- 6, 28, rr 
— 6 3 = — . = d 
= 16, 27 8, a —-4 408, a 34 4 And & 

2 =), that is, 2 T ATT 
r 3 

CLIII. And after this Way the Roots of all cubical Equa- 
tions may be extracted wherein q is Affirmative; or alſo 
wherein q is Negative, and 2 not greater than rr, that 
is, when two of the Roots of > 6 Equation are impoſſible. But 


3 
where q is Negative, and = at the ſame Time greater than 


Irr, ſ4rr— 1 becomes an impoſſible Quantity; and ſo 


the Root of the Equation x or y will, in this Caſe, be impoſſi- 
ble, viz. in this Gaſe there are three poſſible Roots, which all 
of them are alike with reſpect to the Terms of the Equation 
qandr, and are indifferently denoted by the Letters x or y, 
and conſequently all of them ought to be extracted by the ſame 
Method, and expreſſed the ſame Way as any one is extracted or 


— 


the affected quadratic Root, & = — Z r + 


— 


1 ＋ 5 and by extracting the cubic Root, a— 


2 1441 n+ and = 11 


7 


Therefore 5 


— 


S — 
INN 2 ; and therefore x =a+ b =a— 
27 


—_—_— 


„ oy = 


This is the firſt Form of Cardan's Rule. 


*D 
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expreſſed ; but it is impoſſible to expreſs all three by the Law 


aforeſaid. The Quantity a — = whereby x is denoted, cane 
wot be manifold, and for that — 45 the Suppoſition that x, 
in this Caſe wherein it is threefold, may be equal to the Bino- 


mial a — I or a + b, the Cubes of whoſe Terms a3 ＋ b3 
| a 
may together be = r, and the triple Reftang; 3 a b be =q, 1s 


plainly impoſſible ; and it is no Wonder that from an impoſſible 
Hypotheſis, an impoſſible Concluſion ſhould follow (o). 


— 


CLIII. (o). 299. He cube Root of any Quantity is thræe- 
Feld. For let the Equation be - 1 2 o; becauſe 


y—1 divides it, giving the Quote 42+ y+1=0, there- 
fore 1 is a Root; and reſolving the quadratic Quote 


„= A Wherefore the cube 
=, md + /— 3 


Roots of 1, are 1, 


=" 
Now becauſe the cube Root of any Quantity Z* may 


be I Xx Z, or u. . —— XZ; 


therefore ſuppoſing the cube Root of the Binome — Zr + 


V= 72 + 25 to be mn Vn, its three Roots will be x X mn, 


SSI Kat gu fer 


and — 
2 
If the Equation x* +-qx-Fr =© can have two im- 


3 * 
poſlible Roots, V2 n+ will be poſſible (274) con- 
ſequent]y either - will be affirmative, or 4 72 will be 


| 3 | 
greater than "3 under a negative Sign. Whence in the 


cube Root of the Binome 2 4 * + 55 „ when 


— — - 
— — 
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CLIV. There is, moreover, another Way of expreſſing theſe 
Roots, viz. from a3 + bs Tr, that is, from nothing take a 


+r, er 7 Vr 25 and there will remain b* = 


t rT Vr rA S. Therefore a is = 
1 — 
Vir Tre T. and b = 


7 3 
V Vtrr zy 2 


V- -Atrr 45 and b = 


V—tr+ err 5, and onfyuenth the Sun of thi 


— 


_ 


3 3\ 
—+r+ 565 * 


there are two impoſſible Roots, there can be no Expreſ- 
ſion of Impoſſibility. On the contrary, if all the Roots 


of the Equation #3 + gx r= are real, Vir +2 
3 
will be impoſſible (272) ; conſequently 2 vi be nega- 


tive, and 4 #2 will be leſs than under the negative Sign: 


whence in the cube Root „r VNN, when 


there are no impoſſible Roots, there will yet be an Ex- 
preſſion of Impoſſibility. Whence it appears, that th 
_ both Parts of the Binome are real, when the Roots are real; 
yet it is impoſſible, by this Method, to expreſs the irrational 
Part as a real Quantity; and in this Senſe it is that I would 
underſtand the Wards, Adeoque omnes eadem legedeberent 


erui 
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N FOE ET 
V —tr=v/4rr+E will e=x(p). 


CLV. Moreover the Roots of biquadratick Equations may 
be extracted and expreſſed by means of cubick ones. 

But fir/t you muſt take away the ſecond Term of the Egua- 
tion. Let the Equation that then reſults be x4 ＋ qxx +rx 
Ts So. Suppoſe this to be generated by the Multiplication 
of theſe two x x + ex + fo, — ahed arxiy 


that is to be the ſame with this x* ＋ g x x — x ＋ 


F 
* 
eo CQO . 


— — 


erui et exprimi, qua una aliqua eruitur et exprimitur : 
ſed omnes tres lege præfatà exprimere impoſſibile eſt. 
He ſays not, eruere impoſſibile eſt; but, exprimere impoſ- 
ſibile eſt. X 


CLIV. (þ). Or thus, becauſe a -r *. rp 2 
27 


therefore & +7 = AA VNN and conſe. 


| quently, rA Vir L and thence 
7 


3 . : . 


* * 2 I 1 An +£; conſequently x a -= 


3 1 3 
Vir F. And 


this is the ſecond Form of Cardan's Rule; by which it 
appears, that tho' there is an impoſſible Expreſſion in 
each Part, yet, becauſe it is affected with a contra 
Sign, it will vaniſh in the Addition. This Rule, as it 
expreſſes rational Roots in the Form of irrationals, and 
commenſurate as incommenſurate, and as thoſe Roots 
can be obtained by a ſhorter and eaſier Method (275, &c.) 
is of no Advantage, except in the Caſe of two impoſſible 
or two equal Roots, 


fg o, 


8 2 — _ — _ _ — - -_ 
” 
DCC ñ Xx . ̃ ̃ ⁊́ — — — 
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f go, and comparing the Terms you will have f þ+ g 
e eq, eg—ef=r, andfg =s. Wherefore q + ee 
. IN a4 q+ce—— ED 
{+ & — =g—=t * 7 g: 4 =f, 


qq+2eeq+&—— | 
= —=fg) =s, and by Reduction es 


4 


+2927 19 ee - rr o. For e e urite y, and you will 


— 


| hav y +2qyy LAY y—rr=o, a cubick Equation, - 


whoſe ſecond Term may be taken. away, and then the Root ex- 
tracted either by precedent Rule or otherwiſe (q). Then 
that Root being had, you muſt go back again, by putting 
r r | 
| LT. 
7 . — — 
Equations xx—ex+f=0, and Xxx—ex—+g —0, 
their Roots being extracted, will give the four Roots of the 
biquadratick Equation x + qxx +rx +8 =o, viz, x = 
—Le+/Lee—t, and x tʒ . Leemg, e 


= g, and the two 


* 


— 


CLV. (4). For the Roots of the biquadratic being four, 
let the Sum of any two wich the Sign changed be called 
e, the Binaries (35) of four Quantities, whereof two are 
equal to two with their Signs changed, are ſix; whence 
e is ſixfold: Therefore the Equation whereby e may be 


found will have ſix Roots and Dimenſions, and becauſe 


(for the ſecond Term of the Biquadratic is wanting) 


three of thoſe ſix Roots are reſpectively equal to three 
with their Signs changed, the Terms of odd Dimen- 
ſions will be wanting; and therefore the Equation can 
be transformed into a Cubic, by which the Squares of 


the Roots may be found. 


CLVI. ber 
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CLVI. Where note, that if the four Roots of the biqua- 
daratick Equation are poſſible, the three Roots of the cubick E- 


quation y* + 2) © 11 rr o will be poſſible ali, 


and conſequently cannot be extrafted by the precedent Rule (r). 


CLVII. And thus, if the affected Roots Y an Equation of 
fue or more Dimenſions are converted into Roots that are not 
affefted, the middle Terms of the Equation being ſome way or 
other taken away, that Expreſſion of the Roots will be always 
impoſſible, where more than one Root in an Equation of odd 
Dimenſions are poſſible, or more than two in an Equation of 
even Dimenſions, which cannot be reduced by the Extraction of 
the ſurd quadratic Root, by the Method laid down above. 


Monſieur Des Cartes taught how to reduce a biqua- 
dratic Equation by the Rules laſt delivered. E. g. Let 
there be propoſed the Equation reduced above, * — x* 
—gxx+12x—6=0. Take away the ſecond 
Term, by writing v -+ + for x, and there will ariſe v“ 
—3Iyv + i- g oO. To take away the Frac- 
tions, write 4 z for v, and there will ariſe 2. — 86 2 z 
＋ 60 2 — 851 = o. Here is — 86 = g, 600 = r, 


and — 851 = 5s, and conſequently * þ 24yy +947 


„err Zo, ſubſtituting what is equivalent, will be- 
come y* — 172 yy + 10800 y— 360000 = o. Where 
trying all the Diviſors of the laſt Term 1, — 1, 2, — 2, 
3» — 3» 4, — 4» 5, —5, and ſo onwards to 100, you 
will find at length y = 100. Which yet may be 


— 


CLVI. (r). If the Roots of the Biquadratic are all 
poſſible, or all impoſſible, the three Roots of the Cubic 
will be poſſible; and will be therefore more convenient- 
ly extracted by any other Method than the preceding 
Rule: But if the Biquadratic has two of its Roots im- - 
poſſible, two Roots of the Cubic will alſo be impoſſible, 
and will therefore be found. conveniently by the prece- 
ding Rule. 


found 
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found far more expeditiouſly by our Method above 
delivered. Then having got y, its Root 10 will be e, and 


3 „ that is, | 3 or — 23 will be 
17 t. 


J. and —— or 37 will be g, and conſequently 


the Equations x x + ex + f So, andszx —ex+g 
So, writing z for x, and ſubſtituting equivalent Quan- 
tities, will becomezz ＋ 102 — 23 So, and zz—10 2 
+ 37 =0. Reſtore v in the room of 42, and there will 
ariſe vu + 242 V—43Z = o, and vu—2tv ＋ 37 —= 
o. Reſtore, moreover, x — 4 for v, and there will come 
out xx + 2#—2= o, and xx - Zx + 3 = o, two 
Equations, the four Roots whereof x =— 1 +,/ 3, and 
'«#=1+=++4y/ — 3, arethe ſame with the four Roots of 

the biquadratick Equation propoſed at the Beginning, 
* — 33-5 * ＋ 12K — 6 = 0. But theſe might have 
been more eaſily found by the Metbod of finding Diviſors, ex- 
plained before. (1) | 


a. * ” Bt al *#z 


— —-— —— 


CLVII. (3). In tte above Method of Des Cartes, the 
Biquadratic is ſuppoſed to be the Product of two Quadra- 
tics : In the Method of our Author, Art. CLIV. the Bi- 
quadratic 1s conceived to be the Difference of two com- 

lete Squares. Now though our Author refers in this 

lace to the Method of Diviſors, yet it is plain, that if 
the Method of No. 298 were uſed, it has the Advantage 
of the Method of Des Cartes: Becauſe in that Method 
there is not the Trouble of exterminating the ſecond 
Term ; alſo the Equation, whereby Q is found, is more 
ſimple than that whereby e> =y is found, and laſtly, 
which is the moſt conſiderable Advantage, Q is always 
commenſurate and rational (and therefore the more 
eaſily to be found) not only when all the Roots of the 
Biquadratic are commenſurate, but alſo when they are 
irrational and even impoſſible, 


A P- 
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* 


THE 47 65 
LINEAR CONSTRUCTION 
0 F 


EB -QU-$4 & - Po 0-N: 
ITHERToO I have ſheiyn the Properties; Tranſmuta- 
tions, Limits, and Reductions of all Sorts of E- 
quations. I have not always joined the Demonſtrations, 
becauſe they ſeemed too eaſy to need it, and ſometimes 
cannot be laid down without too much Tediouſneſs. It 
remains now only to ſhew, how, after Equations are re- 
duced to their moſt commodious Form, their Roots may 
be extracted in Numbers. And here the chief Difficul 
lies in obtaining the two or three firſt Figures; whic 
may be moſt commodiouſly done by either the geome- 
frical or mechanical Conſtruftion of an Equation. 
Wherefore I ſhall ſubjoin ſome of tHeſe Conſtructions. 
The Antients, as we learn from Pappus, at firſt in 
vain endeavoured at the Triſection of ah Angle, and the 
finding out of two mean Proportionals by a right Line and 
a Circle, Afterwards they began to conſider ſeveral other 
Lines, as the Conchoid, the Ciſſoid, and the Conick 
Sections, and by ſome of theſe to ſolve thoſe Problems. 
At length, having more throughly examined the Matter, 
and the Conick Sections being received'into Geometry, 
they diſtinguiſhed Problems into three Kinds ; viz. Into 
a H k Plane 


468 THE LINEAR CONSTRUCTION 


Plane ones, which deriving their Original from Lines on 
a Plane, may be ſolved by a right Line and a Circle, in- 
to Solid ones, which were ſolved by Lines deriving their 
Original from the Conſideration of a Solid, that is, of a 
Cone : And Linear ones, to the Solution of which were 
required Lines more compounded. And according to this 
Diſtinction, we are not to ſolve ſolid Problems by other 
Lines than the Conick Sections; eſpecially if no other 
Lines but right ones, a Circle, and the Conick Sections, 
muſt be received into Geometry. But the Moderns ad- 
vancing yet much farther, have received into Geometry 
all Lines that can be expreſſed by Equations, and have 
diſtinguiſhed, according to the Dimenſions of the Equa- 
tions, thoſe Lines into Kinds ; and have made it a Law, 
that you are not to conſtrut a Problem by a Line of a 
ſuperior Kind, that may be conſtructed by one of an in- 


| fetior one. In the Contemplation of Lines, and finding 


out their Properties, I approve of their Diſtinction of 
them into Kinds, according to the Dimenſions of the 
Equations by which they are defined. But it is not the 
Equation, but the Deſcription that makes the Curve to 
be a Geometrical one, The Circle is a Geometrical 
Line, not becauſe it may be expreſſed by an Equation, 
but becauſe its Deſcription. is a Poſtulate. It is not the 
Simplicity of the Equation, but the Eaſineſs of the De- 
ſcription, which is to determine the Choice of our Lines 
for the Conſtruction of Problems. For the Equation 
that expreſſes a Parabola, is more ſimple than that that 


expreſſes a Circle, and yet the Circle, by reaſon of its 


more ſimple Conſtruction, is admitted before it. The 
Circle and the Conick Sections, if you regard the Di- 
menſion of the Equations, are of the ſame Order, and 
yet the Circle. is not numbered with them in the Con- 
ſtruction of Problems, but, by reaſon of its ſimple De- 
ſcription, is depreſſed to a lower Order, viz. that of a 
right Line; fo that it is not improper to conſtruct that 
by a Circle that may be conſtructed by a right Line, 
But it is a Fault to conſtruct that by the Conick Sections 
which may be conſtructed by a Circle. Either therefore 

ou muſt fix the Law to be obſerved in a Circle from the 
Ha of Equations, and fo take away as vitious 


the Diſtinction between Plane and Solid Problems; — 
| | elle 
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elſe you muſt grant, that that Law is not ſo ſtrictly to be 
obſerved in Lines of ſuperior Kinds, but that ſome by 
reaſon of their more ſimple Deſcription, may be prefer- 
red to others of the ſame Order, and may be numbered 
with Lines of inferior Orders in the Conſtruction of 
Problems. In Conſtructions that are equally Geometri- 
tal, the moſt ſimple are always to be preferred. This 
Law is beyond all Exception. . But Algebraick Expreſ- 
ſions add nothing to the Simplicity of the Conſtruction. 
The bare Deſcriptions of the Lines only are here to be 
conſidered. Theſe alone were conſidered by thoſe Geo- 
metricians who joined a Circle with a right Line, And as 
theſe are eaſy or hard, the Conſtruction becomes eaſy or hard. 
And thetefore it is foreign to the Nature of the Thing, from 
any thing elſe to eftabliſh Laws about Conſtructions. 
Either therefore let us, with the Antients, exclude all 
Lines beſides a right Line, the Circle, and perhaps the 
Conick Sections, out of Geometry; or admit all, ac- 
cording to the Simplicity of the Deſcription: If the 
Trochoid were admitted into Geometry, we might, by 
its Means, divide an Angle in any given Ratio. Would 
E therefore blame thoſe who thould make uſe of this 

ine to divide an Angle in the Ratio of one Number to 
another, and contend that this Line was not defined by 
an Equation, but that you muſt make uſe of ſuch Lines 
as are defined by Equations? If therefore, when an An- 

le was to be divided; for Inſtance, into r1006t Parts, 

we ſhould be obliged to bring a Curve defined by an E- 
quation of above an hundred Dimenſions to do the Buſi- 
neſs; which no Mortal could deſcribe; much leſs un- 
derſtand; and ſhould prefer this to the Trochoid, which 
is a Line well known, and deſcribed eafily by the Mo- 
tion of a Wheel or a Circle, who wou!d not ſee the Ab- 
ſurdity ? Either therefore the Trochoid is not to be ad- 
mitted at all into Geometry, or elſe, in the Conſtruction 
of Problems, it is to be preferred to all Lines of a more 
difficult Deſcription. And there is the ſame Reaſon for 
other Curves, For which Reaſon we approve of the 
Triſections of an Angle by a Conchoid, which Archi- 
medes in his Lemma's, and Pappus in his Collections, 
have preferred to the Inventions of all others in this 

H h 2 Caſe; 
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Caſe ; becauſe we ought either to. exclude all Lines, be- 
ſides the Circle and right Line, out of Geometry, or ad- 
mit them according to the Simplicity of their Deſerip- 
tions, in which Caſe the Conchoid yields to none, ex- 
cept the Circle. Equations are Expreſſions of Arithme- 
tical Computation, and properly have no place in Geo- 
metry, except as far as Quantities truly Geometrical 
(that is, Lines, Surfaces, Solids, and Proportions) may 


be ſaid to be ſome equal to others. Multiplications, 


Diviſions, and ſuch ſort of Computations, are newly re- 
ceived into Geometry, and that unwarily, and contrary 
to the firſt Deſign of this Science. For whoſoever con- 
ſiders the Conſtruction of Problems by a right Line and 
a Circle, found out by the firſt Geometricians, will eaſi- 
ly perceive that Geometry was invented that we might 
expeditiouſly avoid, by drawing Lines, the Tediouſneſs 
of Computation, Therefore theſe two Sciences ought 
not to be confounded, The Antients did ſo induſtriouſly 
diſtinguiſh them from one another, that they never in- 
troduced Arithmetical Terms into Geometry. And the 
Moderns, by confounding both, haveloſt the Simplicity 
in which all the Elegancy of Geometry conſiſts. Where- 
fore that is Arithmetically more ſimple which is determined 
by the more ſinple Equations, but that is Geometrically 
more {imple which is determined by the more fimple 
drawing of Lines; and in Geometry, that ought to be 
reckoned beſt which is Geometrically moſt ſimple. 
Wherefore, T ought not to be blamed, if, with that Prince 
of Mathematicians, Archtmedes, and other Antients, I 
make uſe of the Conchoid for the Conſtruction of : ſolid 
Problems. But if any one thinks otherwiſe, let him 
know, that I am here ſollicitous not for a Geometrical 
Conſtruction, but any one whatever, by which I may 
the neareſt Way find the Roots of the Equations in 
Numbers. For the ſake whereof J here premiſe this 
Lemmatical Problem, 


7 
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To place the right Line BC of a given Length, ſo between 
two other given Lines AB, A C, that being produced, it 
ſhall paſs through the given Point P. | See Fig. go.] 


If the Line B C turn about the Pole P, and at th» 
ſame time moves on its End C upon the right Line 
AC, its other End B ſhall deſcribe the Conchoid of the 
Antients. Let this cut the Line A B in the Point B. 
Join PB, and its Part B C will be the right Line which 
was to be drawn. And, by the ſame Law, the Line 
B C may be drawn, where, inſtead of A C, ſome Curve 
Line is made uſe of. 


If any do not like this Conſtruction by a Conchoid, 
another, done by a Conick Section, may be ſubſtituted 
in its room, From the Point P to the right Lines A D, 
AE, draw PD, PE, making the ParallelogramE ADP, 
and from the Points C and D to the right Line A B let 
fall the Perpendiculars C F, D G, as alſo from the 
Point E to the right Line AC, produced towards A, let 
fall the Perpendicular EH, and making AD = a, 
PD, BC Sc, AG==d, AB=x, and AC=y, 
you will have AD: AG::AC: AF, and conſequently 


AF = Moreover, you will haveAB:AC::PD: 


CD, orx:y::b:a—y, Therefore by ax - yx, 
which is an Equation expreſſive of an Hyperbola« 
And again, by the 13th of the 24 Elm. BC will 
be =ACg+ ABg—2FAB, that is, cc=yy xx 

2dxy 


— 
a 


Both Sides of the former Equation being 
multiplied by 25 take them from both Sides of this, and 


there will remain FORD... - YYY xx - 2 dx, an 
a X 


Equation expreſſing a Circle, where x and y are at right 
Angles. Wherefore, if you make theſe two Lines an 
Hyperbola and a Circle, by the Help of theſe Equations, 
by their Interſection you will have x and y, or AB and 

Hh 3 AC, 


— 


——. 8 —_ . 
_ _= —_ — — — — — 
—— —ů— — —̃ꝗ—ꝓ ͤñ + <a 4c 
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A C, which determine the Poſition of the right Line 


| BC. But thoſe right Lines will be compounded after 


this Way. [See Fig. g1.] 

Draw any two right Lines, K L equal to AD, and 
K M <quz!'to PD, containing the right Angle MKL. 
Compleat the Patallelogram K LMN, and with the 
Aſymptotes LN, MN, deſcribe through the Point K 
the Hyperbola IK X. | | | 


On K M produced towards K, take K P equal to 
AG, and K Q equal to BC. And on KL produced 
towards K, take K R equal to AH, and RS equal to 
R Q Compleat the Parallelogram PK RT, and from 
the Center T, at the Interval T'S, deſcribe a Circle. 
Let that cut the Hyperbola in the Point X. Let fall to 
K B the Perpendicular X V, and XY will be equal to 
AC, and K Y equal to AB. Which two Lines, AC 
and AB, or one of them, with the Point P, determine 
the Poſition ſought of the right Line BC. To demon- 
ſtrate which Conſtruction, and its Caſes, according to 
the different Caſes of the Problem, I ſhall not here 
oF . Dol t  -—TaY Ont ee 


I fay, by this Conſtruction, if you think fit, you may 
ſolve the Problem. But this Solution is too compound- 
ed to ſerve for any particular Uſes; It is a bare Specu- 
lation, and Geometrical Speculations have juſt as much 
Elegancy as Simplicity, and deſerve juſt ſo much Praiſe 
as they can promiſe Uſe, ' For which Reaſon, I prefer 
a Conſtruction by the Conchoid, as much the ſimpler, 
and not. leſs Geometrical; and which is of eſpecial Uſe 
in the Reſolution of Equations as by us propoſed. ' Pre- 
miſing therefore the preceding Lemma, we Geometri- 
cally conſtruct Cubick and Biquadratick Problems [as 
which may be reduced to Cubic ones] as follows, [See Fig, 


= 


Let there be propoſed the Cubic Equation 83 * + qs + 
7 = 0, whoſe ſecond Term is wanting, but the third is de- 


e er 


Drayy 
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Draw any right Line, K A, which call n. On KA, 
produced on both Sides, take K B = Dro the ſame Side 


as KA, if it be + q, otherwiſe to the contrary Part. 
Biſect BA in C, and on K, as a Center with the Radius 
K C, deſcribe the Circle CX, and in it accommodate 


the right Line C X equal to —, produeing it each Way. 


Join A X, which produce alſo both Ways. Laſtly, be- 
tween theſe Lines CX and AX inſcribe E V of the ſame 
Length as CA, and which being produced, may paſs 
—_ the Point K; then ſhall X Y be the Root of 
the Equation. [See Fig..94.] And of theſe Roots, 
thoſe will be Affirmative which fall from X towards C, 
and thoſe Negative which fall on the contrary Side, if it 
be + r, but contrarily if it be — r. | | 


a Demonſiration. 


yy 


| To demonſtrate which, I premiſe theſe Lemma's, 


LEMMA I. 


YXit AK ar CX t K E. For draw K F parallel 
to CX; then becauſe of the ſimilar Triangles AC X, 
AK F, and E VX, EK F, it will be A C to AK as 
CX to K F, and XX to YE or AC as K F to K E, 
and therefore by perturbated Equality Y X to AK as 
CX to KE. Q. E. D. 3 | 


Lemma II. 


YXis to AR as CY AK+KE, For by Com- 
poſition of Proportion Y X is to AK as YX CX 


H h 4 Lemma 
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LzeMMA III. 

K E - BK is f V X 46 VX to AK. 

For 6 12 Elem. 2.) YK - CK is S CY 
CY x —=CYXYX. That is, if the Theorem 
bo reſolved into Proportionals, CY to YK— CK as 

K+CK to YX. ButYK—CKi=YK—YE 
+CA—CESKE—BK. And YK CK 
YK—YE+CA+CE=KE+AK. Wherefore 
CYistoKE—BKasKE+AK to Y X. But by Lem- 
ma 2, it was CY to K EAT AK as Y X to AK. Wherefore 
by Equality it is V X to KE - BK as AK to YX. 
G. KE—BK te Vas YXto AK. QE. D. 


Theſe things being premiſed, the Theorem will be 
thus demonſtrated. | 

In the firſt Lemma it was V X to A K as CX to K E, 
or K EX Y XS AK Xx CX. In the third Lemma it 
was proved, that K E - BK was to Y Xas VX to AK. 
Wherefore, if the Terms of the firſt Ratio be multiplied 
by Y X, it will be KEX VTX — B KX VX to Xx 
as VX: AK that is, ARXCX—BKXYX to YXg 
as YX to AK, and by multiplying the Extremes and 
Means into themſelves, it will be AKqxXC—AKx* 
BKXYX=YAXN cube. Laſtly, for Y X, AK, BK, 


and CX, re-ſubſtituting x, 2, +, and — this Equa- 


tion will ariſe, viz. r—qx=+%, Q. E. D. I need 
not ſtay to ſhew you the Variations of the Signs, for 
they will be determined according to the different Caſes 
J / 1 45 1 WS 


Let now an Equation be propoſed wanting the third Term, 


as x3 +2 x x +r = 0; and in order to conſtruct it, » 
being aſſumed, take in any right Line two Lengths K A 


==, and K B = p, and let them be taken the ſame 
n ; , 


Way if v and p have like Signs; but otherwiſe, take 
them towards contrary Sides. Biſect BA in C, and = 
he 
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K, as a Center, with the Radius K C, deſcribe a Circle, 
into which accommodate C X = », producing it both 
Ways. Join alſo AX, and produce it both Ways. 
Laſtly, between theſe Lines CX and AX inſcribe E V 
—CA, ſo that if produced it may paſs through the 
oint K, and K E will be the Root of the Equation. 
And the Roots will be Affirmative, when the Point Y 
falls on that Side of X which lies towards C; and Ne- 
gative, when it falls on the contrary Side of X, provided 
it be +7 but if it be — r, it will be the Reverſe of this. 


To demonſtrate this Propofition, look back to the 
Figures and Lemma's of the' former ; and then you will 
find it thus, 


By Lemma 1. it was YXto AK as CX to K E, or 
XX KES AK X CX, and by Lemmg 3, K E — KB 
to V X as VX to AK, or (taking KB towards con- 
trary Parts) K EK B to VX as Y X to AK, and 
therefore K E K B multiplied by K E will be to VX 
Xx K E or (AK Xx CX) as VX to A K, or as CX to KE. 
Wherefore multiplying the Extreams and Means into 
themſelves, K E cube + K BxKEgis=AKxXxCXg; 
oo then for K E, KB, AK, and CK, reſtoring their 
Values aſſigned above, x* ＋ pxx=r. | 


Let nom an Equation having three Dimenſions, and want- 
ing no Term, be propoſed in this Form, 83 + p x x + q«x + 
So, ſome of whoſe Roots ſhall be Affirmative, and ſame 
Negative. [See Fig. 95.] WS oe Is 


And firſt ſuppoſe q Negative, then in any right Line, 
as K B, let two Lengths be taken, as K A, and 
. 7 


K B 2, and take them the ſame Way, if 9 . 
| q 


have contrary Signs; but if their Signs are al ke, then 
take the Lengths contrary Ways from the Point K. Bi- 
ſet AB in C, and there erect the Perpendicular CX 
Equal to the Square Root of the J erm ?; then * 
av . 2 | the 


— ü— . ce eto en oo + + _—< 
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the Lines AX and CX, produced infinitely both Wayss 
inſcribe the right Line EY=AC, ſo that being pro- 
duced, it may paſs through K; ſo ſhall K E be the Root 
of the Equation, which will be Affirmative when the 


Point X falls between A and E; but Negative when 


the Point E falls on that Side of . Point X which is 
towards A. 


But if Qhad been Native, then. i in the Line K B 
you muſt haye en thoſe two Lengths thus, viz. K A 


. 7 K B= Ax and the ſame Way from K, 


if V— ; and ety I have different Signs; 3: but contrary 


Ways, Fir 1 Sign are of the ſame Nature. BA alſo 
muſt be biſected in C; and there the Pependicular C X 
erected equal to the Ten p; and between the Lines 
AX and C X, infinitely drawn out both Ways, the right 
Line EV muſt alſo be inſcribed equal to AC, and made 
to paſs through the Point K, as before; then will XY 
be the Root of the Equation ;; Negative when the Point 
X ſhould fall between A and E, and Affirmative when 
the Point Y falls on the Side of the Point X towards C, 


The Demonſtration of the firſt Caſe. 


By the firſt Lemma, K E was to CX as AK to YX 
and (by Compoſition) ſo K E AK, i. e. KY + KC 
is to CX + VX, i. e. CY. But in the right-angled 
Triangle K. K CV. YCq= YK q— KCq=KYFEKC 
xKY—KGC; and by reſolving the equal Terms into 
Proportionals, K Y+KECitoCYasCYistoKY 
— KC; or KE +AKistoCY as CV is to EK — 
EB. Wherefore ſince K E was to X C in this Propor- 


tion, 
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ion, by Duplication KE 4 will be to CX g as KE 
K to KE— KB, and y multiplying the Extreamg 
and Means by themſelves K E cube — K BX KE q is = 


CX q KEXCXgx AK. And by reſtoring the for- 


mer Values x? — f E =9*+7, 
2 - ES 
The Demafration of the ſecond Caſe, 

By the firſt: Lemma, K E is to CX as AK is to VX, 
hen by multiplying the Extreams and Means by them- 
Ives, KE xYX1s = CX X AK. © Therefore in the 
preceding Caſe, put K Ex Y.X for CX xXx AK, and it 
will he OE ended KBxKEg=CXqxKE+ CXxX 
K Ex XX; and by dividing all by K E, there will be 
KEY —KBxKE=CXq+CXxXxYX; then mul- 
tiplying all by AK, and you will have AKx KE q— 
AKXKBxKE =AKxXCXq+AKxXCXxXYX. 
And again, put K EX VN inſtead of its equal C & x 
A K, then AK X KEH AK X KB K F = EK» 
CXxXYX+KEXYX9; whence all being divided 
by K E there will ariſe AKRXKE—AKxKB=YX 
XCX-+ YX4g; and when all are multiplied by Y X 
there will be ARXKEEXYX—AExXKBxXYX=— 
YXqgxCX+YX wbe, And inftead of KEXYX 
in the firſt Term put CX Xx AK, and then CX AK 2 
—AKxXBKXYX = CXXYXg+YX cube, or, 
which is the ſame Thing, V X cube + CXXYXg + 
AKXKBXYX—CXXAKzq=o0, And by ſubſti 
tuting for Y X, CX, AK, and K B, their Values x, 57 


e 1 V—, there will come out, x3 +Þ xx + 2 x. 


£ So, the Equation to be conſtructed, 


Theſe Equations are alſo ſolved, by drawing a right Line 
from a given Point, in ſuch a Manner that the Part of it 
which is intercepted between another right Line and a Circle, 
both given in Poſition, may be of a given length. [See N. 
eue 9e. RX 
Her, let there be propoſed a Cubic Equation x* & + q & 


. 


+ So, whe ſecond Term is wanting. 
Draw 


— —— — — — — = 1 


\ 
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| Draw the right Line KA at pleaſure, which call 2. 


In K A produced both ways, take KB = £ on the 


i 1 
ſame Side of the Point K as the Point A is if q be Nega- 
tive, if not, on the contrary. Biſect B A in C, and from 
the Center A, with the Diſtance A C, deſcribe a circle 


cx. To this inſcribe the right Line C X I, and 
an 


through the Points K, C, and X deſcribe the Circle 
KCXG. Join AX, and produce it till it again cuts 
the Circle K CX G laſt deſcribed in the Point G. Laſtly, 
between this Circle K C XG, and the right Line K C 
produced both ways, inſcribe the right Line EY = AC, 
ſo that EY produced paſs through the Point G, And 
E G will be one of the Roots of the Equation. - But 
thoſe Roots are Affirmative which fall in the greater Seg- 
ment of the Circle K G C, and Negative which fall in 
the leſſer K FC, if r is Negative, and the contrary will 
be when r is Affirmative. 70 7 f 

In order to demonſtrate this Conſtruction, Let us pre- 
miſe the following Lemmas. 


LEM MA I. 


All things being ſuppoſed as in the Conſtruction, C E is to 
K A ar CET CX t A, and as C to K A. | 
For the right Line K G being drawn, ACis to AK 
as CX is to K G, becauſe the Triangles ACX and AKG 
are ſimilar, The Triangles YE 2 KG are alſo ſi- 
milar; for the Angle at V is common to both Triangles, 
and the Angles G and C are in the ſame Segment E G CK 
of the Circle K GC, and therefore equal. Whence 
CE will b to EV as K G to K L, that is, CE to AC 
as KG to K V, becauſe EY and AC were ſuppoſed 
ual. And by comparing this with the Proportionali 
above, it will follow by perturbated Equality that CE is 
to K A as C to K Y, and alternately CE is to C as 
K A to KY. Whence, by Compoſition, CE + CX 
will be to CX as KA ＋ KT to K J, that is, A 
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KY, and alternately CEA C is to A as C is to 
K Y. that is, as CEtwKA. Q. E.D. 


LEM MA II. 


Let fall the Perpendicular C H upon the right Line G V, 
and the Rectangle 2 H E Y will be equal to the Rectangle C E 
Xx CX. 

For the Perpendicular G L being let fall upon the Line 
AY, the Triangles K GL, EC H have right Angles at 
Land H, and the Angles at K and E are in the ſame 
Segment CK EG of the Circle C GK, and are there- 
ſore equal; conſequently the Triangles are ſimilar. And 
| * K Geis to KL as EC to EH. Moreover, 
AM being let fall from the Point A perpendicular to the 
Line K G, becauſe AK is equal to AG, KG will be 
biſected in M; and the Triangles K AM and K GL 
are Similar, becauſe the Angle at K is common, and the 
Angles it M and L are right ones; and therefore AK is 
to KM as KG is to K L. But as AK is to KM ſo is 
2 AK to 2 K M., or KG ; (and becauſe the Triangles 
AK G and AC are ſimilar) ſo is 2 AC to CX; alſo 
(becauſe AC=EY) fois 2E to CX. Therefore 
2EY is to CX as K G to K L. But K G was to KL 
as EC to E H, therefore 2 E V is to CX as EC to EH, 
and ſo the Rectangle 2 HEV (by multiplying the Ex- 
treams and Means by themſelves) is equal to EC x CX. 
Q. E, D. | | 

Here we took the Lines AK and AG to beequal. Far 
the Rectangles CAK and XA G are equal (by Cor. to 
36 Prop. of the 34 Book of Eucl.) and therefore as C A 
is to X A ſo is AG to AK. But XA and CA are equal 
by Hypotheſis; therefore AG AK. 


L 2 MN A II. 
All things being as above, the three Lines BY, (CE, K A, 


are continual Proportionals. : 
For (by Prop. 12. Book 2. Elem.) CY g is = EYqg+ 
CEg+2EYxEH. And by taking E Vg from both 
| Sides 
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Sides, CYq—EYgis = CEq4+2 EY% EH. But 
2EYXEHis = CE x CX (by Lem. 2.) and by adding 
GE to both Sides, CEA ＋ 2E Mx EH becomes = 
CEgq+ CExXCX. Therefore CY -E Vis = 


CEH TCE xX CX, that is, CY +EYxCY —EY 
=CEq +CE xCX. And by reſolving the equal 
Rectangles into * Sides, it will be as CE- 
C is to CY ET, fois CY—EY to CE. But 
the three Lines EY, CA, CB, are equal; and thence 
CY + EY =CY +CA=AY, and CY - E 
= CY — CB= BY. Write AY for CY ＋ E L, and 
BY for CY — EY, and it will be as CE CX is to 
YAſo is BY to CE. But (% Lem. 1.) CE is to K A 
as CEA C is to AT, therefore C E is to K A as B V 
is to CE, that is, the three Lines BY, CE, and KA 
are continual Proportionals. Q. E. D. 1 50 

Now, by the Help of theſe three Lemmas, we may de- 
monſirate the Conſtruction of the preceding Problem, 
thus : 

By Lem. 1. CE is to K A as C is to K V. ſo K Ax 
CX is = CE X KL, and by dividing both Sides by C E, 


KAXCE becomes = K V. To theſe equal Sides add 


BK, and BK + K * vin be = B V. -Whetice 
(by Lem. 3.) BE + —— to CE as CE is to KA, 
and thence, by multiplying the Extreams and Means by 

. £2 $54 E KA x CX 
thetnſelves, CEgis BK X KA+— "03 
both Sides being multiplied by C E, CE cube becomes = 
KBx KAXCE+KAgxCX. CE was called 
x, the Noot of the Equation, KA was =n, KB = 


L, and 0X = —. Theſe being ſubſtituted inſtead 
of CE, K A, KB, and CX, there will ariſe x* =q x 


7, or #3n—=Qx —7 = ©, the Equation to be con- 
1. y E , firucted ; 
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ſtructed; when 9 and r arc: Negative, K A and K B hav- 
ing been taken on the ſame: Side of the Point K, and the 
affe mative Root being in the greater Seg ent CGK. 
This is one Caſe of the C onſtructon o ve monſtrated. 


Draw K B on the contrar y Side, that is, let its Sign be 


changed, or the Sign of- — or, hi h is the ſame Thing, 


the Sign of the Term 4, and there will be had the Con- 
ſtruction of the Lquation x3 + q x O. Which is 
the other Caſe. In theſe Caſes CX, and the affirmative 
Root C E, fall towards the ſame Parts of the Line AK. 
Let CX and the negative Root fall towards the ſame Parts 


when the Sign of CX, cx of — or (which is the ſame 


Thing) the Sign of 7 is changed; and this will be the 
third Caſe x + , t. . = o, where all the Roots are 
Negative. And again, when the Sign of K B, or of 


, or only of 2, is ch:anged, it will be the fourth Caſe 
* —qgx+r =0. The Conftruttions of all theſe 


Caſes may be run through, and particularly demonſtrated 
after the ſame Manner as the firſt was. We having de- 


monſtrated one Caſe, thought it ſufficient to touch ſlightly 


the reſt. * Theſe are dei nonſtrated with the ſame Words, 
by changing only the Situation of the Lines. 


Now Let the Cubic Equatim 3 + px* * + r =0, 
whoſe third Term is want: ng, be to be conſtructed. 


In the ſame Figure n ting taken of any Length, take 
in any infinite right Lir ie AY, K A — and KB = 


p and take them on the ſaune Side of the Point K, if the 
Signs of the Terms p and r are the fame, otherwiſe on 
contrary Sides. Biſe B Ain C, and from the Center 
K with the Diftance K C deſcribe the Circle CXG, 
And to it inſcribe the right Line CX equal fo » the af- 
ſumed Length, Join A X and produce it to G, ſo that 
AG may be equal to AK, and through the Points K, C, 
X, G, delcrive a Circle. And, laſt y, between this Cir- 


cle and the righ. Line K (, produced both Ways, in- 
3 ſcribe 


| 
| 
| 
| 
| 
| 
| 
| 
| 
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ſcribe the right Line EY AC, ſo that being produced 
it may paſs through the Poitt G; then the right Line 
K V being drawn, will be one of the Roots of the Equa- 
tion. And thoſe Roots are Affirmative which fall on 
that Side of the Point K, on which the Point A is on, if 
r is Affirmative ; but if 1 is Negative, then the affir- 
mative Roots fall on the contrary Side. And if the af- 


firmative Roots fall on one Side, the negative fall on the 
other, | 


This Conſtruction is demonſtrated by the Help of the 
three laſt Lemmas after this Manner. 34% 

By the third Lemma, BY, CE, K A are continual Pro- 
portiona's ; and by Lemma 1, as, CE is to KA ſo is C X 
to KY. Therefore BY is to CE as CX to K. BY 
is KY -K B. Therefore K = EK; is to CE as CX 
is to KV. But as KV -E is to C E ſo is — KB 
Xx K to CE XK V, by Prop. 1. Book 6. Euc. and be- 
cauſe of the Proportionals C E to K A as C to K V it ia 
CE x K V= K AX C X. Therefore KEY—TRB * 
K Vis to K A & CX (as K J — K B to CE, that is) 
28 C to K I. And by multiplying the Extreams and 
Means by themſelves KY —KB xXKY q becomes 
KA * CXgz that is, KY cube — K B EYg= 
K ANL CX g. But in the Conſtruction K V was x the 
Root of the Equation, K B was put = Pp, KA = 


L, and CX = n. Write therefore x, p, —, and n 
nn | nt 

for KY, KB, KA, and CX reſpectively, and x* =$ 
x x will become r, or & —pxx—r= o. 


This Conſtruction may be reſolved into theſe four 
Caſes of Equations, x3 —þ-x x - S o, x3 —pxx 
+ ro, * bp xx—r = o, and x3 + px#+r S. 


* 


The firſt Caſe I have already demonſtrated ; the reſt 
are demonſtrated with the ſame Words, only changing 
the Situation of the Lines. To wit, as in taking KA 
and K B on the ſame Side of the Point K, and the affir- 
mative Root K Y on the contrary Sice, has already pro- 
duced KY cube — K BXIK TY S K AX CX q, and 
42 | thence 
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thence „ —pxx—r =0; ſo by taking K B on the 
other Side the Point K there will be produced, by the like 
Reaſoning, K Y cube +KBXKYqg=KAXxCKXg 
and thence #3 + pxx - = 0. And in theſe two Caſes, 
if the Situation of the affirmative Root K Y be changed, 
by taking it on the other Side of the Point K, by a like 
Series of Argumentation you will fall upon the other two 
Caſes, KY cube ＋ K BxXKYg=—KAXxCXg 
or x3 + pxx+r So, and KY cube — KB KT 2 
= = K AX CX, or & —pxx+r =o, Which 
were all the Caſes to be demonſtrated. 


Now let this cubic Equation $3 + p xx +qs+r =0 
be propoſed, wanting no Term (unleſs perhaps the third); 
Which is conſtructed after this Manner: [See Fig. 97 
and 98. 


Take the length „ at Pleaſure, Draw any right Line 
GC= Ev and at the Point G erect a PerpendicularG D 


= „, and if the Terms p and 7 have contrary Signs, 


from the Center C, with the Interval CD deſcribe a 
Circle PBE. If they have the ſame Signs from the Cen- 
ter D, with the Space G C, deſcribe an occult Circle, 
cutting the right Line GA in H; then from the Center 
C, with the diſtance G H, deſcribe the Circle PBE. 


Then make G A = — = — 55 on the ſame Side the 
n 

Point G that C is on, provided the Quantity — — — 75 
(the Signs of the Terms p, 3, , in the Equation to be 
- conſtructed being well obſerved) ſhould come out Affir- 
mative; otherwiſe, draw G A on the other Sde of the 
Point G, and at the Point A erect the Perpendicular 
AY, between which and the Circle PBE already de- 
ſcribed, inſcribe the right Line EV equal to the Term p, 
ſo that being produced, it may paſs through the Point G ; 
which being done, the Line E G will be one of the Roots 
of the Equation to be 3 Thoſe voy = 

i 4 
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Affirmative when the Point E falls between the Points G 
and Y, and Negative, when the Point E falls without, 
if p is Affirmative; and the contrary, if Negative. 

In order to demonſtrate this Conſtruction, let us pre- 
miſe the following Lemmas. 


LEM MA I. 


Let E F be let fall perpendicular to A G, and the right 
„ EG SHT GCqgis=ECqg+20C 
GF Soo | 
For (by Prop. 12. Book 2. Elem.) EGqis=ECq+ 
GCqg +2 GCF. Let G Cy be added on both Sides, 
and EGHT GC will become = ECq+ 2807 ＋ 
26 CF. But2 GCq+2GCFi=2GCxGC+CF 
GED F. ThereforeE Gq+G Cq=ECqg+2CGF. 


LE M M a II. 


In the firſt Caſe of the Conſtruction, where the Circle 
PBE paſſes through the Point D, EGq—GD gis= 


2CGF. 
For by the f Lemma EGqg+GCyqgis=EC + 


2CG F, and by taking C Gg from both Sides, E Gf is 


=E Cq—GCy,--2CGF. But ECE — GC is 
—=CDqg—GCyq=GDg. Therefore EGq=GDgy 
+ 2CGF, and by taking G Dy from both Sides, EG 
—GDgis 20 GF. QE. D. | 


LE MMA III. 


In the ſecond Caſe of the Conſiruction, where the Circle 
PB E does not paſs through the Point D, EG q +GDg 
ia 2208. | | 

For in the 2 EGSRH＋ GC was EC / 
+2 CGF. Take EC from both Sides, and it be- 
comes E Gq+ GCq—ECq=43CGF. But GC= 
DH, and EC=CP=GH, Therefore GCgq—EC e 
TE 8 Hqg=GD4g, and ſo E G4+GD g=2 CG F. 


LEMMA 
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LEMMA IV. 


-GY*x2CGF ir =2CGXxXAGE. 

For by reaſon of the ſimilar Triangles GEF and 
G VA, as GF is to GE ſo is AG to GY, that is, 
(by Prop. 1. Book 6. Elem.) as 20 GX AG is to 208 
xGY. Let the Extreams and Means be multiplied by 
themſelves, and 2 CGxXGY x GF becomes = 2 CG 
XAGxGE. Q. E. D. | 

Noro, by the Help of theſe Lemmas, the Conſtruttion of 
the Problem may be thus demonſtrated. 


In the fr? Caſe, EG- GD is =2CGF (by 
Lemma 2.) and by multiplying all by GY, EGgx 
GY —GDgx GY becomes =2 CGFxGY 
= (by Lemma 4.) 2 CGXAGE. Inſtead of GY 
write EG+EY, and EGeub. +SEYXEGqg—GDg 
xXEG—GDgxEY becomes =2CGAXxEG, or 
E G cub. +EY EGg—GDg—20GAxEG— 
GDK Xx GD x EV S0. 


In the ſecond Caſe, EGS GDgis 220 GF (by 
Lemma 3.) and by multiplying all by GY, EGqxGY 
+GDqgxGY becomes =2CGFxXGY=2CGx 
AGE, by. Lemma 4. Inſtead of GY write Ez + 
EY, and E G cub. EY xXx EGg+GDgxEG+ 
GDgqgXxEY will become =2CGAxEG, or E Ges. 


EIN EST COL renn 


= O. 


But the Root of the Equation E G was called x, GD 


2e. EY =þp, 2 CG =n, and GA — 1 
Pp 71 np? 


that is, in the firſt Caſe, where the Signs of the Terms ↄ 
and r are different; but in the ſecond Cate, where the 
Sign of one of the two, por r, is changed, there is — 


l + = =GA. Let therefore E G be put = x, 
| I i 2 GD= 


486 THE LINE AR CONSTRUCTION 


GD=v/— E Vp, 2CG=n, and GA = — 


TIT and in the fr? Caſe it will be * + p x2 + 
nu a 


g + ——— X#—7=0; thatis, à3 ＋ * + qx—7 


I; | 
eg; but in the /econd Caſe, ISHS 


** Tro, that is, x* + pa? + q x Tr == O. There- 
fore in both Caſes E G is the true Value of the Root x. 


Q. E. D. 


But either Caſe may be diſtinguiſhed into its ſeveral 
Particulars ; as the former into theſe, & pa þ gs 
—7=0, 33+px*—qx—r o, a3 -P XT 
=0, x3 —pa*—qgx+r=0, x3 Þpx*—r=0, and 
xi -K ＋ =0; the latter into theſe, x3 + p x3 ＋ 9K 
+r=0, 33p-px*—gqgx+r So, X — p42 TA 
=0, x —px*—qx—r=0, x'+px*+r=0, and 
* - -H O. The Demonſtration of all which 
Caſes may be carried on in the ſame Words with the 
two already demonſtrated, by only changing the Situa- 
tion of the Lines. | 


Theſe are the chief Conſtructions of Problems, by in- 
ſcribing a right Line given in Length ſo between a Circle 
and a right Line given in Poſition, that the inſcribed 
right Line produced may paſs through a given Point, 
And ſuch a right Line may be inſcribed by deſcribing 
the Conchoid of the Antients, of which let that Point, 
through which the right Line given ought to paſs, be the 
Pole, the other right Line given in Poſition be the Ruler 

or Aſymptote, and the Interval be the Length of the 
inſcribed Line. For this Conchoid will cut the Circle 
in the Point E, through which the right Line to be in- 
ſcribed muſt be drawn. But it will be ſufficient in Prac- 
tice to draw the right Line between a Circle and a right 
Line given in Poſition by any mechanic Method, 


A But 


nun . 


„ 


1910 
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But in theſe Conſtructions obſerve, that the Quantity 
2 is undetermined, and Jeft to be taken at Pleaſure, that 
the Conſtruction may be more conveniently fitted to 
particular Problems. We ſhall give Examples of this 
in finding two mean Proportionals, and in triſeCting an 


Angle. 


Let x and y be tius mean Proportionals to be found between 
a and b. Becauſe a, x, , b are continual Proportionals, 
az will be to x* as x to b, therefore à =a ab, or x* 
aab—=0. Here the Terms p and g of the Equation are 
wanting, and — aab is in the room of the Fermer; 
therefore in the firſt Form of the Conſtructions, where 
the right Line EY tending to the given Point K, is 
drawn between other two right Lines EX and Y C 
given in Poſition, and the right Line C ſuppoſed = 


g — 245 
— that is = ==—, let n be taken equal to a, and 
n 


nn n 
then CX will become = — b. From whence the fol- 
lowing Conſtruction comes out. [See Fig. 99.] 


I draw any Line, K Aga, and biſect it in C, and 
from the Center K, with the Diſtance K C, deſcribe 
the Circle C X, to which I inſcribe the right Line 
CX b, and between AX and CX, infinitely produced, 
I fo inſcribe EV CA, that E Y being produced, may 
paſs through the Point K. So K A, XY, K E, CX 
will be continual Proportionals, that is, X Y and KE 
two mean Proportionals between à and 6. This Con- 
ſt ruction is known, [See Fig. 100. ] AE 


But in the other Form of the Conſtructions, where 
the right Line EV converging to the given Point G is 
inſcribed between the Circle GECX and the right 


Line AK, and CX is = — , that is, (in this Problem) 
HE ., 


— 7 2 I put, as before, =a, and then CX will 


be =, and the reſt are done as follows. {See Figure 
i 3 Idraw 
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I draw any right Line K A=a, and biſect it in C, 
and from the Center A, with the Diſtance A K, I de- 
ſcribe the Circle K G, to which I inſcribe the right Line 
KG=26, conſtituting the Tſoſceles Triangle AK G. 
T hen, through the Points C, K, G, I deſcribe the Circle, 
between the Circumference of which and the right Line 
AK produced, I inſcribe the right Line EY=CK 
tending to the Point G. Which being done, AK, EC, 
KY, K G are continual Proportionals, that is, EC 
and K Y are two mean Proportionals between the given 
Quantities a and 6, N 


Let there be an Angle to be divided into three equal Parts ; 
e, Figure 102. ] and let that Angle be AC B, and the 
arts thereof to be found be AC D, ECD, and ECB, 


From the Center C, with the Diſtance CA, let the 
Circle ADEB be deſcribed, cutting the right Lines 
CA, CD, CE, CB in A, D, E, B. Let AD, DE, 
E B be joined, and AB cutting the right Lines CD, 
CE at F and H, and let DG, meeting AB in G, be 
drawn parrallel to CE. Becauſe the Triangles CAD, 
ADF, and DFG are ſimilar, CA, AD, DF, and 
FG are continual Proportionals. Therefore if AC be 


Se, and AD, DF will be equal to ==, and FG 


. But ABis=BH4+HG+FA—GF=3AD 


aa 


— G F=3x —— Let A B be , then ; becomes 
* | | | 


x3 


ſecond Term of the Equation, is wanting, and inſtead 
of g and r we have — 34 and 4 4b. Therefore in the 
firſt Form of the Conſtructions, where p was = O, KA 


2, KBA, and Cx =—, that is, in this Pro- 
| n 
blem, K B = — and CX = = that theſe 


Quantities 
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Quantities may come out as ſimple as poſſible, I put 
n Sa, and ſo K B becomes = — 3a, and CH = 5, 
Whence this Cenſtruction of the Problem comes out, 


Draw any Line, K A=a, and on the contrary Side 
make K B 34. [See Figure 103.] Biſect BA in C, 
and from the Center K, with the Diſtance K C, de- 
ſcribe a Circle, to which inſcribe the right Line CX 
= b, and the Line AX being drawn between that infi- 
nitely produced and the right Line CX, inſcribe the 
right Line EY=AC, and fo that it being produced, 
will paſs through the Point K. So XV will be x. 
But (ſee the laſt Figure) becauſe the Circle AD EB = 
CXA, and the Subtenſe A B = Subtepſe CX, and the 
Parts of the Subtenſes B H and X Y are equal; the An- 

les AC B, and CK X will be equal, as alſo the Angles 

CH, XKY; and ſo the Angle X K will be one 
third Part of the Angle CKEX. Therefore the third 
Part XK V of any given Angle C KX is found by in- 
ſcribing the right Line EY AC the Diameter of the 
Circle, between the Chords C X and A X inhnitely pro- 
_ and converging towards K the Center of the 

ircle. 


Hence, if from K, the Center of the Circle, you let 
fall the Perpendicular K H upon the Chord CX, the 
Angle HK Y will be one third Part of the Angle 
HEX; ſo that if any Angle HK X were given, the 
third Part thereof HK Y may be found by letting 
fall from any Point X of any Side K X, the Line H X 
perpendicular to the other Side HK, and by drawing 
X E parallel to HK, and by inſcribing the right Line 
YE=2XK becween XHand X E, fo that it being 
produced may paſs through the Point K. Or thus. 
[See Figure 104. ] 


Let any Angle AXK be given, To one of its Sides 
AX raiſe a Perpendicular X H, and from any Point K 
of the other Side X K let there be drawn the Line KE, 
the Part of which E Y (lying between the Side A X 
produced, and the Perpendicular X H) is double the Side 

= + ap XK, 
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X K, and the Angle K EA will be one third of the 
given Angle AX K. Again, the Perpendicular E Z be- 
ing raiſed, and K F being drawn, whoſe Part Z F, be- 
tween EF and EZ, let be double to K E, and the An- 
gle K FA will be one third of the Angle K E A; and 
ſo you may go on by a continual Triſection of an Angle 
ad infinitum. This Method is in the 32d Prop. of the 
4th Book of Pappus. | 


But if you would triſeft an Angle by the ather Form of 
Conflruftions, where the right Line is to be inſcribed between 
another right Line and a Circle: Here alſo will K B be = 


=, and CX =—> that is, in the Problem we arg 


now about, K B — — and CX 2 and fo by 
Tz | 
putting »= a, K B will be =— 3a, and CX. 
Whence this Conſiruction comes out. 


From any Point K let there be drawn two right Lincs 
BY towards the ſame Way, K Ag, and KB = 3a. [Sz 
Figure 105.] Biſet A B in C, and from the Center A 
with the Diſtance A C deſcribe a Circle. To which 
inſcribe the right Line CX . Join AX, and pro- 
duce it till it cuts the Circle again in G. Then between 
this Circle and the right Line K C, infinitely produced, 
inſcribe the Line EN AC, and paſſing through the 
Point G; and the right Line EC being drawn, will be 
equal to x the Quantity ſought, by which the third Part 
of the given Angle will be ſubtended. | | 


This Conſtruction ariſes from the Form above ; which, 
however, comes out better thus : Becauſe the Circles 
ADEB and K XG are equal, and alſo the Subtenſes 
CX and AB, the Angles CAX, or KAG, and ACB 
are equal, therefore CE is the Subtenſe of one third 

Part of the Angle KA G. Whence in any given Angle 
K AG, that its third Part C A E may be found, inſcribe 
the right Line E equal to the Semi-Diameter A G of 

| the Circle K CG, between the Circle and the Side KA, 


of 


8 
— 
— 
— 
* 
4 
4 
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2 the Angle, infinitely produced, and tending to the 


oint G. Thus Archimedes, in Lemma 8, taught ta 
triſect an Angle. The ſame Conſtructions may be more 
eaſily explained than I have done here; but in theſe I 
would ſhew how, from the general Conſtructions of Pro- 


blems I have already explained, we may derive the moſt 


ſimple Conſtructions of particular Problems. 


Beſides the Conſtructions here ſet down, we might 
add many more. [See Figure 106.] Asif there were two mean 
Propertionals to be feund between a and b. Draw any right 
Line AK b, and perpendicular to it AB S . Biſect 
AK in I, and in A K put A H equal to the Subtenſe 
BI; and alfo in the Line A B produced, A C = Sub- 
tenſe BH. Then in the Line A K on the other Side of 
the Point A, take AD of any Length and DE equal to 
it, and from the Centers D and E, with the Diſtances 
DB and EC, deſcribe two Circles, BF and CS, and 
between them draw the right Line F G equal to the right 
Line Al, and converging at the Point A, and AF will 
be the firſt of the two mean Proportionals that were to 
be found, | * | 


The Antients taught how to find two mean Propor- 


tionals by the Ciſſoid; but no Body that I know of hath 


given a good manual Deſcription, of this Curve. [See 
Figure 107: Let AG be the Diameter, and F the Cen- 
ter of a Circle to which the Cy//o:d belongs. Ar the 
Point F let the Perpendicular FD be erected, and pro- 
duced in infinitum. And let F G be produced to P, that 
FP may be equal to the Diameter of the Circle. Let 
the rectangular Ruler PE D be moved, ſo that the Leg 
EP may always paſs through the Point P, and the other 
Leg E D muſt be equal to the Diameter AG, or F P, 
with its End D, always moving in the Line FD; and 
the middle Point C of this Leg will deſcribe the Cifoid 
GCK which was deſired, as has been already ſhewn. 
Wherefore, if between any two Quantities, @ and 6, 
there be two mean Proportionals to be found: Take A M 


S a, raiſe the Perpendicular MN . Join AN; and 


move the Rule PE D, as was juſt now ſhewn, until its 
| | | Point 
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Point C fall upon the right Line AN. Then let fall 
CB perpendicular to AP, take f to BH, and v to BG, 


as MN is to BC, and becauſe AB, BH, BG, BC, 


are continual Proportionals, a, t, v, ô will alſo be con- 
tinual Proportionals. | 


By the Application of ſuch a Ruler other ſolid Problems may 
be conſirufed, | 


Let there be propoſed the cubick Equation +3 + þ x'x 
+ qx—r=05 where let g be always Affirmative, r Ne- 


gative, and p of any Sign. Make A G — and biſect 


it in F, and take FR and GL = — and that towards 


A if it be + p, if not towards P. Moreover, erect the 
Perpendicular F D, and in it take FQ =\/q; to this erect 
alſo the Perpendicular QC. And in the Leg ED of the 
Ruler, take ED and EC reſpectively equal to AG and 
AR, and let the Leg of the Ruler be applied to the 
Scheme, ſo that the Point D may touch the right Line 
FD, and the Point C the right Line QC, then if the 
Parallelogram B Q be compleated, L B will be the ſought 


Root of the Equation, 


Thus far, I think, I have expounded the Conſtruc- 
tion of ſolid Problems by Operations whoſe manual 


Practice is moſt ſimple and expeditious. So the Antients, 
after they had obtained a Method of ſolving theſe Pro- 


blems by a Compoſition of ſolid Places, thinking the 


Conſtructions by the conic Sections uſeleſs, by reaſon 


of the Difficulty of deſcribing them, ſought eaſier Con- 


ſtructions by the Conchoid, Ciſſoid, the Extenſion of 


Threads, and by any Mechanic Application of Figures, 
preferring uſeful Things, though mechanical, to uſeleſs 
Speculations in Geometry, as we learn from Pappus. 
So the great Archimedes himſelf neglected the Triſection 
of an Angle by the conic Sections, which had been 


- handled by other Geometricians before him, and taught 


bow to triſect an Angle in his Lemmas after the Me- 
1 thod 
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thod we have already explained. If the Antients had 
rather conſtruct Problems by Figures not received in 
(Geometry in that Time, how much more ought theſe 
Figures now to be preferred which are received by many 
into Geometry as well as the conic Sections? 


However, I do not agree to this new ſort of Geome- 
tricians, who receive all Figures into Geometry. Their 
Rule of admitting all Lines to the Conſtruction of Pro- 
blems in that Order in which the Equations, whereby 
the Lines are defined, aſcend to the Number of Dimen- 
ſions, is arbitrary, and has no Foundation in Geometry. 
Nay, it is falſe; for according to this Rule, the Circle 
ſhould be joined with the conic Sections, but all Geo- 
meters join it with the right Line; and this being an in- 
conſtant Rule, takes away the Foundation of admitting 
into Geometry all analytic Lines in a certain Order. 
In my Judgment, no Lines ought to be admittted into 
plain Geometry beſides the right Line and the Circle, 
unleſs ſome Diſtinction of Lines might be firſt invented, 
by which a circular Line might be joined with a right 
Line, and ſeparated from all the reſt. But truly plain 
Geometry is not then to be augmented by the Number 
of Lines: for all Figures are plain that are admitted 
into plain Geometry, that is, thoſe which the Geome- 
ters poſtulate to be deſcribed in plans; and every plain 
Problem is that which may be conſtructed by plain 
Figures. So therefore admitting the conick Sections and 
other Figures more compounded into plain Geometry, 
all the ſolid and more than ſolid Problems that can be 
conſtructed by theſe Figures will become plane. But all 
plane Problems are of the ſame Order.. A right Line is 
analytically more ſimple than a Circle; nevertheleſs, 
Problems which are conſtructed by right Lines alone, 
and thoſe that are conſtructed by Circles, are of the ſame 
Order. Theſe Things being poſtulated, a Circle is re- 
duced to the ſame Order with a right Line. And much 
more the Ellipſe, which differs much leſs from a Circle 
than a Circle from a right Line, by poſtulating in like 
manner the Deſcription thereof in plano, will be reduced 
to the ſame Order with the Circle. If any, in conſi- 
| ſidering 
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dering the Ellipſe, ſhould fall upon ſome ſolid Problem, 
and ſhould conſtruct it by the Help of the ſame Ellipſe, 
and a Circle ; this would be counted a plane Problem, 
becauſe the Ellipſe was ſuppoſed to be deſcribed in plano, 
and all the Conſtruction beſides will be ſolved by the De- 
ſcription of the Circle oniy. Wherefore for the ſame 
Reaſon, every plane Problem whatever may be con- 
ſtructed by a given Ellipſe. For Example, [See Figure 
108. ] if the Center O of the given Ellipſe A D F G be 
required, I would draw the two Parallels AB, CD 
meeting the Ellipſe in A, B, C, D; and alſo two other 
Parallels E F, G H meeting the Ellipſe in E, F, G, H, 
and I would biſet them in I, K, L, M, and produce 
IK, LM, till they meet in O. This is a real Con- 
ſtruction of a plane Problem by an Ellipſe. It imports 
nothing that an Ellipſe is analytically defined by an E- 
quation of two Dimenſions: nor that it be generated 
geometrically by the Section of a ſolid Figure. The 
Hypotheſis, only conſidering it as already deſcribed iy 
Plano, reduces all ſolid Problems conſtructed by it to the 


Order of plane ones, and concludes, that all plane ones 


may be rightly conſtructed by it : and this is the State 
of a Paſtulate. Whatever may be ſuppoſed done, it is 
permitted to aſſume it, as already done and giyen, There- 
fore let this be a Poſtulate to deſcribe an Ellipſe in plano, 
and then all thoſe Problems that can be conſtructed by 


an Ellipſe, may be reduced to the Order of plane ones, 


_ all plane Problems may be conſtructed by the El- 
ipſe. 


It is neceffary therefore that either plane and ſolid 
Problems be confounded among one another, or that all 
Lines be flung out of plane Geometry, beſides the right 
Line and the Circle, unleſs it happens that ſometime 
ſome other is given in the State of conſtructing ſome 
Problem. But certainly none will permit the Orders of 
Problems to be confuſed. Therefore the conick Sections 
and all other Figures muſt be caſt out of plane Geometry, 
except the right Line and the Circle, and thoſe which 
happen to be given in the State of the Problems. There- 
fore all theſe Deſcriptions of the Conicks in plano, "my 
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the Moderns are ſo fond of, are foreign to Geometry. 
Nevertheleſs, the conick Sections ought not to be flung 
out of Geometry. They indeed are not deſcribed geo- 
metrically in plano, but are generated in the plane Super- 
ficies of a geometrical Solid. A Cone is conſtituted geo- 
metrically, and cut by a geometrical Plane, Such a 
Segment of a Cone is a geometrical Figure, and has the 
ſame Place in folid Geometry, as the Segment of a 
Circle has in Plane, and for this Reaſon its Baſe, which 
they call a conick Section, is a geometrical Figure. 
Therefore a conick Section hath a Place in Geometry ſo 
far as it is the Superficies of a geometrical Solid ; but is 
geometrical for no other Reaſon than that it is generated 
by the Section of a Solid, and therefore was not in former 
Times admitted but only into ſolid Geometry. But 
ſuch a Generation of the conick Sections is difficult, and 
generally uſeleſs in Practice, to which Geometry ought 
to be moſt ſerviceable: therefore the Antients betook 
themſelves to various mechanical Deſcriptions of Figures 
in plano; and we, after their Example, have framed 
the preceding Conſtructions. Let theſe Conſtructions 
be mechanical; and ſo the Conſtructions by conick 
Sections deſcribed in plans (as is wont now to be done) 
are mechanical, Let the Conſtructions by conick Sec- 
tions given be geometrical; and ſo the Conſtructions by 
any other given Figures are geometrical, and of the ſame 
Order with the Conſtructions of plane Problems. There 
is no Reaſon that the conick Sections ſhould be preferred 
in Geometry before any other Figures, unleſs ſo far as 
they are derived from the Section of a Cone; they being 
altogether unſerviceable in Practice in the Solution of Pro- 
blems. But leaſt I ſhould wholly neglect Conſtructions by 
the conick Sections, it will be proper to ſay ſomething 
concerning them, in which alſo we will conſider ſome 
commodious manual Deſcription, 


The Ellipſe is the moſt ſimple of the conick Sections, 
moſt known, and neareſt of Kin to a Circle, and eaſieſt 
deſcribed by the Hand in plano, Many prefer the Para- 
bola before it, for the Simplicity of the Equation by 
which it is expreſſed, But by this Reaſon the Parobola 

| ought 
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ought to be preferred before the Circle itſelf, which it 
never is: therefore the reaſoning from the Simplicity 
of the Equation will not hold. The modern Geometers 
are too fond of the Speculation of Equations. The Sim- 
plicity of theſe is of an analytic Conſideration, We treat 
of Compoſition, and Laws are not given to Compoſition 


from Analyſis. Analyſis does lead to Compoſition : But 


it is not true Compoſition before its freed from Analyſis. 
If there be never ſo little Analyſis in Compoſition, that 
Compoſition is not yet real. Compoſition in itſelf is per- 
fect, and far from a Mixture of analytick Speculations. 
The Simplicity of Figures depend upon the vimplicity of 
their Geneſis and Ideas, and it is not an Equation but a 
Deſcription (either geometrical or mechanical) by which 
a Figure is generated and rendered more eaſy to the Con- 
ception. Therefore we give the Ellipſe the firſt Place, 
and ſhall now ſhew how to conſtruct Equations by it. 


Let there be any cubick Equation propoſed, x* = px* þ 

x Tr, where p, q, and r fignify given C1-efficients of the 

erms of the Equation, with their Signs I and —, and either 
of the Terms p and q, or both of them, may be wanting. For 
ſo we ſhall exhibit the Conſtructions of all cubick Equa- 
tions in one Operation, which follows : 


From the Point B in any given right Line, take any 
two right Lines, B C and B E, on the ſame Side the 
Point B, an« alſo B D, fo that it may be a mean Propor- 
tional between them. [See Figure 109.] And call BC, 


u, in the ſame right Line alſo take BA = T, and that 
7 


towards the Point C, if — g, if not, the contrary Way, 
At the Point A erect a Perpendicular Al, and in it take 


AF g p, FG SAF, Fl=—, and FH to Fl :s BC 


nn 

is to B E. But FH and FI are to be taken on the ſame 
Side of the Point F towards G, if the Terms p and » have 
the ſame Signs; and if they have not the ſame Signs, to- 
wards the Point A, Let the Parallelograms I ACK and 


and HAE L be compleated, and from the Center K, with 


the Diſtance K G, let a Circle be delcribed,. Then in 
the 
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the Line HL let there be taken HR on either Side the Point 
H, which let be to HL as B D to BE; let GR be 
drawn, cutting EL in 8, and let the Line G RS be moved 
with its Point R falling on the Line H L, and the Point 
S upon the Line EL, until its third Point G in defcribing 
the Ellipſe, meet the Circle, as is to be ſeen in the Poſi- 
tion of yoo, For half the Perpendicular y & let fall from 
y the Point of meeting to A E will be the Root of the E- 
quation. But Gor y the End of the Rule & RS, or ypo, 
can meet the Circle in as many Points as there are poſſi- 
ble Roots. And thoſe Roots are affirmative which fall 
towards the ſame Parts of the Line E A, as the Line FI 
drawn from the Point F does, and thoſe are negative 
which fall towards the contrary Parts of the Line AE if 


r is affirmative; and contrarily if r is negative. 


But this Conſtruction is demonſtrated by the Help of the 


following Lemmas. 


LEMMA I. 


All being ſuppoſed as in the Conſtruction, 2 C AX — AX 
is =yXq—2AIxXyX-+2A GX Fl. , 


For from the Nature of the Circle, Kyg—CX y is = 
X- Alk. But Kygis=Glg+ACq,andCXyg = 
AX— AC|:, that is, AX Y- 2C AXT ACq, and 
ſo their Difference G Ig 2 CAX - AX is =y X —A[[? 
=yXq—2AIxXy»X-+Alg. Subtract Gly from both, 
and there will remain 2CAX—AXqzyXq—2AL 
XyX+Alqg—Glzg. But (by Prop. 4. Bork 2. Elem.) 
Algis= AGg-2AGI--GTIzy, and fo Alg— 
GI is SAGA G], that is, = 2AGXZAG+GT, 
or 2 AG x FI, and thence 2 C AX - AX g is 

Y X- 2AIXYXT2AGXxFI. Q. ED. 


LE MMA 
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L E u M a II. 
All Things being conſtructed as above 2 EAX —A X q is 


= 2 FI | | 
REH X77 — FI AHX XV 2AGxFl. 

For it is known, that the Point , by the Motion of 
the Ruler 7 aſſigned above, deſcribes an Ellipſe, the 
Center whereof is E. and the two Axes coincide with the 
two right Lines LE and LH, of which that which is in 
LEis=2yp, or =2GR, and the other which is in 
LHis 27, or =2 GS. And the Ratio of theſe to 
one another is the ſame as that of the Line H R to the Line 
HL, or of the Line BD to the Line BE. Whence the 
Latus Tranſuerſum is to the principal Latus Rectum, as 
B E is to B C, or as FI is to FH. Wherefore ſince y T 
is ordinately applied to HL, it will be from the Nature 
of the Ellipſe G $q— L Ty= 77 Ty ſhuated; But 
LT is =AE—AX, and Ty = Xy—AH. Let the 
Squares of which be put inſtead of LT q and T yg, and 
then GSq—AEg+2EAX—AXyq will become = 


17 x X y9—2AHxXy+AHg. ButGSq—AEg 


rectangled Triangle the Sides whereof are equal to AE 
and GH+LS. And (by reaſon of the ſimilar Triangles 
RGH and RSL) LS is to G H as LR is to HR, and 
dy Compoſition G HL is to Has H L is to H R, 
and by ſquaring the Proportions CH LSI; is to GHg 
as H Ly is to H Rg, that is, (by Conſtruction) as BE g 
is to BDg, that is, as BE is to BC, or as FI is to 


n Fl 
FH, and ſo GH L Sl is FIG H 4. Therefore 


FI 1 
GS AER i FHs, and ſo E G Hg +2 


EAX—A X = Xyq—2AHxXy+AHmgq 
Subtract 


= fi Leos, becauſe GS is the Hypothenuſe of a 


— — 
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Subtract n G.Hq from both Sides, and there will re- 
main 2 EA K—AXg = H Xyqg—2AHxXy+ 
AHg—GHg. ButAHis=AG+GH, and ſo AHg 
=AGq+2AGH+GHyg, and by ſubtracting GH? 
from both, there will remain AH -G H= AGA 


2A G H, that is, 2 AG AU OH AG 
F H, and therefore FAX Ax XT 


: FI 2FI 


AHxXy+2AGxFI. Q. E. D. 


L EMM A III. 


All Things flanding as before, AX will be to X y — 
AGasXyis to 2 BC. 


For if from the Equals in the ſecond Lemma there be 
ſubtracted the Equals in the ff Lemma, there will remain 


HI - +a Fi 
20 EX AX FH Xyg— FHN HXXYTZzAIXXx. 


Let both Sides be multiplied by FH, and 2 FH x CE 
AX will become = HIxXygq=2FIXAHxXXy+. 
2AlxFiHxXy. But Alis=HI+AH, and fo 
2!:I XxX AH—2tftHxAl=2:FlIxAH—2FHA— 
2FHI. But 2 FIXH A- 2F H Ag AHI, and 2 AHI 
—2F HIS u HIXAF. Theretore 2 FIX A H—2FH 
Xx AIS 2ZHIN AF, and lo 2 FH CEX AX SM HI 
XYVY— 2H IAF NX. And thence as His to FH, 
ſo is 2CEXAXtoXyg—2AFxXXy. But by Con- 
ſtruction H is to F H as CE is to B C, and conſequent- 
ly as 2 CE AN is to 2 BC AX, and therefore 2 BC 
X AX will e==Xyg -AF XX, (by Prop. , Boot 5, 
Elem.) But becauſe the Rectangles are equal, the Sides 
are proportional, A X to Xy—2APF, (that is, X — 
AG) as Xy is to 2B C. Q. E. D. 

K EK Lemma 
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LEMMA IV. 


The ſame Things being till ſuppofed, 2Fl is to AX— 
2AB 9 2 BC. Suppoſed, 


For if from the Equals in the third Lemma, to wit, 
2BCXAX=Xyq—2AFXXy, the Equals in the 
fr/? Lemma be ſubtracted, there will temain — 2 ABN 
AX +AXqz2FilxXy—2AGXxFI, chat is, A Xx 
AX - 2A Bg 2FIXXVy - AG. But becauſe the 
ReEtangles are equal, the Sides are proportional, 2 FI is 
to AX —-2 AB as AX is to Xy— AG, that is, (by the 
tbird Lemma) as Xy is to 2B C. Q. E. D. 


At length, hy the Help of theſe Lemmas, the Conſtruction of 
the Problem 1s thus demonſtrated. 


By the fourth Lemma, Xy is to 2B Cas 2Fl is to 
AX—2AB, that is, (by Prop. 1. Book 6, Elem.) as 


2BCXx2Flis to 2BCXAX—2AB, or to 2B C 
AX - 2BC T2 AB. But by the third Lemma, AX 
is to X - 2 AF as Xy is to 2B C, or 2 BC XAX 
Xyq—2AFXXy, and conſequently Xyis to 2 B C as 
2B CX 2F I is to Xy - 2A FN CX —- 2B CNT2 AB. 
And by multiplying the Means and Extreams into them- 
ſelves, Ny cub, — 2A FX XV -4BCXAB XXV 
8 BC HX FI. And by adding 2 AFxXyq+4BCx 
ABXX yto both Sides X y cub. is =2 AFxXyq + 4BC 
Xx ABXX+8BCgqxFl. But ZX in the Conſtruction 
to be demonſtrated was equal to the Root of the Equa- 


tion , and AF=p, BC=n, AB=— andFI= 


, and therefore B CXA B g. And BCqxFI=r. 


nn 
Which being ſubſtituted, will make x3 =p x* +q x +7- 
Q. E. D. 

Corel. Hence if A F and A B be fuppoſed equal to no- 


thing, by the third and fourth Lemma, 2 FI will be to AX 
as AX is to X, and X to 2B ' . 


of 
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the Invention of two mean Proportionals between any two 
given Quantities, FI and B C. 


Scholium. Hitherto I have only expounded the Conſtrue- 
tion of a cubick Equation by the Ellipſe; but the Rule is 
of a more univerſal Nature, extending itſelf indifferently 
For, if inſtead of the Ellipſe 
you would uſe the Hyperbola, take the Lines E C and BE 
Side of the Point B, then let the Points 
, K, L, and R be determined as before, 
except only that F H ought to be taken on the Side of F 
not towards I, and that H R ought to be taken in the 
Line Al not in HL, on each Side the Point N, and in- 
ſtead of the right Line G RS, two other right Lines are 
to be drawn from the Point L to the two Points R and R 
for Aſymptotes to the Hyperbola. With theſe Aſymptotes 
LR, L R deſcribe an Hyperbola through the Point G, 
and a Circle from the Center K with the Diſtance G K: 
And the halves of the Perpendiculars let fall from their 
Interſections to the right Line AE will be the Roots of 
All which, the Signs + and — 
being rightly changed, are demonſtrated as above. 


to all the conick Sections. 


on the contra 
A, F, G, I, 


> 


the Equation propoſed. 


But if you would uſe the Parabola, the Point E will 
be removed to an infinite Diſtance, and ſo not to be taken 
any where, and the Point H will coincide with the Poiat 
F, and the Parabola will be to be deſcribed about the 
Axis H L with the principal Latus Rectum B C through 
the Points G and A, the Vertex being placed on the ſame 
Side of the Point F, on which the Point B is in reſpect of 
the Point C. 


Thus the Conſtructions by the Parabola, if you re- 
ard analy tick Simplicity, are the moſt ſimple of all. 
perbola next, and thoſe which are ſolved 
But if in deſcribing 
of Figures the Simplicity of the manual Operation be re- 
ſpected, the Order niuſt be changed. 


hoſe by the H 


by the Ellipſe, have the third Place. 


But it is to be obſerved in theſe Conſtructions, that by 
the Proportion of the principal Latus Rectum to the Latus 


Tranſverſum, the Species - the Ellipſe and Hyperbola 
| 2 


302 THE LIN EAR CONSTRUCTION 


may be determined, and that Proportion is the ſame as 
that of the Lines BC and B E, and therefore may be aſ- 
ſumed: But there is but one Species of the Parabola, 
which is obtained by putting B E infinitely long. So 
therefore we may conſtruct any cubick tquation by a 
conick Section of any given Species. To change Figures 
given in Specie into Figures given in Magnitude, is done 
by encreaſing or diminiſhing in a given Katio, all the 
Lines by which the Figures were given in Specie, and 
ſo we may conſtruct all cubick Equations by any given 
conick Section whatever. Which is more fully explained 
thus. 


Loet there be propoſed any cubick Equation x =p x x. ꝗ x. r. 
to conſiruct it by the Help of any given cenick Section. [See 
Figures 110 and 111. ] 


From any Point B in any infinite right Line BCE, 
take any two Lengths BC, and BE towards the ſame 
Way, if the conick Section is an Ellipſe, but towards 
contrary Ways if it be an Hyperbola. But let BC be to 
BE as the principal Latus Rectum of the given Section, is 
to the Latus Tranſverſum, and call B C, u, take BA = 


— „and that towards C, if 9 be negative, and contrarily 


if affirmative, At the Point A erect a Perpendicular AT, 


and in it take AF =p, and FG=AF; and FI =" 


—, But let F I be taken towards G if the Terms p and 


nn 3 
r have the ſame Signs, if not, towards A. Then make 
as F H is to FI ſo is BC to BE, and take this F H from 
the Point F towards I, if the Section is an Ellipſe, but 
towards the contrary Way if it is an Hyperbola. But let 
the Parallelograms I A C K and HAEL be compleated, 
and all theſe Lines already deſcribed transferred to the 
given conick Section ; or, which is the ſame Thing, let 
the Curve be deſcribed about them, fo that its Axis or 
principal tranſverſe Diameter might agree with the right 
Line LH, and the Center with the Point L. Theſe 
Things being done, let the Line K L be drawn as alſo 
GL cutting the conick Seftion in g. In L K take L 4, 

| Which 
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which let be to LK as Lg to LG, and from the Center 
4, with the Diſtance 4g, deſcribe a Circle, From the 
Points where it cuts the given Curve, let fall Perpendi- 
culars to the Line LH, whereof let T be one. Laſtly, 
towards y take TV, which let be to Ty as LG toLg, 
and this T Y produced will cut AB in X, andi X 

will be one of the Roots of the Equation. But thoſe 
Roots are affirmative which lie towards ſuch Parts of 
AB as F I lies from F, and thoſe are negative which lie 
on the contrary Side, if r is +, and the contrary if r 


After this Manner are cubick Equations conſtructed 
by given Ellipſes and Hyperbolas: But if a Parabola 
ſhould be given, the Line BC is to be taken equal to 
the Latus Rectum itſelf, Then the Points A, F, G, I, 
and K, being found as above, a Circle muſt be deſcribed 
from the Center K with the Diſtance K G, and the Para- 
bola muſt be ſo applied to the Scheme already deſcribed, 
(or the Scheme to the Parabola) that it may paſs through 
the Points A and G, and its Axis 8 the Point F 
parallel to AC, the Vertex falling on the ſame Side of 
the Point F as the Point B falls of the Point C; theſe 
being done, if Perpendiculars were let fall from the 
Points where the Parabola interſects the Circle to the 
Line BC, their Halves will be equal to the Roots of the 
Equation to be conſtructed. 


And take Notice, that where the ſecond Term of the 
Equation is wanting, and ſo the Latus Rectum of the Pa- 
rabola is the Number 2, the Conſtruction comes out the 
ſame as that which Des Cartes produced in his Geometry, 
3 Difference only, that theſe Lines are the double 
of them. 


This is a general Rule of Conſtructions. But where 
particular Problems are propoſed, we ought to conſult the 
moſt {imple Forms of Conſtructions. For the Quantity 
x remains free, by the taking of which the Equation 
may, for the moſt part, be rendered more ſimple. One 
Example of which J will give. 


K k 3 Let 
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Let there be given an Ellipſe, and let there be two 
mean Proportionals to be found between the given Lines 


a and b. Let the firſt of them be x, and a. x . =, b will 
a 


3 
be continual Proportionals, and ſo a b ==, or x*=aab, 
a 


is the Equation which you muſt conſtruct. Here the 
Terms p and g are wanting, and the Term r = a ab, and 


therefore BA and AF are =o, and FI is = — That 


the laſt Term may be more ſimple, let n be aſſumed = a, 
and let FI be =b. And then the Conſtruction will be 
hus : | 
, From any Point A in any infinite right Line AE ¶ See 
Figure 112.] take AC ga, and on the ſame Side of the 
Point A take A C to AE as the principal Latus Rectum of 
the Ellipſe is to the Latus Tranſverſum. Then in the Per- 
pendicular AI take Alb, and A H to AI as AC to 
AE. Let the Parallelograms IA CK, HAEL be com- 
pleated. Join LA and LK. Upon this Scheme lay the 
| eg Ellipſe, and it will cut the right Line AL in the 
oint g. Make LI to LK as Lg to LA. From the 
Center &, with the Diſtance 4g, deſcribe a Circle cuttin 
the Ellipſe in . Upon AE let fall thePerpendicular y x 
cutting H L in T, and let that be produced to V, that 
TY may be to T as LA to Lg. AndſoZi XY will 
be equal to x the firſt of the two mean Proportionals, 


Q. E. I. 14. NO 63 


Of 


quently 5 is the leaſt Root of the 


\ J - "ep ; 

Of the Methods by which you may approximate to 
the Roots of numeral Equations by their Limits; 
and to the Roots of liceral Equations by the Me- 


thod of Series, 
By COLIN MACLAURIN. 


300. 1 E N any Equation is propoſed to be reſolved, fir/! 


find the Limits of the Roots (by Ne. 264) as for 
Example, if the Roots of the Equation x* — 16 x + 55 
So are required, you find the Limits are o, 8, and 17, 
by Ne. 267; that is, the leaſt Root is between o and 8, 
and the greateſt between 8 and 17. 


In order to find the firſt of the Roots, I conſider that 
if I ſubſtitute o for x in &2 - 16K + 55, the Reſult is po- 
ſitive, viz. + 55, and conſequently any Number betwixt 
o and 8 that gives a poſitive Reſult, muſt be leſs than the 
leaſt Root, and any Number that gives a negative Re- 
ſult, muſt be greater. Since o and 8 are the Limits, I 
try 4, that is, the Mean betwixt them, and ſuppoſing 
x=4, $*— 16x +55 = 16— 64 + 55 = 7, from which 
I conclude that the Root is greater than 4. So that now 
we have the Root limited between 4 and 8. Therefore I 
next try 6, and ſubſtituting it for x we find & — 16 x + 
8 ＋ 55 = —5; which Reſult being nega- 
tive, I conclude that 6 is greater than the Root required, 
which therefore is limited now between 4 and 6. And 
ſubſtituting 5, the Mean between them in place of x, I 
find & — 16x +55 == 25 8 o; and conſe- 

quation. After the 
ſame Manner you will diſcover 11 to be the greateſt Root 
of that Equation. 

Thus by diminiſhing the greater, or increaſing the leſſer 
Limit, you may diſcover the true Root when it is a cammenſu- 
rable Quantity. But by proceeding after this Manner, when 
you have two Limits, the one greater than the Root, the other 
K k 4 Her, 
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l:ſfer, that differ from one another but by unit, then you may 
conclude the Root is incommenſurable. 


We may however, by continuing the Operation in Fractiont, 
approximate to it. As, if the Equation propoſed is x2—6x 
+ 7 = ©, if we ſuppoſe x = 2, the Reſult is 4— 12 + 7 
=-— 1, which being negative, and the Suppoſition of 
x=0 giving a politive Reſult, it follows that the Root is 
betwixt o and 2. Next we ſuppoſe x = 1 ; whence x* — 
6:+7=1—6+7=—+2, which being poſitive, we 
infer the Root is betwixt 1 and 2, and conſequently in- 
commenſurable. In order to approximate to it, we ſup- 


poſe x = 14, and find 26x + 7 = 24 — 9+ ==; and 
4 


this Reſult being poſitive, we infer the Root muſt be 
betwixt 2 and 13. And therefore we try 14, and find 


— 36 e 222 
1 
which is negative; ſo that we conclude the Root to be 
betwixt 13 and 12. And therefore we try next 13, which 
giving alſo a negative Reſult, we conciude the Root is 
betwixt 14 (or 14) and 13. We try therefore 15, and 
the Reſult being poſitive, we conclude that the Root 


muſt be betwixt 1% and 1373, and therefore is nearly 


142 | 

301. Or you may approximate more eaſily by transforming 
the Equation propeſed into another whoſe Roots fhall be equal to 
10, 100, or 1000 Times the Roots of the former (by 246) 
and taking the Limits greater in the ſame Proportion. This 
Transformation is eaſy ; for you are only to multiply the ſecond 


Term by 10, 100, or looo, the third Term by their Squares, 


the fourth by their Cubes, &c. The Equation of the laſt 
Example is thus transformed into x%—b00 x+70000 =0, 
whoſe Roots are 100 Times the Roots of the propaſed 
Equation, and whoſe Limits are 100 and 200. Proceed; 
ing as before, we try 150, and find x* -- 600x + 70000 = 
22.500 900 ＋ 70000 = 2500, ſo that 150 is Jeſs than 
the Root, You next try 175, which giving a negative 
Reſult muſt be greater than the Root: and thus proceeding 
you fi.d the Root to be betwixt 158 and 159: from which 
BETS X you 


BY THEIR LIMITS. 507 


you infer that the leaſt Root of the propoſed Equation 
* — 6 x+7=0 is betwixt 1,58 and 1. 59, being the hun- 
dredth Part of the Root of x*— GO + 700co So. 


If the cubic Equation x* — 15 x* + 63x — 500 is pro- 

ſed to be reſolved, the Equation of the Limits will be 
(by 267) zu —3ox ＋ 63=0, or K — 10x + 21 =o, 
whoſe Roots are 3, 7; and by ſubſtituting o for x the 
Value of x3—15x*+ 63x — 50 is negative, and by ſubſti- 
tuting 3 for x, that Quantity becomes poſitive, x== I gives 
it negative, and x == 2 gives it poſitive, ſi that the Root 
is between 1 and 2, and therefore incommenſurable. You 
may proceed as in the foregoing Examples to approximate 
to th2 Root. But there are other Methods by which you may 


ds that more eaſily and readily ; which we proceed to ex- 


plain. | 
302. Vhen you have diſcovered the Value of the Root ta leſs 


' than an Unit (as in this Example, you know it is a little above 


I) ſuppoſe the Difference betwixt its real Value and the Num- 
ber that you have found nearly equal to it, to be repreſented by 


NJ as in this Example, Letx=1 +f. Subſtitute this Valug 


for x in this Equation, thus, 
x23 = I+ 3f+ 3f + ff 
— Ix? = — 15 — of —15ts 
+ 63x = 63+ 6zf 
N 2 
x — 15x* 63x — 50 = - 1 ＋ 306f— 12 +ti=o. 


Now becauſe f is 1 leſs than Unit, its Pmwers ſa, fs, 

may be neglected in this Approximation; ſo that aſſuming only the 

two firſt Terms, we have — 1 ＋ 36t =o, or f = 073 
3 


fo that x will be nearly 1.027. 


You may have a nearer Value of x by — that ſceing 
— I 30f — 12f + {* =o, it follows that 
. I 045" 8 [ x 
2 — by tut — | = 
f= gage (% Juflinting = for f) nearh = 
I 


[| 
| 
| 
| 
© 
8 
S 
8 
* 


1 
— — 
16 


36—12X75 e X55 
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But the Value of f may be correfied and determined more ae- 


curately by ſuppoſing g to be the Difference betwixt its real Value, 
and that which we laft found nearly equal to it. So that 


= --02803 +g. Then by ſubſtituting this Value for f 


in the Equation f* — 1272 + 36 1 =0, it will ſtand 
as follows, 


3== 0.0000220226-|- o 0023578 {0.034008 2-73 : 
3 oo9 428 16 ＋2 52 Tags Tg 
+367 = 1 O -=þ 36g _ 


— 7 =Z—y. 


| 2=0.0003201374 F 353896378 — 11.9195g2-+g3 =0. 
Of which the firſt two Terms, neglecting the reſt, give 


35-329637 X f = 0.0003261374, and g = Ae 
= 0.00000923127. So that F O. 2803923127; and 
„ 1 Z= L. 2803923127; which is very near the true 
Root of Equation that was propoſed, 


If flill a greater Degree of Exatineſs is required, ſuppoſe h 
equal to the Difference betwixt the true Value of g, and that 
we have already found, and proceeding as aboug you may correct 
the Value of g. = 27 | 


For another Example; let the Equation to be reſolved 
ben - 2 - 5 = o, and by ſome of the preceding Me- 
thods you diſcover one of the Roots to be between 2 and 3. 


Therefore you ſuppoſe x = 2 + f, and ſubſtituting this 
Value for it, you find | 


a= 8+1f+6f*+f' 
—_— x =—4— 27 
— RES — — 
„ieh | 
from which we find that 10f=1 nearly, or Fo. 1. Then 


to correct this Value, we ſuppoſe = o. 1, and 
find 


2 0 


712 
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f'= 0.001+ o. o + 0.38* +27 
6/2=. 0,06 + 1.2g+06. #& * 
ipf = J- 710. 4 
—1 =—T 
= 0.061 +11.23g ＋ 6.35 + 5, 
— 0.001 
I1.2 


2. oo 54. 


Tben by ſuppoſing g 2. 0544 , you may correct 
its Value, and you will find that the Root required is 


nearly 2. 09455147. 


It is not only one Root of an Equation that can be obtained 
by this Method, but, by making uſe of the other Limits, you 
may diſcover the other Roots in the ſame Manner. The E- 
quation of 301, x%— 15 + 63x — 50 0, has for its Li- 
mits o, 3,.7, 50. We have already found the leaſt Root to 
be nearly 1,028039. If it is required to find the middle 
Root, you proceed in the ſame Manner to determine its 
neareſt Limits to be 6 and 7; fr 6 ſubſtituted for x gives 
a poſitive, and 7 a negative Reſult, Therefore you may 
ſuppoſe x =b + , and by ſubſtituting this Value for x 
in that Equation, you find F + 3f* — gf +4 — 


that f= © nearly. Or ſince f= 4 „it is (b 
1 EN r 
ſubſtituting 9 for 7). f= gone = po es 


—=6b+ = nearly, Which Value may ſtill be correRed 


as in the preceding Articles. After the ſame Manner 
you may approximate to the Value of the higheſt Root 
of the Equation. 


303. In all theſe Operations, you will approximate ſooner 
to the Value of the Root, if you take the three laſt Terms of the 
Equation, and extratt the Root of the quadratic Equation con- 


. ſ/ting of theſe three Terms, 


This, in Ne. 302, inftead of the two laſt Terms of 


the Equationf*— 12f* ＋ 36f*—1 =o, if you take the 
+ | three 
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three laſt and extract the Root of the quadratic 12f* — 
367 T1 =0, you will find f=.028031, which is much 
nearer the true Value than what you diſcover by ſuppoſing 
367—1 0 | 

It is obvious that this Method extends to all Equa- 
tions. | 


304. By aſſuming Equations affected with general Coeffi- 
crents, you may, by this Method, deduce general Rules Ap 
Theorems for approximating to the Roots of propoſed Equations 


of whatever Degree, 


Let ffi —pf*+qgf—r=o repreſent the Equation 
by which the Fraction V is to be determined, which is to 
be added to the Limit, or ſubtracted from it, in order to 
have the near Value of x, Then gf—r =o will give 


r is r 
=—- But ſince f = 

= Sfr 

for f, we have this Theorem for finding F nearly, viz, 


1 A = 2 g 
332 8 
After the ſame Manner, if it is a biquadratic, by which 

F is to be determined, as f* -f qf* —+rf +5 So, 


then F being very little, we ſhall have = — which Va- 


„ by ſubſtituting = 


lue is corrected by conſidering that fF= 


rf i- 


$ 
1 Whence we 


1 


(by ſuſtituting © for Fla 
To 


r 2 73 
have this Theorem for all biquadratic Equations, 


f = riXs | 
fn 


: 1 


Other 
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Other Theorems may be deduced by aſſuming the three Terms 
of the Equation, and extracting the Root of the Quadratic 


which they form. 


999 | 


Thus, to find the Valse of fin the Equation fi - 
+qf—r=0 Where F is ſuppoſed to be very little, we 
neglect the firſt Term f3, and extract the Root of the 


quadratic Fr IR or of +1 + 7=03 


* = 
and we find =— . 8 
N b 
But this Value of JF may be corrected by ſuppoſing it 
ö equal to n, and ſubſtituting m3 for 73 in the Equation 


7, T - =0, which will give = - f + of 
—r=o0, and fi- f Fr —n*=0; the Reſo- 
luticn of which quadratic Equation gives 


ft — FIN = very near the true Value 
of V. 


After the ſame Manner you may find like Theorems for the 


Roots of biguadratic Equations, or of Equations of any Di- 
menſion whatever, 


305. In general, let x ＋ p — 74 q x = + rx*=3 ＋, 
Sc. A = © repreſent an Equation of any Dimenſions n, 
where A is ſuppoſed to repreſent the abſolute known Term of 
the Equation. Let k repreſent the Limit next leſs than any of 
the Roots, and ſuppoſing x = k + f, ſub/litute the Powers ers of 


k ＋ f in/tead of the Powers of x, and there will ariſe K 

 +pxkFF=r+qxtEFr-+rxtFfiz, Ee. 
+ A =0, or <a diſpoſing the Terms according tothe 
Dimenſions of f.... . . « 


| 
| 


5 
"WP 
© 
— 
8 
O 
= 
2 
= 
: 
2 
— 
O 
O 
2 
A 
D 


k* +nk»w=rxf+nx = p24, &c. 


pT =I ef +1 —1 * K*%—3 f2, T, &c. 


rk*—3 ＋TXUZK.AXxf ATN .- Po +, &c. 


qk*=2+qXx na -x TAN Ak- f*, +, &c. | 


» +AZ Og 


&c. 


— 


where neglecting all the Powers of f after the firſt ttos Terms, 
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— 


A Ty 
I , 7 
- is 
J 
—_— 
Il = 
i *F 
* 1 
Fl, TI 
5 |S 75 
{ix * 
17 07 
Jl 111 
A; 
S it. 
12 | 
Is FE 
71 4 
Il +[ 
XX N 
It 65 
Fl 
= 
i 
8 


. 7 
os | 
7 4 
= 8 
8 1 


vhenee particular Theorems for extracting the Roots of 
Equations may be deduced. - 


306. By this Method you may diſcover Theorems for ap- 
3 to the Roots of pure Powers ;” as to find the n 


Root of any Number A; ſuppoſe & to be the neareſt leſs 
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Root in Integers, and that + + is the true Root, then 


ſhall I= 2K —1 f+nx—= L kn="f*, Ce. = A; and: 
— 


aſſuming only the two firſt Terms, f = , * or, more 
nearly, taking the three firſt Terms, 
f = — , and (taking 1 
1 1A _ hn—af nkn—1 
A—fn Amen fn } 
Fl in 95 ER _ 
” —Rn n—1N 

hos + - e nfn—1 + 2 

(putting m = A-.) = FER... ; which is à ra- 
1. . Xm 
2 


tional Theorem for approximating to f. 


You may find an irrational Theorem for it, by aſſuming the 
three firſt Terms of the Power of & A f, viz. kn + nkn—1 f 
TH- =A, For n -- n x I- 

| So 6 0 


A- n; and reſolving this quadratic Equation, 


you find 7 42 _ 
WS 1 oo 
"bx l 
Bo 2 1 


n= na Xn=—1 42 


In the Application of theſe Theorems, when a near Value of 
f is obtained, then adding it to k, ſubſtitute the Aggregate in 
Place of k in the Formula, and you will, by a new Operation, 
obtain a more correct Value of the Root required ; and, by this 
proceeding, you may arrive at any Degree of Exafineſs. 


Thug 
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Thus, to obtain the cube Root of 2, ſuppoſe += 1, 
En . 


and ( =—=0.25. In the ſecond 
= 4 , ' IIB - 


Place, ſuppoſe #=1. 25, and F will be found by a new 
3 


Operation, equal to 0.009921, and conſequently, 22 
1.259921 nearly. By the irrational Theorem, 


Value is diſcovered for 7. 


asp; . 


— 
— —Uü1[4— . 4 — 
. 
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Of the Method of Series by which you may approxi- 
mate to the Rootg of literal. Equations. 


F there be only two Letters, x and a, in the propoſed 

Equations ſuppaſe a equal to Unit, and find the 

Root of the numeral E nation that ariſes from the Subſtitution, 

by the Rules already given. Multiply theſe Roots by a, and the 
Produtts will give the Roots of the propoſed Equation, 


Thus the Roots af the Equation x*— 16x + 55 =0 
are found, in No. 300, to be 5 and 11. And therefore the 
Roots of the Equation * — 164 ＋ SS o, will be 
5aand 114. The Roots of the Equation & + a*x — 
243==0 are found by enquiring what are the Roots of 
the numeral Equation & + x— 2= o, and ſince one of 
theſe js 1, it follows that one of the Roots of the propoſed 
Equation is @; the other two are imaginary. 


308. If the Equation to be reſolved involves more than tws 


| Letters, as x ,- X — 2a Tay x- y3 = o, then the Value 


of x may be exhibited in a Series having its Terms compoſed of 
the Powers of a and y with their reſpectiue Coefficients ; which 
wille converge the ſooner the leſs y is in reſpect of a, if the Terms 
are continually multiplied by the Powers of y, and divided by 
thoſe of a.” Or, ** will converge the ſaoner the greater y is in 


reſpect of a, if the Terms be continually multiplied by the Powers 


of a, and divided by thoſe of y.” Since when y is very lit- 
? 2 3 5 3 
tle in reſpect of a, the Terms 5, = = 25 55 &c. 


t%xreaſe very quickly. If vaniſh in reſpect of a, the ſe- 
cond Term will vaniſh in reſpect of the firſt, ſince 


=: 25: :: 4. And after the fame Manner? vaniſhes in 
P-; 


aaa of the Term immmediately preceding it 
But 


. WY ms. AS Me © 


the laſt Equation, you will find, 
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But when y is vaſtly great in reſpe& of a, then a is 
; 2 8 
vaſtly great in reſpect _ and - in reſpect of 7 ſo that 


the Terms a, - 5 25 2 &c. in this Caſe decreaſe 


very ſwiftly. In either Caſe, the Series converge ſwiftly 
that conſiſt of ſuch Terms; and a few of the firſt Terms 
will give a near Value of the Root required. 


Fa Series for x is required from the propoſed Equa- 
* « 5 oak he fan, 14 a A. + 2 7 fa : 
to find the firſt Term of this Series, we ul, ſuppoſe y to vaniſh ; 
and extracting the Root of the Equation x3 + a*x - 2 a= 0, 
conſiſting of the remaining Parts of the Equation that do not 
vaniſh with y, we find, by 307, that x S a; which is the 
true Value of x when y vaniſhes, but is only near its Value 
when y does not vaniſh, but cnly is very little. To get a Value 
ill nearer the true Value of x, ſuppoſe the Difference of a 
from the true Value to be p, or that x =a+p. And ſubs 
flituting a + p in the given Equation for x, you will find, 


* + 34 b + 34 f +Þ3 
+ a*x =a3 + 4 
— 24 = — 24 =" 
Ta. = &y+ apy 
— ym 53 1 
= 4 a*p + 34h : i 6 
Jer apy = 


But fince, by Suppoſition, y and p are very little in 
reſpect of a, it follows that the Terms 44*p, a*y, where 
y and p are ſeparately of the lea Dimenſions, are vaſtly 
great in reſpect of the reſt; ſo that, in determining a near 
Value of p, the reſt may be neglected : and from 4 a*p + 
dn co, we find p == — 4). 80 that x=a-+þp =4 


Then to find a nearer Value of p an conſequently of x 
Suppoſe p = —z) + q, and aba this Value for it in 


DIS: +: 23 


— — = — 
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P- ff + rr 25. +, 
3% = 1800 — 447134 
4p =— 4 rf 

ayp = — 7 ay® ＋ ayg 

a%y = a'y 
— =— 5 


== +99 —$18 + 3 
== Os 


li 
0 


— ra — 297 + 349? 
+ 4a'g 


And ſince, by the Suppoſition, q is very little in reſpect 
of p, which is nearly =—+ y, therefore 4 will be ve 
little in reſpect of y; and conſequently all the Terms of 
the laſt Equation will be very little in reſpect of theſe two 
VIZ, — ay*, + 44g, where y and q are of leaſt Di- 
menſions ſeparately : particularly the Term — ! ayg is 
little in reſpect of 44*%q, becauſe y is very little in reſpect 
of a; and. it is little in reſpet of — {5 ay?, becaule q is 
little in reſpect of y. 


Neglect therefore the other Terms, and ſuppoſing — 


T3 40 +4 4*q = o, you will baue g= ft Kg. ſo that 


1 4-14 d * And by proceeding in the ſame 


13197 4. _509y* 
5124 163844? 


Mamner you will find x=a L427 
aa &c, 


310. When it is required to find a Series for x that ſhall 
converge ſooner, the greater y is in reſpect of any Quantity a, 
you need only ſuppoſe a to be very little in rſpect of y, and pro- 
ceed by the ſame Reaſoning as in the laſi Example on the Sup- 
Poſion of y being very little, 


Thus, to find a Value for x in the Equation & - a*x 
＋ S — y*=0 that ſhall converge the ſooner the greater 
y is in reſpect of a, ſuppoſe @ to vaniſh, and the remain- 
ing Terms will givex*—y*=0, or x =.y. So that when 
y is vaſtly great, it appears that x =y nearly. 


But 


a 
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But to have the Value of x more accurately, put x = y 


TP, then | 
* 2 11 ＋ 3b ＋ 3 +#* 
20 


— ax = —- ay 4 
+ azx= ay + op 
— yf—_— 5 | 


85 =F T= e 
+ ay ＋ up: | 
where the Terms 3y*p + ay* become vaſily greater than 


the reſt, y being vaſtly greater than à or p; and conſe- 
quently p = —x @ nearly, | 


Again, by ſuppoſing p=— 14 + g, you will transform 
the laſt Equation into 
— 7 2 ＋ 377 ＋ * 8 
— 4 — 97 — 4 =0; 
we aa, 


where the two Terms 30 — aty muſt be vaſtly greater 
than any of the feſt, @ being vaſtly leis than y, and 4 
vaſtly leſs than à by the Suppoſition; ſo that 335 — 4 


So, andg = — nearly. By proceeding in this Manner, 
you may WOE: the Value of y, and find that 
| a + as Bat 
OC 39 By 2439” * 
which Series converges the ſooner the greater y is ſuppoſed 
to be taken in reſpect of a. 


&c. 


— — - 


311. In the Solution of the firſt Example thoſe Terms 
were always compared in order to determine p, 9, r, &c. 
in which y and thoſe Quantities p, 9, , &c. were ſopa- 
rately of feweſt Dimenſton:. But in the ſecond Example, 
thoſe Terms were compared in which @ and the Quanti- 
ties p, q, 7, &c. were of leaſt Dimenſions ſeparately, 
And theſe always are the proper Terms to be compared 
* N tecauſe they become vaſtly greater than the 
relt, in the reſpective Be 


. In 
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In general; to determine the firſt, or any Term in the Series, 


ſuch Terms of the Equation are to be aſſumed together only, as 


will be found to become vaſtly greater than the other Terms; 
that is, which give a Value of x, which ſubſtituted for it in 
all the Terms of Equation ſhall raiſe the Dimenſions of the 
other Terms all above, or all below, the Dimenſions of the 
aſſumed Terms, according as y is ſuppoſed ta be vaſtly little, or 
vaſily great in reſpect of a. 


Thus to determine the firſt Term of a converging Se- 
ries expreſſing the Value of x in the laſt Equation 
XG x+ayx—y =0, the Terms ay x and —1? are not 
to be compared together, for they would give x = - 


which ſubſtituted for x, the Equation becomes 
6 . 


A +y=p=0, = 

where the firſt Term is more Dimenſions than the aſſumed 
Terms * 5; and the ſecond of fewer: ſo that the 
two firſt Terms cannot be neglected in reſpect of the two 
laſt, neither when y is very great nor very little, com- 
pared with a. Nor are the Terms x3, ayx, fit to be 
compared together in order to obtain the firſt Term of a 
Series for x, for the like Reaſon, 


But x* may be compared with — a*x, as alſo — aaæ with 
— 3 for that End. Theſe two give the firſt Term of a 
Series that converges the ſooner the leſs y is; as x* = y? 
gives the firſt Term of a Series that converges the ſooner 
the greater y is. The laſt Series was given in, the pre- 
ceding Article. The comparing x* with — d& gives theſe 
two Series, | 

ä : 
R ＋ 16. 128 27 125 


| —— — - > . 225 & P 
To 4＋ +5, + 16 a* * 128 a3 * F 
The comparing— a*x with —y3 gives 
e 8 


And 


| 
| 
| 
| 
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And theſe Series give three Values of x when y is very 
little; the laſt of which is itſelf alſo very little in that 
Caſe, as it appears indeed from the Equation, that when 


y vaniſhes, the three Values of x become + a, — a, and o, 


becauſe when y vaniſhes, the Equation becomes * - 
o, whoſe Roots are a, —a, 0. 


312. It appears ſufficiently from what we have ſaid, 
that when an Equation is propoſed invalfng x and y, and 
the Value of x is required in a converging Series, the Dif- 
ficulty of finding the firſt Term of the Series is reduced to 
this; ©* To find what Terms aſſumed in order to determine 
a Value of x expreſſed in ſome Dimenſions of y and a will give 

uch a Value of it, as ſubſtituted for it in the other Terms will 
make them all of more Dimenſions of y, or all of leſs Dimon- 
ions of y, than thoſe aſſumed Terms.” 


To determine this, draw B A and AC at right Angles 
to each other, compleat the Parallelogram ABCD and 
divide it into equal Squares, as in the Figure. In theſe 
Squares place the Powers of x from A towards C, and 
the Powers of y from A towards B, and in any other 
Square place that Power of x that is directly below it in 
the line AC, and that Power of y that is in a parallel 
with it in the Line AB; fo that in the Index of x in any 
Square may expreſs its Diſtance from the Line AB, and 
the Index of y in any Square may expreſs its Diſtance 
from the Line AC. Of this Square we are to obſerve, 
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E 
A 


I. That the Terms are not only in geometrical Progreſſion in 
the vertical Column AB, or the horizontal A C, and t ＋ * 
rallels; but alſo in the Terms taken in any oblique trait Line 
whatever ; for in any ſuch Terms it is manifeſt that the In- 
dices of y and x will be in arithmetical Progreſſion. The In- 
dices of y, becauſe thoſe Terms will remove equally from the 
Line AC, or approach equally to it, and the Indices of y in 
any ſuch Terms are as their Diſtances from that Line A C. 
The Indices of x will alſo be in arithmetical Pregreſſion, be- 
cauſe theſe Terms equally remove from, or approach to the Line 
AB, Thus for Example, in the Terms y?, y*x, y*x?, 
yx*, the Indices of y decreaſing by the common Diffe- 
rence 2, while the Indices of x increaſe in the Progreſſion 
of the natural Numbers, the common Ratio of the Terms 


is = It follows, 


d 2. From 
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2. From the laſt Obſervation, that “ if any two Terms be 
ſuppoſed equal, then ail the Terms in the ſame ſtraigbt Line 
with theſe Terms, will be equal; becauſe by ſuppoſing theſe 
two Terms equal, the common Ratio is ſuppoſea to be a Ratio 
of Equality ; and frum this it follows, that ** if you ſubſii- 
tute every where far x the Value that ariſes for ut by ſuppoſing 
any two Terms equal, expreſſed in the Powers of y, the Di- 
menſions of y in all the Terms that are found in the ſame ſiraight 
Line will be aqual; but the Dimenſions of y in the Terms 
above that Line will be greater than in thoſe in that Line; 
and the Dimenſions of y in the Terms below the ſaid Line 
will be leſs than its Dimenſions in that Line.” Thus, by 
ſuppoſing y? = ya?, we find x* = j&, or x ; and ſub- 
ſtituting this Value for æ in all the Squares, the Dimen- 
ſions of y in the Terms 7, y*x, y, ya*%, which are all 
found in the ſame ſtraight Line, will be 7, but the Di- 
menſions in all the Terms above that Line will be more 
than 7, and in all the Terms below that Line will be leſs 


than 7. 


313. From theſe two Obſervations we may eaſily find a Me- 
thod for diſcovering what Terms ought to be aſſumed from an 
Equation in order to give a Value for x which ſhall make the 
other Terms all of higher, or all of lower Dimenſions of y than 
the aſſumed Terms : vix. oor all the Terms of the Equation 
are ranged in their jroper Squares (by the laſt Article) fuch 
Terms are to be aſſumed as lie in a ſtraight Line, ſo that the 
other Terms either lie all abeve the ſtraight Line, or full all be- 


law it.“ 


For Example, ſuppoſe the Equation propoſed is y7 — 
ay x + j*x* + a*yxr — ax* = o, then marking with an 
Aſteriſk the Squares in the laſt Article which contain the 
ſame Dimenſions of æ and y as the Terms in che Equation, 
imagine a Ruler ZE to revolve about the firſt Squate 
marked at 57, and as it moves from A towards C, it will 
firſt meet the Ferm az*x, and while the Ruler joins theſe 
two Terms, all the other Terms lie above it: from which 
you infer, that by ſuppoſing theſe Terms equal, you ſhall 
obtain a Value of x, which ſubſtituted fer it, will give all 
the other Terms of hizher Dimenſions of y, than thoſe 

Terms: 


| 
| 


> ——— ————— 


— —2—a — 


; 
| 


524 THE ROOTS OF 


Terms: and hence we conclude that the Value of x de- 
duced from ſuppoſing theſe Terms equal, viz. —, is the 
| a 


firſt Term of a Series that will converge the ſooner the 
leſs y is in reſpect of a. 


If the Ruler be made to revolve about the ſame Square 
the contrary Way from D towards C, it will firſt meet 
the Term y*x*, and by ſuppoſing y' 5 =o, we find 
yx, which gives the firſt Term of a Series for x, that 
converges the ſooner the greater that y is. And this is the 
celebrated Rule invented by Sir Iſaac Newton for this Purpoſe. 


314. This Rule may be extended to Equations having Terms 
that involve Powers of x and y with fractional or ſurd In- 
dices ; by taking Diftances from A in the Lines AC and 
AB proportional to theſe Fractions and Surds, and thence 
determining the Situation of the Terms of the propoſed Egua- 
tion in the Parallelogram A BCD. 


It is to be obſerved ae that when the Line joining any 
#wo Terms has all the other Terms on one Side of it, by them 
you may find the firſt Term of a converging Series for x, and 
thus © various ſuch Series can be deduced from the ſame E- 
quation.” As, in the laſt Example, the Line joining 5 
and y x* has all the Terms above it; and therefore ſup- 


poling — ay*x ＋ a*yx* o, we find GE, and x = 


2. which is the firſt T erm of another converging Series 
I WED tt 

for x. Again, the ſtraight Line joining yx* and & has 
all the other Terms above it, — therefore, ſuppoſing 


11 
a*yx* — ax* , we find ay=x*, and x= a , the firſt 
Term of another Series for x, converging alſo the ſooner 
the leſs y is. There are two Series converging the ſooner 
the greater yis, to be deduced from ſuppoſing y = — y*x3, 
or y\xz3=ax*, And, INT all theſe Series, e deſcribe a 

erm of the Equation in each of its 
Angles, 


polygon Zabed, having a 
2 


1e 


E 


9 ” = — - 2 
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Angles, and including all the other Terms within it, then a 


Series may be found for x, by ſuppoſing any two Terms equal 
that are placed in any two adjacent Angles of the Polygon.” 


315. If the Ruler Z E be made to move parallel to itſelſ, 
all the Terms which it will touch at once will be of the ſame 
Dimenſions of y: for they will bear the ſame Proportion 
to one another as the Terms in the Line Z E themſelves. 
The Terms which the Ruler will touch firſt will have 
fewer Dirgenſions of y, than thoſe it touches afterwards 
in the Progreſs of its Motion, if it moves towards D ; 
but more Dimenſions than they, if it moves towards A. 
The Terms in the ſtraight Line Z E, ſerve to determine the 
7 Term of the converging Series required. Theſe with the 

erms it touches afterwards ſerve to determine the r 


Terms of the converging Series; all the reſt vaniſhing com- 


fared with theſe, when y is very little and the Ruler moves 
from A towards D, or when y ts vaſtly great and the Ruler 
moves from D towards A. 


316. The ſame Author gives another Method for diſcover- 
ing the firſt Term of a Series that ſhall converge the ſooner the 
leſs y is. „ Suppoſe the Term where y is ſeparately of the 
feweſt Dimenſions to be Dy' ; compare it ſucceſſively with the 


other Terms, as with E y®x*, and obſerve where — is faund 


greateftl ; and putting —— Sn, Ay will be the firſt Term 
8 ” = 

of a Series that ſhall converge the ſooner the leſs y is:“ For in 

that Caſe Di and Zynx» will be infinitely greater than any 

other Terms of the propoſed Equation. Suppoſe Fyext is 

any other Term of the Equation, and, by the Suppoſi- 


tion, = (Du) is greater than 72 and conſequently, 
multiplying by &, you find 1 greater than /—e, and 
nk + e greater than J; now if for x you ſubſtitute A, 
then Fy-xt = FA iyst +e, which therefore will vaniſh com- 
pared with Dy! (ſince nie is greater than /) when y is 
infivitely little. Thus therefore all the Terms will vaniſh 


compared with Dy! and Ey which are ſuppoſed equal; 
and 
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an | conſequently they will give the firft Term of a Series 


that will coaverge the ſooner the leſs y is. 


Im 


317. If you objerve * when is feund leaſt of all, 

5 
and ſuppoſe it equal to n, then will A ya be the firſt Term of 
a Series inat will converge the jooner the greater y is.” For 
in chat Cale Dy; andZ yoxi will be intini:ely greater than 


Fy:xt, becauſe rene n) being leſs than — it follows 
s 


that 4 is leſs than Ce, and» 4 -þ eleſs than 4, and con- 
ſequently Ty (A ) valily leis than — Dyl, when 
y is very great. 


After the ſame Manner, if yon cempare any Term D y'x?, 
where both x and y are found, with all the ather Terms, and 
m 


olſerve where © is found greateſt or leaſt, and ſuppoſe 


s — h 

5 = n, then may Ay“ be the firſt Term of a converging 
— 

Series. For ſuppoſing that F y is any other Term of the 
l=—mM 
$—þh 
nk—1h be greater than -e, and te greater than I nh, 
But e are the, Dimenſions of y in Hexꝭ when x=4y,, 
and I + 1 are the Dimenſions of y in Eynx: ; therefore 
Hi is of more Dimenſions of y than Ex, and there- 
foie vaniſhes compared to it when y is ſuppoſed infinitely 


— 


little, In the ſame Manner, if —＋ is leſs than - then 


will Ey*xt be infinite'y greater than Fy'x*, when y is 
infinite. 


318. When the firſt Term (Ayr) of the Series is found by 
the preceding Method, then by ſuppoſing x = Ay* + p, and 
fubAlituting this Binomial and its Powers for x and its Powers, 
there will ariſe an Equation for determining p the 2 Term 
of the Series, This new Equation may be treated in the ſame 
Manner as the Equation of x, and by the Rule of 313, the 
Terms that are to be compared in order to obtain a near Value 


4 of 


Equation, if (=) is greater than — then ſhall 


5 
7 
3 
L 
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of p, may be diſcovered ; by Means of winch Terms p may be 
found : which ſuppoſe equal to B y, then by ſuppoſing p = 
By + q, the Equatien niay be trans/ormed into one for de- 
termining q the third Term of the Series, and by proceeding in 
the ſame Manner you may determine as many Terms of the Se- 
ries as you pleaſe ; finding x AN + By*+* + Cy®*r* 
+ D y*-- , &c. where the Dimenſions of y ajcend or de- 
ſcend according as r 1s poſutive or negative; and alivays © in 
arithmetical Progreſſion, that this Value of x being jub/lituted 
far it in the propoſed Equation, the Terms involving y and its 
Powers may fall in with one another, fo that more than one 
may always indolue the fame Dimenſin 4 y, which may mu- 
tually deſiroy each other and make the whole Equation vaniſh, 
as it ought to do. 


It is obvious that as the Dimenſions of y in Ay, 4 
B y + Cya + D yroþ31, &c. are in an arithmetical 
Progreſſion whoſe Difference is r, the Square, Cube, or 
any Power s of A + B + CY + Dy-+3 + &c. 
will conſiſt of Terms wherein the Dimenſions of y will 
contitute an arithmetical Progreſſion having the ſame 
common Difference r; for theie Dimenſions will be zn, 
sn NTr. gn + 2r, n Zr, &c. Therefore, if in any 
Term E y®xs you ſub/iitute for x the Series Ay*+ By®-rc 
+ CY T* DNA, &c. the Terms of the Series expreſ- 
ing EyN̈ will confijt of theje Dimenjucns of y, viz. m + 
sn, m+sn+r, m-þ<sn+2r, m+sn+3r, &c. and 
by a like Subſtitution in any other Term as F y*x*, the Dimen- 
ions of y will be e nk, enk r, enk à2x, 
e TK T Zr, &c. The former Series of Indices muſt cain- 
cide with the latter Series, that the Terms in which they are 
Hund may be compared together, and be ſound equal with oppejite 
Sigus ſo as to deſtroy one another, and make the whoie Equa- 


tion vaniſh. 


The 775 Series conſiſts of Terms ariſmg by adding [ome 
Multiple of x to msn, the latter by adding ſome Multiple 
Frits e + nk; and that theſe may coincide, forme Multipiæ of 
r added to m n muſ? te cgi to ſome other Multiple of r 
added io e + nk. Hom wi! it appear: that the Difforexce 


£ 
7 
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of m +$sn and e + nk is always a Multiple of r ; and con- 
ſequently that r is a Diviſor of the Difference of the Dimenſions 
4 y in the Terms E y"x* and F y*x*, ſuppoſing x = A y*. 

t follows therefore e that r is a common Diviſor of the _ 
ference of Dimenſions of y in the Terms Y the Equation, when 
you have ſubſlituted Ay® for x in all the Terms.” And i r be 
aſſumed equal to the greateſt common Diviſor (excepting ſome 
Caſes afterward to be mentioned) you will have the true Form 
of a Series for x. And now the Dimenſions y, y* +", 

a ＋ , y®-F3t, &c. being known, there remains only, 
Calculation, to determine the general Coefficients A, B, C, D, &c. 
in order to find the Series Ay* + By* +* + Cyn+® 
+ Dy" +** &c. = x. 


319. This leads us to Sir Iſaac Newton's ſecond general 
| Method of Series; which conſiſts in aſſuming a Series with 
undetermined Coefficients expreſſmg x, as A/ + By» ＋ +. 
Cyn+* +, &c. where A, B, C, &c. are Juppeſed as yet 

unknown, but n and r are diſcovered by what we have already 
demonſtrated; and ſubſtituting this every where for x, you 
| muſt ſuppoſe, in the new Equation that ariſes, the Sum of all 
| the Terms that involve the ſame Dimenſion ef y to vaniſh, by 
| which Means you will obtain particular Equations, the firſt of 
| which will give A, the ſecond B. the third C, &c. and theſe 
| 


Values being ſubſlituted in the aſſumed Series for A, B, C, &c. 
the Series for x will be obtained as far as you pleaſe. 


| Let us apply, for Example, this Method to the Equation 

| (of 308) x? + a*x —24' ＋ ayx—y*=0, Suppoſe it is 
required to find a Series converging the ſooner the leſs y is : 
its firſt Term (by 310, or 312) is found to be a, ſo that 
n o. Subſtitute a for x in the Equation, and the 
Terms become a* ＋ 4 — 2 43 + a*%y-— 43, and the Diffe- 
rences of the Indices are o, 1, 2, 3; whoſe greateſt com- 
mon Meaſure is 1, ſo that r = 1. Aſſume therefore 
x=A+By+C*+ Dy, &c. and ſubſtitute this Se- 
ries for x in the Equation. Then 


* 


3j!!! ᷣ ͤ ⁵ ⁵ ⁵ As Cad 
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* An +3LfBy+34B* + By + e. 
+34 Cy* + 34* Dy*+ &c. 


+ 64BCy* + &c. 
TA t & By + a*Cy* + #&Dy* +&c, 
Says = aly+ aBy* + aDy +&c 


—_ 3 = — 2a? 


wn 3 Zoe a+ +++00%+ ++ IX). 


Now ſince x* + ax ayx 2 — y* o, it follows 
that the Sum of theſe Series involving y muſt vaniſh. But 
that cannot be if the Coefficient of every particular Term 
does not vaniſh. For every Term where y is infinitel 
little, is infinitely greater than the following Terms, fo 
that if every Ferm does not vaniſh of itſelf, the Addition 
or Subſtraction of the following Terms which are infinite- 
ly leſs than it, or of the preceding Terms which are in- 
Baitely greater, cannot deſtroy it ; and therefore the whole 
cannot vaniſh, It appears therefore that 1 4 
24 =0, is an Equation for determining A, and gives 
A 0. | | 


In order to determine B, you muſt ſuppoſe the Sum of the 
Coefficients affecting y to vaniſh, wiz. 34 B+ BÞal4 


X YO, or, ſince Aga, 44 By T , and B= Z 
4 


To determine C, in the ſame Manner ſuppoſe 3 A B 
+3 L.Cyf +8 Cys BN o, or, ſubſtituting for 


Aand B their Values already found, — c 


= = o, and conſequently C N And, by proceed- 
131 


ing in the ſame Manner, D ns 3”, ſo thatx 22 


3 
12 a* 


Magn — 5, &c. as we found before in 


+ 320- By this Method you may transfer Series from one un- 


determined 


| 
| 
| 
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determined Quantity to another, and obtain Theorems for the 
Reverlion of Series. | 


Suppoſe that x ay +by*+ cy* dy Ec. and it is 
required to expreſs y by a Series conſiſting of the Powers of x. 
It is obvious that when x is very little, y is 74 very little, and 
that in order to determine the fir/l Term of the Series, you need 


enly aſſume x Say. And therefore y ==; fo that n=. 


By ſubſtituting — for y, you find the Dimenſions of x in the 


Terms will be 1, 2, 3, 4» &c. 6 that r = 1 40%. You may 
therefore aſſume y = Ax +Bx* + Cx +D x+ &c. 
And by the Subſtitution of this Value of y you will find © 


ay =aAx+aBxt+aCx + &c. 
by*2 bA*x*+2bABx* + &c. 
cx AM + &c, 
&c. &c. 


But the firſt Term being already found to be = you haue A 


2 b“ - ac 
ay 


| 

| i h 

| —z and fince a B+ bA*=0, it follows that B = — 
a : | 

| 


| | b After the ſame Manner you will find C = 


— 


Fhence y = LE =Y — + &c. 


321. Suppoſe again you have ax + b x? F Cc x? * x4 + 
&. =gy+hy*+iy* + ky*, &c. to find x in Terms of y. 
You will eaſily ſee, by 313, that the firſt Term of the Series fir 


X 1s — that n=1, r=1. Therefore aſſume x = Ay + 


By: + Cy?, &c. and by ſubſtituting this Value for x and 
bringing all the Terms to one Side, you will have 


LITERAL EQUATIONS, ait 
ax =aAy+aBy* + -+7 0 + &c, 
* 


bx b A®y*+ 2bA By*+ &c. 
Cx3= cA3y' +&c, 
&c &c. 
gy =—8g) 
— A y* „% © © © © — h y* : 
iy 55 cc +» 1 
&c. &c. 
From whence we ſee, firſt, that a A g, and A =, 
2%. That aB+bA?—h=o, and 32 — 35. Tat 
a C+-2bAB-kcA*—i=0o, and define Co IABCAT 


a 
And thus the three firſt Terms of the Series A y+By*++Cy?, 
&c. are known, [See Mr. De Moivre in Phil. Tranſ. 240. ] 
22. Before we conclude it remains to clear a Diffi- 
culty in this Method, that has embarraſſed ſome late inge- 
nious Writers, concerning the Value of r to be aſſumed 
when two or more of the Values of the firſt Term of a Series 
for expreſſmg x are found equal ;” a Correction of the preced- 
ing Rule being neceſſary in that Caſe. And the Author of 
that Correction having only collected it from Experience, 
and given it us without Proof, it is the more neceſſary to 
demonſtrate it here. TY 
It is tobe obſerved then, that in order that the Series A y* 
By +} + Cy*F*+Dy"+3® + &c. may expreſs x, it ir 
not only neceſſary that when it is ſubſtituted for x in the pro- 
poſed Equation D y EVN ＋ F y*x* = ©, the Indices m 
ns, m+ns+r, m+ns+2r, &c. ſhould fall in with 
the Indices e nk, e+nk+r, e+nk +2r, &c. in 
order that the Terms may be compared together to determine the 
Coefficients A, B, C, Cc. but it is allo neceſſary, that in the 
particular Equatiens for determining any of thoſe Coefficients, as 
B for Example, thoſe Terms that involve B ſhould not deſiroy 
each other. Thus the Equation 3 fB— 3 AB — a A= O 
can never determine B, becauſe 3 45 — 3 AB o, and 
thus B exterminates itſelf out of the Equation ; beſides 
the Contradiction ariſing from —a A= o, when A perhaps 
has been determined already to be equal to ſome real 


* x M m In 


— 


> — — — 
— — — — — — >——_—_— 


1 ²— ˙!—— gry, one 


— — IO aro, — - 
— 


— — — — 
— OOO. SPI 


„„ „» ͤ— — — 2 — 


832 T HE ROOTS OF 


In order to know how to avoid this Abſurdity, let us 
ſuppoſe that the firſt Order of Terms in the propoſed Equa- 
tion are, as before, DV, Eynx', &c. and if Ay" is found 
to be the firſt Term of a Series for x, then the Dimenſions 


of y in the firſt order of "Terms, ariſing by ſubſtituting in 


them Ayn for x, will be ns, and the Dimenſions of 
y ariſing by ſubſtituting Ay"»+ Bt Cy tar, &c. for 
x will be m+ ns, iu Tr, m+ ns + 27, &c, Sup- 
poſe that Fy*x* is the next Order of Terms; and, by the 
ſame Subſtitution, the Dimenſions of y ariſing from it 
will be 6 


(becauſe Fy =Fy x Ay"+ Byn+:r CN Tc. = 


FA? E At—1ye+nt+r, &c.) e ul, e+ nkr, 


e+nk+2r, &c. Now it is plain that e muſt coin- 
oide with ſome one of the Dimenſions m + ns, m + ns +r, 
m-+ns+2r, &c. that the Terms involving them may 
be compared together. And therefore, as we obſerved in 
318, r muſt be the Difference of e+nk and m+ns, or 
ſome _ of that Difference. In general, r muft be aſ- 
ſumed ſuch a Diviſor of that Difference as may allow not only 
enk to coincide with ſome one of the Series m+ns, m+ns 
Tr, m+ns-+2r, &c. but as may make all the Indices 
of the other Orders beſides e+n k likewiſe to coincide with one 
of that Series : that is, if Gyf x" is another Term in the Equa- 
tion, r muſt be ſo aſſumed that the Serieff 4-nh, f nh r, 
f+nh+z2r &c. ariſing by ſubſtituting in it Ay*+By®+* 
+Cy®+*", &c. for x, may coincide ſomewhere with the firſt 
Series m + ns,m+ ns +r,m+ns+2r, &c. And there- 
fore we ſaid in 318, that r muſt be aſſumed ſo as to be equal 


to ſome common Diviſor of the Differences of the Indices 


mn s, e+nk, f+nh, &c. which ariſe inthe propoſed Equa- 
tion by ſubſtituting in it for x the firſt Term already known 


Ay. For by aſſuming r equal to a common Diviſor of theſe 


Differences, the three Series 
mns, m+ns+r, m-þns+2r, m-- ns + 3r, &c. 
e Tnk, e+nk+r, e+nk+2r, e+nk+3r, &c. 
f+nh, f+nh+r, f+nh+2r, f+nh+3r, &c. 
will coincide with one another, ſince ſome Multiples of r added 
to m4ns will give e In k and all that follow it in the ſe- 
cond Series, and ſome Multiples of r added to m + ns wall 
alſo give f+ nh and all that follow it in the third Series. It 
is alſo obvious, that, if no particular Reaſon hinder it, : 
| ought 
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ought to be aſſumed equal to the greateſt common Meaſure of 
theſe Differences. Fer Example, if the Indices m þ n 5, 
e+nk, f-+ nh, happen to be in arithmetical Progreſſion, 
then r ought to be aſſumed equal to the common Diffe- 
rence of the Terms, and the firſt of the ſecond Series will 
coincidg with the ſecond of the firſt, and the tirit of the 
third Series will coincide with the ſecond of the ſecond Se- 
ri:s, and with the third of the firſt, and fo on. 

323. Theſe things being well underitood, we are next 
to obſerve that after you have ſubſtituted Ay" + B + 
Cyra, &c. for x in the firit Order of Terms in the 
Equation, the Terms that involve m+ns Dimenſions 
of y will deſtroy one another; for æ Aye mult be a Di- 
viſor of the Aggregate of theſe Terms, ſince they give 
Ay as one Value of x: let x—A4y x Þ repreſent that 
Aggregate, and, ſubſtituting for x its Value A B 
OD, &c. that Aggregate becomes 2p" . 
Car, &c.— A ys R B + Cr, ac. . 
Now the loweſt Dimenſion in x -A XP was ſuppoſed 
to be m+ns, whence the Dimenſion of P, in the tame 
Terms, will be m+ 2 =- , and the loweit Dimenſion in 
B yrs + Gyr Nc. x will ben TINTI - 
= n run r. Suppole again that two Values of x, de- 
termined from the firſt Order of Terms, are equal, aud 
then x —4y] will be a Diviſor of that Aggregate of the 
firſt Order of Terms. Suppoſe that Aggregate now 
& P, which by Subſtitution of Ay" + Byn+r + 
Cy ar, &c. for x will vecome b yr+r+ Cy +2 & 
XP, in which the loweſt Term will now be of 1 + ns 
Dimenſions, ſince in x— 4y'I* x P the loweſt Term is 


ſuppoſcd of m+ ns Dimenſions; and conſequently in 
theſe Terms, the Dimenſion of Pitfelf, is m + ns — 2 1. 


In general, if the Number of Values of x ſuppoſed equal to 
A 7* be p, then muſt X — A alp be a Diviſor of the Aggre- 
gate of the Terms of the firfl Order, And that Aggregate be- 
ing expreſſed by x A NP, in the loweſt Terms, 
the Dimenſions of y in P will be m+ns—pn, that in 


* —A yl? they may be m+ ns, as we always ſuppoſe. Sub- 


fltutein x— Ay"WxP fer x —Ay" its Value B y 
| M m 2 | _ C * 
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+ C y"+* + &c. and in the Reſult By» +*+ Cy®+* +&c,}? 


XP the loweft Dimenſions of y will be pn +pr+m+ngs— 
pn=m-+ns-+pr. | 

324. From what has been ſaid we conclude, that when 
you have ſubſtituted for x in the firſt Order of Terms of 
the Equation propoſed the Series Ayn + By»+ro+Cyn+2r + 
&c. the firſt i'erm of which Ay" is known, and the Values 
of x whoſe Number is p are found equal, then the Terms 
arifing that involve tuns, mn r, m4-ns+27, &c. 
till you come to pr, will deſtroy each other 
and vanith; ſo that the firſt Term, with which the Terms 
of the ſecond Order en can be compared, muſt be 


that which involves m+ ns + pr ; and therefore ſuppoſ- 


wg e nA +pr, or r= e 
bigheſi Value you can give r muſt be the Difference of e I nk 
and m +ns divided by p the Number of equal Values of the 
ar/t Term of the Series. F this Value of r is a common 
Meaſure of all the Differences of the Indices, then is it a juſt 
Value of r ; but if it is not, ſuch a Value of r muſt be aſſumed, 
as may meaſure this and all the Differences : that is, ſuch a 
Value as may be the greateſt common Meaſure of the leajt Dif- 
ference divided by p (viz. — — 

mon Meaſure of all the Differences. For thus the Indices 
mu, nur, mu az, &c. will coincide with 
eu, e+nk+r, e+nk+2r, &c. and with f+nb, E 
n hr, f+nh+2r, &c. and you ſhall always have 
Terms to be compared together ſufficient to determine 
B, C, D, &c. the general Coefficients of the Series aſ- 
ſumed for x, 


325. To all this it may be added, that if x——4y" be a a 


Diviſor of the Aggregate of the Terms of the ſecond Or- 
der Het, &c. then, by ſubſtituting for x the Series A y"4- 
B y»+r+ C. + &c. there vaniſh not only as many 
Terms of the Series involving tus, Mur, u 
ns4+ 2 r, &c. as there are equal Values of the firſt Term 
Ay"; but the Terms involving e + Dimenſions of y 


vanilh alſo; and therefore it is then on:y neceſſary that 


eu AAT coincide with u r; lo that, in that 
en == m-. 


Caſe, you need only take 1 — — ; And 


N — 


— ) and of the com- 


TY 
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2 e 7 be a Diviſor of the Aggregate of the ſecond 
Order of Terms, then the Terms (after ſubſtituting for x 
the Series Ay” + Byn+r + Cyr &c.) which involve 
edn L, en N; en 27, &c. will vaniſh to the 
Term et -x; ſo that, ſuppoſing en? p—rx 
Xr=mn r, you have r ent --, that is, 
to the leaſt Difference of the Indices ms, e+nk, f+n h, 
&c. provided that Difference be a Meaſure of the other 
Differences ; although there may be as many Values of 
the firſt Term of the Series equal, as there are Units in p. 
Or, if that does not happen, r muſt be taken, as for- 
merly, equal to the greateſt common Meaſure of the Dif- 
ferences. | 


326. Suppoſe that the Orders of Terms of the Equation 
can be expreſſed the firſt by x—A*X P, the ſecond by 
-A x Y the third by x—Ay-V x L, &c. and ſup- 
poſe that Eynxs is one of the firſt, Ty one of the ſecond, 
G one of the third, and ſo on; then it is plain that, 
ſubſtituting for x the Series A y*+ B yn-þr ＋ CY ＋ +, 
&c. the loweſt Term that will remain in the firſt will be 
mn 5+pr Dimenſions of y, the loweſt Term that will 
remain in the ſecond will be of er, and the loweſt 


Term remaining in the third of Ar Dimenſions of 


y. For by the ſame Reafoning as we uſed in 323, to 
demonſtrate that, in the firſt Order of Terms x - * 


P, the loweſt Dimenſions of y are pr, we ſhall 
find that, in the ſubſequent Orders, the loweſt Dimen- 
ſions of y in the Terms x- Ay"! x = HCT &c.)? 
X 2 muſt be e HA nr en Ar, and fo 
of the other Terms x—Ay)' x L the loweſt Dimenſions 
muſt be nr. The Indices therefore of the Terms 
that do not vaniſh being 

* * m+ n5s+pr, 

* * * r %, er, 

* * * R * * /+nhb+lr, 


if r be taken equal to T , then will m4+n 54 


pr and e+&n#+qr coincide : and if at the ſame Time r 
be a Diviſor of f+nh—m—ns, and be found in it 
a Number of Times greater than p—, or if r be leſs than 


FA 
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+" = —5, then 7 will be rightly aſſumed. In gene- 
ral, tate all the Owotients erp km £ —.— — \ 
p=—q BA, 
and either the leaſt of theſe, or a Number who 2 
exceeding p—q by an Integer, meaſures it and all the Di 


rences fAnh—m— s, gives r; ſuppeſing p, q, and | In 


gers. But if p, Þ and | are Frattions, you are to take r 7 
that it be equa "FS, n k—m—n S_ fn h—m—n s and 

p—q+Kk p—Il+M* 
fo that K and M = be Integers. Suppoſe, for _ 


. Aeg 


and Tk then putting _ 9 (r=) nt L 


7 r 
1 n * 2 * 
8 +K YOC 755 8 + * 
bann it is Aly ſeen, that 5 and 11 are Fa, leaſt Inte- 
gers that _ be aſſumed for & and M. And that r= 


IF=7 —;3 and therefore mtu r= 5, epnk+ 
gr== = HEY! h + | 1 r= 22, That bs, the Terms of 


the gel Series whoſe Dimenſions are m+ns+p+ K xr, 


m + rj, py M4 xr fall in with the firſt Terms of the 
third Series reſpectively. 
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f A445 NITUDES are ſaid th be equal, which being 
| placed one upon the other, are, or ſeem to be, congruous : 
as Lines, Angles, Surfaces, which being compared by 
mental Appoſition, ate ſeen upon Account of ſome given 
Circumftances to coincide ; and Solid, which penetrate each 
other, and coaleſce into one. But Magnitudes, ſo named 
in à looſer Senſe "becauſe they can be increaſed or dimi- 
niſhed, are ſaid to be equal, which confidered as ich» Hop 


uct the ſame Effetts ; as the Timer, in which a 
moved uniformly is carried over equal Spaces; the Velbcl- 
ties, with which Bodies moved forward are cartied over 


equal Spaces in a given Time; and Forces, which when 
they are oppoſed deſtroy each eib. oy 


And ſince it is manifeſt, that the Form of any given 
Magnitude whatſoever may be varied to Infinity, the 
Quantity being ſtill preſerved, by changing the Situation 
of the Parts: "ad ah when the Congruity of n- 
cannot be immediately perceived upon Account of the Variety 
of Forms and Poſitions, it is nevertheleſs to be mue/tigated 
dy the Mind many Ways; by adding to Congruents, * 
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ſubducting from them, ſome other Congruents, that an Equa- 
lity may appear between the reſulting Magnitudes; or by 
dividing them into Parts, whoſe Equality can be more eaſily 
made known ; viz. Lines into ſmaller Lines, Surfaces, into 
Triangles, and Solids, into Pyramids; or by a ſucceſſive 
Appoſition ; or by a mental Transformation. Thus is made 
known, the Equality between Parallelograms, which have 
the ſame Baſe and an equal Altitude; between a Circle, 
and a Triangle under the Radius and Periphery ; between 
the Periphery of a Circle, and a Line, which it always 
touches while it perfects a Revolution by going forward in 
the Manner of a Wheel; between the curve Surface of 
a right Cylinder, and a Rectangle under its Side and the 
Periphery of its Baſe. 1 


But, becauſe Magnitudes of the ſame Kind, whatever 
may be their Form, can be equal: It follows, that of any 
two Magnitudes whatfotver A, B, either the one A meaſures 
the other B; or that the one A conſiſts of the other B preciſely, 
along with ſome Part 4 it; or, laſtly, that the one A con- 

fits of a Multiple of B, with ſome Part of it; and, con- 

equently, that thoſe Magnitudes will wr joe Ratio to 
each other, Now a Ratio is a certain Habitude of two 
Magnitudes with Regard to Quantity. And becauſe this 
Habitude regards the Relation of Quantity alone excluſive of 
all Circumſtances of Forms and Species, it comes to paſs, 
that it can be expreſſed by no Method, but by Numbers; to 
: 2 by the moſt general Ideas of the Magnitudes them- 
elves. ä Wa LEE 


. Lo 
+ v & a 


De Ratio therefore of the incommenſurables A, B, is 
ineſfable For, if they were to each other, as Number to 
Number; tis plain, that they wou'd be Multiples of ſome 
ſame Meaſure, which is contrary to Hypotheſis. But this 
Ineſfability ariſes from the Incommenſurability : For, ſince all 
Magnitude is eſtimated ſo great, as the Aggregate ariſing 
from the Repetition of ſome other Magnitude of the ſame 
Kind (or at leaſt, from the Repetition of ſome aliquot 
Part of it) may be, (which is itſelf look'd upon as the 
primary Meaſure, becauſe that the Mind acquieſces in the 
. Contemplation 
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Contemplation of it as being intuitively known 3 and 
which is therefore named by an abſolute and moſt general 
Name, Unity): It is manifeſt, that every Magnitude, 
which is incommenſurable with this Meaſure Unity, is ineſfa- 
ble, And the Incommenſurability ariſes from the Diviſibility 
of the Magnitudes : to wit, If of the Magnitude A, there 
is taken any aliquot Part p, ever ſo ſmall, and it be 
ſubducted ſo often as it can be, from the Magnitude B, 
there can always remain ſome Part leſs than the diviſible 
Magnitude p. | 


And hence alſo one or other * the Incommenſurables 
is commenſurable with ſome other Magnitude C, which ap- 
proaches nearer to B, than by any given Difference. 

And therefore the ineffable Ratios of Incommenſurables 
are the Limits towards which the effable Ratios of Commen- 
ſurables approach to Infinity, and to which- they can attain 
nearer than by any definite Difference, but yet never accurately, 
by Reaſon of the Diviſibility of Magnitudes. 


Tis the Province of Arithmeticians, to expreſs any 
iven Magnitudes related in any Manner to any given 
1 But becauſe the Nature of Numbers and 
of Magnitudes can not admit this to be done perfectly, 
they are under a Neceſſity of fly ing to the Aſſiſtance of 
Approximations; that, although they are unable to attain 
to the accurate Values of Maznitudes, they yet may ex- 
hibit other Magnitudes, which may approach nearer to 
thoſe, which were to be expreſſed, than by any definite 
Difference. I ben therefore, in what follows, Ratios are 


confidered as compounded of ſome ſame Ratio — we would 


have underſtood, not the Ratio of the determinate Magni- 
tudes a, b; but indefinitely, a Ratio, of which thiſe Ratios 
may be compounded, which approach nearer ta any given Ra- 
tios, than by any definite Difference 


Now a Ratio is compounded of Ratios, by expreſſmg thoſe 
Ratios; viz. by changing the Terms into Numerals, and 
then. by multiplying Antecedents into Antecedents, and 

B 2 Conſe- 
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Conſequents into Conſequents; and a Ratio is ſaid to be 
compounded of any Ratio, when it is the duplicate, or tripli- 
cate, or guadruplicate, &c. of it. And that, which is com- 
pounded of two equal Ratios, is called the Duplicate of either 
of them; viz. < Duplicate of that Ratio, which is com- 
pounded of one of them and of the Ratio of Equality, which 
in Compoſition makes no Change, which is com- 
pounded of three equal Ratios is called the triplicate of that 
which is compounded of one; that which of four, quadru- 
plicate ; &c, and that, which is compounded of three, is called 
the ſeſquiplicate of that, which is compou of two: And 
univerſally, the Relations of Ratios are derived from the 
Ratios between the Numbers of the equal component Ratios, 
but relative Names are wanting. And the Ratio between 
any Extremes whatſeever in a geometrical Series a, b, c, d, e, 
&c. it ſaid to be compounded of the intermediate Ratio, for 


the Ratio — is compounded of all the intermediate Ra- 


tios 3 = - =, which are equal the one to the 
other d. | 
PROP. I. 


All Ratios of the ſame Inequality are analogous one to the 
ether: that is, The Ratio 5 is duplicate, or triplicate, 


ar ſaſviplicate, or ſubduplicate, &c. of the Ratio 53, or 


of the Reciprocal N. vis, The Ratio g is compoun- 
ded of ſome Ratio, of, which. th is compounded the 
Ratio 5 or the Reciprocal A. 


— 
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I call Ratios of the ſame Inequality thoſe whoſe Antece- 
dents are all ome or whoſe Antecedents are all leſs, 
than their Conſequents. 

75 r, 5, m, a, b, e, d, e, J. 25 h, 


without changing the Ratio =, let the Magnitudes my n, 


become homogeneous with the Magnitudes A, B, and be- 
tween m, and n, let there be a Number of mean Pro- 
portionals 4, b, c, &c. indefinitely great, viz. that the 


Ratio —.— may be taken leſs than any given Ratio, or 
(which is the ſame Thing) that the intermediate Ratio 
5 may approach nearer to the Ratio of Equality, than 


any predefinite Ratio of Inequality, and let the Series be 
infinitely continued each Way: And (becauſe m, a, b, &c, 
aſcending increaſe to a Magnitude greater than any given 
one, and m, , r, 9, &c. deſcending decreaſe to a Mag- 
nitude Jeſs than any given one) if either one or the other 
A, of the Terms A, B, is not in the Series, let it be 
between g and b, viz. let it be greater than g, and leſs 


than be and the Ratio = will be leſs than the Ratio - 


that is, than the Ratio 55 ; and therefore the Ratio — 


will be leſs than the Ratio, — which could have been 


aſſumed leſs than any given Ratio. Therefore à Series 
can be exhibited in which the Terms , n, are placed, 
and of which ſome Term will have to the Term A a Ra- 
tio which is leſs ſhort of the Ratio of Equality, than an 

given Ratio of Inequality; that is, the Terms m, n, A, N, 
are placed in a geometric Series. And thence it appears, 


that the Ratios — 5. are compounded of the fame 
. m 2 m 
Ratio —z or of the reciprocals, _y = 


B 3 PROP. 
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The Analogy which is between Ratios of the ſame Inequa- 
ih is immutable; viz. the Numbers of the component Ra- 


tios are in a given Ratio. For let £ be the ultimate Ra- 

tio of which the Ratios — — of the ſame Inequality 

can be compounded, (for we ſuppoſe that they cannot be 
| compounded of any Ratio, which is much ſhort of the 


Ratio of Equality, and thence that they cannot be com- 
pounded of any other Ratio, beſide the ſubduplicate, or 


ſubtriplicate, &c. of the Ratio E. viz. ſome Ratio, of 
which E. is alſo compounded) now if the Numbers of 
equal Ratios of which the Ratios =, B˙ 
pounded be always called indefinitely x and N, and 
that they be ſuppoſed to be afterwards eompounded of 
the ſubduplicate, or ſubtriplicate &c. of the Ratio 2 


tis evident, that = and N are both increaſed in a double, 
or triple, &c. Ratio; that is, the Numbers of the com- 
ponent Ratios are always in a given Ratio. 


are com- 


All Magnitudes which are in that. Ratio are called the 
Meaſures of the compound Ratios, | | 


Cor. 1. Jf any Magnitude M be put for the Meaſure 
of any Ratio whatſoever, the Meaſures of all other Ratics 
of the ſame Inequality will be thence determined; becauſe 
of the invariable Ratios which they have to the Meaſure 
M: For the Meaſure of the duplicate Ratio, will be 
double; of the triplicate, triple; of the ſeſquiplicate, 
ſeſquialterate ; of the ſubduplicate, ſubduple; of the ſub- 
triplicate, ſubtriple ; &c. &c. therefore the Meaſures of 
thoſe Ratios which verge to the Ratio of Equality are 


infinitely 


Fd 
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infinitely diminiſhed.” And becauſe the. Meſure of > ms 


tin is defined a Magnitude proportional to the Number of 
equal ' Ratios, which are componnded æith the Ratio 1 
Equality a the Meaſure of the Ratio of Equality itſe 
will vaniſh. But the Syflems of Meaſures are varied by. 
increaſing or diminiſhing in any given Ratio the aſſumed 
Magnitude M, and thence alſo the Meaſures which are de- 
termined by it of all the other Ratios; Or alſo, by af- 
fuming for Meaſures other Magnitudes heterogeneous ta the 
Magnitude M. | 


Cor. 2. In a given Syſtem the Meaſure of the compound 
Ratio 55 is the Sum of the Meaſures of the compo- 


nent Ratios , 55 For let three Ratios be com- 


pounded of ſome ſame Ratio 45 of which let z be the 
Meaſure, and let 1 and N be the Numbers of the Ra- 
tios © of which the Ratios of the ſame Inequality = 55 
are'compounded, and (becauſe a Ratio compounded of 
Ratios is compounded alſo of all the Ratios of which 
they themſelyes are compounded) » + N will be the 
Number of the Ratios 55 of which the Ratio IT is 
compounded ; therefore (Cor. 1.) 1 x 2, N x 2, and 
n+N * K, are the Meaſures of the Ratios = 5 
and — But becauſe from the Compoſition of the Recipro- 
cals, g. N, the Ratio of Equality is made, of which there 
js no Meaſure, and becauſe theſe are compounded of the 


reciprocals — 2 equal in Numbers, therefore that 


4 
heir 
a — — — ꝙ⏑ — . wm ů — - + ——— — -. > 0+ 1 . 


#* Preceding Definition, 


3 _- 
w_ 


38 MEASURES OF RATIOS. 


their Meaſures be diſtinguiſbed, and that the Meaſure 
2 campound Ratia may //ill alſa remain equal ta the 
the Meaſures of the camponent Ratios; er 


dl Mecfure dd Rai of either Inoquality, the As. 
hrs 75 _— Regiprocals ought 10 be the ſame, with their 
igns ' 


Cor. 3. nn2t, 1 —%, % 12, 1+22, 14 3 1+ 4%, 
RS a, & e, % . , 2. 

If the Magnitudes n— 2.2, n— , , &c. in an arith- 
meiical Series, be adjoined to the Magnitudes a, b, c, &c. 
in a geametrical Series, one to ane reſpectively, the Meaſure 
of the Ratio between any Terms whatſover in the ge- 
emetrical Series, will be the Difference of the Terms ad- 
Joined. For if the Number of Terms in the Series, 
whole Beginning and End are à and d, be called N; and 
if the common Difference z be put for the Meaſure of 
the intermediate Ratio — ; the Number of the Ratios 
75 of which the Ratio * compounded, will be N-—1, 
whoſe Meaſure therefore (Cor. 1.) is NI 2; which, 
from the Nature of the arithmetical Series, is the Diffe- 
rence of the adjoined Terms. 


SCHOLIVM. 


The numeral Meaſures of Ratios are called Logarithms, 

327 Theſe are uſually fo diſpoſed in a Table, that in 
the * oppoſite to each integer Number the Loga- 
rithm is placed of the Ratio which that Number has to 
Unity. For al! Numbers are in a geometrical Series, 10 
which (as they continually increaſe) Numbers continually in- 
creaſing in an arithmetical Series are under ſtoad to be ad- 
ow 3 whence the Meaſure of the Ratio between any 

erms whatſoever in the geometrical Series is the Diffe- 
rence of the Terms adjoined (q). viz. the Logarithm of 
the Ratio between the Numerator and Denominator of 


any 
be Cor, 5. 


—ͤ— —— 


* _ 
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any F ration whatſoever (5), will be the Term affixed to 
the Numerator diminiſhed by the Term affixed to the 
Denominator. And becauſe in the vulgar Tables the 
Term affixed to Unity is a Cypher, the Logarithm of the 
Ratio of any Number whatſoever to Unity, will be the 
Term itſelf, which is adjoined. And hence is had a moſt 
uſeful Compendium for arithmetical Operations. For 


328. If a Number is to be multiplied by 4 Number, be- 
cauſe the Ratio of the Product to Unity is — 
of the Ratios, which the Factors have to Unity 
Logarithms of the Ratios which the Factor: — 4 to 2 
be added together, the Sum will be the Logar 
Ratio of the Praduct to Unity (c), and the egg 
Number will be the Praduct itfelf. 


329. And if a Number is to be divided by a Number, 
the Difference of the Logarithms of the ane 3 Di- 
tdend and the Diuiſar to U is the 

Ratio of the Quote to Unity (d), and the arr ping 
Number is the Juote itſelf. 


Let r, s, be integer Numbers. It is plain, that the 
Number of Ratios, of which is compounded the Ratio 


which the Power u has to Unity, is to the Number of 
Ratios of which is ——_— the Ratio which u has to 


Unity, as 1 tos; or as - to I (e); and therefore that 
the Number of m—_ of which is compounded the Ratio 
which the Power n* has to Unity, i is to the Nom- 
ber of Ratios of which - compounded 1 Natio 
which u has to Unity, as * to I; Viz. as - to x. 


And henee, if any Power of any Number whatſoever is 
fanghn, the Lagarithm of the Ratio of that Number wk Uni, 
ip 


» 


3 Number 14 76. [4 Nu ber Car, 2. 
i Number 81. Gor, 2. (AK Nundbe — ha. 
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multiplied into the Inder of th Power," whether Integer or 
Fraction (), is the Logarithm of the Ratio of the Pober to 
Unity; and the Number correſponding is the Power itſelf. 
of % ino nt „ ei ian of bonds ms 
33t. Hence, chr Lagarithms of the Ratios, which'the 
Numbers A, B, | 4 to Unity, be callad L, and R; then 
A = B: For the Logarithm of the Ratio which either 
Power has to Unity is the Product of the Logatithms 
S 

. And here Seeg i wich Ine ar ought, 
can be reduced to thoſe; in which" Roots are ſought. As if 
an ＋ ba c; and a, b, c, being given, the Index n be 
ſought : Let 9 and þ be the Logarithms of the Ratios 
of a to 4, and of & to 1; and let c- be nel Ratio whole 
Logarithm is 1. Therefore 4 S ga, and 3" ='g? (b) ; 
hence ga g S e, where the reſt being given, g is 
ſought, whoſe correſponding Logarithm is u, the Index 


ſought. 
4 — 3 * ＋ 211 12.1 
on BAY 7 5-4 on; 
anche e eee. 
k I 2 R f 05 5 
22 „ 
m 1 4 5 We 
3 11 1 xk Ne 10% 1 
olle 55 gu a 1 of 7 : 
M B. C „„ D.; E Fro Gd: Hoi 


In the Series of Magnitudes A, B, C, Sc. the Differences, 
reſulting from the continual Subduction of. the preceding Terms 
from "thoſe which immediately follow, conflitute the Series 
a, b, c, &c. whoſe Terms, ſubducted from thoſe immadintely 
following, give the Series r, s, t, Cc. Oc. T% ay 
8 | — A, 


© (f) Number 83. 85. 145. Cor: 35 (g) Eucl, V. 
Number 83. (% Number 33Tc* +40 n 9 * 
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B— A, multiplied into the Number of Terms leſs one, in 
the Series. whoſe Beginning and End are A, H, is deficient of 
the Exceſs H— A, by the Sum x 2. Zu + 4t, Cc. 
or (if the Number of Terms 0 the Series A, B, C, &c. be. 
N; and the firſt of the third Differences, be m; the firſt of 


— 1 


the fourth, n; and fo of the reft) by the Sum * 
8 nn X 1 N 


n 
Part 1ſt. Becauſe (by Hypotheſis) B — Ag a, C—B 
b, and ſo on; it is manifeſt that the Difference of the 
Extremes H — A is equal to a + 6 + © &c. the Sum of 
the Differences: But (by Hypotheſis) b =a+r, 25 
+ s and ſo on; therefore c g +r +5,*andd = @ + 
7 +5 +4, and ſo on continually ;- whence the Difference 
H—A is equal to the Series following OO 


PATON | 
Fahne „ 
a+r+5+t | 
a+r+5+t+4 
a+r+5+t+u+w * od 4 
a+r+5+t+u+w+x; and it is plain, that the 

Sum of this Series is equal to the Sum N- IX a + 
N—2Xxr +N—3xs+N—zg x t, &c. whence 
N —1 Xx 4 is deficient of the Exceſs H — A by the Sum 
N—2 xr +N—3 xs+N—4z xt, &c. or (com- 
puting backward) by the Sum x + 2w + Zu + 4t &c. 
Part 2d. Becauſe s =r +m, and t =r +m +1, 
and ſo on; and after the ſame Manner, i = m u, and 
k=m +n p, and fo on continually ; the former Se- 
ries will be changed into the following one. *. 
a+r 
a+2r mm 
a+3r+ 3zn+ „ 

a+4r+ om+ qn+ Z 

a+5r+lom+lion+ 527+ T 

a+br+15m+201+15Z+6T+Q; where tis ob- 
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vious that the Coefficients of the Term à viz. Units, are 
F gurates of the firſt Order, whoſe Number is N Is, in 
Paſthat's arithmetical Triangle; and the Coefficients of 
the Term 7, via. 1, 2, 3, &c. are Figurates of the ſecond 
Order, uhoſe Namber is N 23 the Coefficient of the 
Term m, are Figurates of the third Order, whoſe Num- 
der is N—3; and ſo on continually (a): W hence b 

the common Methods of ſumming the Series of theſe 
Figurates (5), the Sum of the Series is equal to the 
N—1 N-—z „NL: N—1 N—2 


Sum * 2 * * 

E22. — — „s, 
— IE, — 2 
ee. 


* T + 
hd Wome : x 
» D Q=H—A 


. 4 : & 4 a ty — x, 
| a, >: 6, „ . 

A, By C, D, E, F, G, E, 
If A, B, C, Oc. be cantinuad Proportional, and N remain 
unchanged, the nearer the intermediate Ratio 4 approaches to 


the Ratio of Equality, i. e. the ſs the Ranis 5- of the 


Difference of the Terms is ts the leſs Term, the nearer always 
will the Ratio be approach to the Ratio of Equality, 
For Magnitudes continually proportional are proportional 
to their Differences (c): Therefore, becauſe B: A:: 5: 15 

y 


» „ lh * EY 1 n 


(e) Number 23. (6) Number 27. (c) Eucl. V. 19. 
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by Diviſion BB: A:: 5 — 4: 4, thatis, a: A: :: 43 
therefore the Ratio 4 being diminiſhed, the Ratio — is 
alſo diminiſhed ; and thence alſo the Ratio, which w_ 
Multiple of the Magnitude r has to a; the Ratio alſo — 


= — (for B: A:: 5:7) is diminiſhed, therefore the 


Ratios = and 7 are diminiſhed, whence the Ratio 


_ will be diminiſhed ; and thence the Ratio, which any 
Multiple of the Magnitude s has to a, will be diminiſhed ; 
| and the Ratio — being diminiſhed, it's Duplicate — (for 
, 5, t, are continually proportional) is diminiſhed ; there- 
fore the Ratios þ and - are diminiſhed, and thence 


the Ratio, which any Multiple of the Magnitude t has to 
a, is diminiſhed, After the ſame Manner the Ratio, 
which any Multiple of the Magnitude 2, has to à is di- 
miniſhed; and ſo on continually, Now all theſe Ratios 


will be conſiderably diminiſhed, becauſe the Ratios = 


and . are conſiderably diminiſhed 3 and therefore the 
Ratio which the Sum x + 20 + 32 &c. has to a will be 
conſiderably diminiſhed, and thence alſo the Ratio which 
this Sum x + 2 + 3, &c. has to N — 1 x a will be 
conſiderably diminiſhed; and the Ratio Es will 
verge to the Ratio of Equality. 


' Cor. 2. Bae 
A, B, C, D, E, F, G, H.. I, K, L, M, N, O, P, Q: 
The Extremes verging to an Equality, and N remaining 


unchanged, 
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unchanged, the Ratio — —_ 5 verges to the Ratio of 


Equality ; and thence the Exceſſes, by which the Terms B, C, 


D, Ec. exceed the Term A, divided by that Term, vix. 


— | _— 2 2. Sc. verge to the Meaſures 


of the Ratios ＋ 1. =, c. Fot if the Number 


of Terms in a Series whoſe Beginning and End are an 
Extremes whatſoever A and E be called N, and 


3 


be put for the Meaſure of the intermediate Ratio 2 then 


N — will be the Number of the Ratios 4 of which the 
Ratio 1 is compounded; whoſe Meaſure therefore (Cor. 1. 


EK» | 
which verges to the 


A 
Quantity But Quantities continually proporti 
onal are proportional to their Differences, viz. 8 _ — 
C — B D — C 


F &c. are conſtantly equal to each 


other, and the Meaſures of equal Ratios are equal and 
therefore if the Terms I, K, L, &c. be placed in a con- 
| K - 
| t G 

will be the Meaſure of the Ratio S and | 7 => 
will verge to the Meaſures of the Ratios A 4 &c. in 
the ſame Syſtem, 5 11 3 


tinued Order any where in the Series continued, 


Cor. 
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os 3 ry 21. t. * ** | web I) 
ih a. 4 fo 
B, C 'D, E. F, G. H, 


A5 
Th 1 Things being ſubpaſed, the Meaſure of the Ratio 
between any determinate Extremes whatſoever, H, and A, 


will be always leſs than AS, for the Sum x + 2 + 
3, c. vil not vaniſh, 


Car. 1 The Kur werging to an E auality, and 
the  interntediate Ratio remaining unchanged, the Ratia 
r verges to the Ratio of Eguality. For the Dif- 
ference of the Extremes H and A is equal to the Sum of 
the Differences g + f Te, &c. and in like Manner the 
Difference of the Extremes F and A is equal to the Sum 
of the Differences e ＋ d c, &; but (becauſe the Dif- 
ſerences a, b, c, &c. inereaſe perpetually) the Ratio of the 

eater Sum of the Differences g +f + 6) &c. to the 
leſs: Sum of the Differences e d + c, &c. is greater, 
than® the Ratio which the greater Number of them has to 
the leſs Number of them; that is, (if the Number of 
Terms in the Series whoſe Beginning and End are A and 
F. be called n) the Ratio of H—AtoF—A is greater 
than the Ratio of N —1 to a — 1, or than the Ratio of 
NaF Xa ton—1Xa(d); and by Alternation, the 
Ratio of H A to N- I x @ is greater than the Ra- 


tio of F — A to a — INA; Viz. the Ratio - — 7 . 
is leſs ſhorr of the Ratio of Equality. 8 


1 C, H F 8 
I A, B, C, H, ff ſecond Series 


6,4 „ N h, i, kh, h mn, 218 
A, g, p, D, B, 5, E, n, C, E, 5, 2, 'H third Seien 
The Extremes a unchanged, and N being increaſed, 


. CE — E—＋609 9 „„ Won) —% - we „% wn. oc =. - 


(d) Eucl. viii. 18. 


— 
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B—AxN— I is diminiſhed. For let there be two Series, 
having their Beginning and End the ſame, A, and H; 
and let the Number of Terms be N, and u: And if a 
third Series be made whoſe Beginning and End are alſo 
the ſame A and H, and in which the Number of Terms 
leſs one is a Number P, which N — 1 and 2 — 1 will 
meaſure; the Terms of either of the former will be the 
ſame with thoſe Terms of the third Series, which ſhall be 
taken at Intervals, by omitting a Number of the Terms in- 
tervening, equal to the Quote of the Number P divided 
N , ora I, reſpeRively, Let the Differences 
of the Terms in this third Series be a, 6, e, &c; the 
Number of Differences a, b, c, &c. of which either Dif- 
ference B—A, or D — A, conſiſts, is P divided by the 
reſpective N — 1, or n — 1, and therefore the Numbers 
of the Differences a, b, c, &c. of which the Differences 
B—A and D— 4, conſiſt, are as 2 — 1 to N (e), 
that is, inverſely as the Numbers of the Terms in the 
Series, A, B, C, &c. and A, D, E, &c. diminiſhed by 
Unity. But (upon Account of the perpetual Increaſe of 
the Differences) the Ratio which d + 4142 the 
greater Sum of Differences has to the leſs Sum of Differ- 
ences ce +& +@ is greater, than the Ratio which: theic 
er Number has to their leſs Number; via. N= 1 
ing increaſed in any Ratio, B—A is diminiſhed in 2 
greater Ratio; and conſequentty B—A x N— is 
Cor. 6. d, 6, c, 4, e, 7. . | 
A, B, C, D, E, F, G., H, 
The Ratio of H AN — 1 X a ts leſs than the Ratio 


of the Extremes 1 For (upon Account of the Differ- 


ences a, b, c, &c. always increaſing) the Ratio of the 
Sum of all the Differences g + f + e, &c. to the leaft 
Difference multiplied into their Number, viz. to N — 1 


X 4 


„ % A 


- - 


ud ads i ˙ NL -A „ _ +> 
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„ 4, is leſs than the Ratio of the greateſt Difference to 


the leaſt, viz, than the Ratio of =, or I. and there- 


fore leſs than the Ratio TD 
Cor. +; The Extremes remaining unchanged, and N 


being ſufficiently great, N — 1 x a will approach nearer to 
an invariable Quantity, than Ly any definite Difference: to 


wit, N may be aſſumed of a Magnitude ſo great, that 


though it ſhould be again and ever ſo much increaſed, yet the 
Ratio between N — 1 X a firſt aſſumed, and N —1 x a 
again aſſumed, fhall differ from the Ratio of Equality 40 
than by any aſſigned Difference. For N may be indefinitely 
increaſed, while (Cor. EY N -I xa is in the mean 
Time perpetually diminiſhed ; but the Ratio of the given 
Quantity H—AtoN—1 xa is always leſs than the 


given Ratio ＋ (Cor. 6.); therefore if N ſhould be 


perpetually increaſed, N — x 1 @ will verge to an invari- 


able Quantity. 

Cor. 8. The finite Number of Terms N remaining un- 
changed, let the Ratio 4 be indefinitely diminiſhed ; the Ex- 
tremes A and H will come nearer to an Equality than by any 
predefinite Difference; and N — 1 * a (Cor, 1.) will be 
equal to the * of the Extremes H — A; (to wit, 
their Ratio will approach nearer to the Ratio of Equality 
than any predefinite Ratio 4 Inequality will) and thence it 
appears, that the Terms A, B, C, &c, will be equidifferent ; 


and that, if be put for the Meaſure of the Ratio 
B — 

* then = 2 2 will be the Meaſure of the Ratio 
H 


T And the contrary. Now if the Extremes remaining un- 


changed, N be any how W the Ratio between H — A 
and 
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and N—1 X a will (Cor. 6.) remain nearer always ty 
the Ratio of Equality, than the Ratio al z and therefore if 


=== be always put for the Meaſure of the intermediate 


Ratio — the Meaſure of the Ratio = will remain un- 
varied; to wit, it will differ leſs from a given Quantity, 
than by any predefinite Difference; and therefore, if N be 
underſtood to be indefinitely increaſed, ſo that every Magni- 
tude of the ſame Kind, which is neither leſs than; A nor 
greater than H, may be placed in this Series, tis evident, 
that the Meaſure of the Ratio between any ſuch Magnitude 
whatſoever, and the Term A, will be the Difference of the 
Terms divided by the leſs Term. 


"ag Cor. 9. | 

A, B, C, D, E, F, G, H, - "2A I, K, L, M, N, O, P, Q 

Let the Series now be continued on, untill, the Exceſſes by 
zuhich the Terms I, K, L, Sc. exceed the Term A, may 
have ſome conſiderable Ratios to the Term A; (but you are 
to conceive a Number of Terms indefinitely great to be 
placed between H and I,) and (becauſe that in approach- 
Q—A P—A 
n 
decreaſe and verge (Cor. 4.) to the Meaſures of the 


ing to the Term H, 


„ Ke. perpetually 


Ratios 2 &c. and becauſe every. Magnitude of 


the ſame Kind is placed in this Series continued each 
way) tis evident, that the leſs the Quote is of the Difference 
of any two Magnitudes whatſoever. divided ly the ſmaller, the 
nearer always will this Quote approach to the Meaſure of 
the Ratio of the Magnitudes; and therefore the nearer 
alſo will the double, or triple, &c. of this Quote, approach 
to the Meaſure of the duplicate, or triplicate, &c; Ratio; 
wherefore the Extremes remaining unaltered, and the Num- 
ber of mean Terms being in any Manner varied, let the 
Difference between the two firſt Terms divided. by the So” 


12 HI gs ft, 


lo] 


. 


8 
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be always indefinitely called x, and let the Number of Terms 

bs always N; by haw much leſs x 1s, by ſo much always will 

N—1 Xx approach nearer to an invariable Meaſure of 

the Ratio I. And it wil approach nearer than by any 

ered Difference, if the ſecond Term aſcends not beyond the 
RES © th" 


erm 


Cor. 10. ** ”, z, A, B, C, D, E, F, G, H, 
And if the Terms, A, 2, y, &c. be placed in the Series 
continued the contrary” Way, and if the OP Ratio 
verges to the Ratio of Equality ; — * , — * — &c, 
will verge (Cor. 2. P. 2.) to the Meaſures of the Ratios 
- 2 &c. which are the Reciptocals of the Ratios 
* = &c, But they alſo verge to the Quantities 


=2, L=2; &c. becauſe the Series 5, z, A, B, 
continued each Way, and finite, verges to an arithme- 


del Series; therefore A, L, det. will verge to 
the Meaſures of the Ratios , * &c; and all Things 


which were before demonſirated in the Series A, B, C, 
Sc. have Place - x (with the proper Changes (g.) in the 
Series, A, 2, y, Oc. | 


| e SRD. | 
B. c, D. F. F, d, H, U. K. L. M, N. O, P. G 
Let all the Terms, A, B, C, &c. be now changed into Nu- 
meral, and the Series be conceived' to be continued each Way to 
- 2 Infinity, 


-» 
— — . * * 3 


(f) Cor. 8. e) Cor. 2. P. 2. 
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Infinity, all Numbers will be placed in this Series ; and if 
— be put for the Legarithm of the Ratio * then 
— will be the Logarithm of the Ratio T; and — 
XN -I will be the Legarithm of the Ratio between any 
Extremes * Q and A; and will remain invariable, 
however the Number of mean Terms be varied, fo that the 
ſecond Term aſcends not beyond H (h). 
Logarithms of this Kind the maſi noble Lord Napier Baron 
V Merchifton in Scotland invented, and. they are called I 
Hyperbolic (i). 


B — A 


r. 2 


— —— — . 


Cor. 12. Hence, if 


be given, the Logarithm of 


MW 


any Ratio whatſocver =, will be as N—1; and if N be 


. 


ou that is, if A alſo 


be given, as B—A; that is, if A be Unity, as the Exceſs 
above Unity of the Root of the Term Q whoſe Index is NI. 
For if Unity begins the Series, every ſubſequent Term is 
a Power of the ſecond Term, whoſe Index is the Num- 
ber of Terms reckon'd to that Term excluſive (4), viz. 
if from two Numbers, which are both greater or both leſs 
than Unity, be extracted the Roots of the ſame Power whoſe 
Index is indefinitely great, the Exceſſes of theſe Roots above 
Unity, will be as the Logarithms of the Ratios which thoſe 
Numbers have to Unity; that is, the greater the Index of the | 
Power is, the nearer will the Ratio of the Exceſſes approach £ 
to the Ratio of the Logarithms. Theſe Things are all 
evident in the hyperbolic Syſtem, and by (Prop. 2.) the 
ſame have Place in every other Syſtem. 


fs  * * 


given, the Logarithm will be as 


4125 Wl = „ = kK, % pry 


Cor. 13. And if for the Eogarithm of any Ratio what- 
foever be put it's hyperbolic Logarithm multiplicd into any 
| numeral 


Lad = ftoandkd Wd 


* (þ) Cor. 8. (5 Cor. 3. | (90 76. 
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uumeral Quantity M, the Logarithms of all other Ratios 
Prop. 2.) will be their hyperbolic Logarithms multiplied into 
the ſame Quantity; but the hyperbolic Logarithm of any given 
Ratio is invariable (I), that is, there is but one Sy/tem of 
hyperbolic Logarithms ; therefore the Logarithm of any given + 
Ratio is as that aſſumed Quantity M, which is called the 
Module of the Syſtem. | 


Cor. ** A, B, Go D, E, F, G, . 
Becauſe the Logarithm of the Ratio H is H * A 


If that Logarithm be called L ; then — x M =L, 


and H—-A x&M =L x A; whence H- A: L:: A 
:M (m), that is, the Exceſs by which any Number whatſ1- 
ever exceeds the Subtrahend A, tis to the Logarithm of the 
Ratio, which it has to the Subtrahend, as the Subtrahend is 
to the Module of the Syſtem; provided that this Ratio ap- 
proaches very nearly to the Ratio of Equality, And 
hence the Exceſſes by which any two Numbers whatſnever 
exceed a given Subtrahend A are as the Logarithms of the 
Ratios which 'they have to the Subtrahend (n), provided that 
they are placed in the Series on the ſame Side of the Number 
A, and that the three Numbers are very nearly equal ; viz. 
the nearer my approach to an Equality, the nearer the 


x M: 


Ratio of the Exceſſes approaches to the Ratio of the Lo- 


garithms, 


The Ratio whoſe Logarithm is the Module of the 
Syſtem is called the modular Ratio, 


Cor. 15. The modular Ratio is the ſame in all Syſtems, 
For the Modules of two Syſtems are as (Cor. 13.) the 
Logarithms of any given Ratio in thoſe Syſtems ; and 
thence *tis evident, that the Modules themſelves are the 
Logarithms of ſome ſame N to wit, If the Modules 

3 | be 


1 


(1) Cor. 7. 9. () Euel. vii. 19, (=) Eucl. v. ii. 


— — ——— — * 
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be called L, and M, and - be the modular Ratio in the 
Syſtem whoſe Module is L, L will be to M, as L to the 
Logarithm of the Ratio 7 in the Syſtem, whoſe Mo- 


dule is M, therefore that Logarithm is M: viz. 2. is all 


8 
the modular Ratio in the Syſtem whoſe Module is M. 


Cor. 16. Every Number is a Power of the Number, 
whoſe Ratio to Unity, is the Modular ; the Index of which 
Power is the hyperbolic Logarithm of the Ratio of that 
Number to Unity. For the Logarithm of the Ratio of 
the Number to Unity multiplied into the Index of the 
Power gives the Logarithm of the Ratio of the Power to 
Unity (), and the hyperbolic Logarithm of the modular 
Ratio, is Unity, which in Multiplication makes no Change. 


By Number I every where underſtand, every numeral 
Quantity, whether Integer, or Fraction. 


2 SCHOLIUM. 
333. The Logarithms of all Ratios cannot be accurately 
exhibited. For if they could be perfectly expreſſed, and 
integer Numbers ſhou'd be taken in the Ratio of the Lo- 
garithms, it wou'd follow, that all Ratios cou'd be com- 
pounded of ſome ſame Ratio, and that the Numbers of 
the component Ratios were thoſe aforeſaid Integers re- 
ſpectively ; that is, all Numbers cou'd be accurately placed 
in a geometrical Series, whoſe intermediate Ratio ſhou'd 
be that of determinate Magnitudes : And thence alſo 
there cou'd no Ratio exiſt, which ſhou'd approach nearer 
| to 


4 * 
— 0 — — 


947 7 


ote's Harmonia Menſurarum, 
Prop. 1. Schol. 2. and the next Prop. of this. 


A 
\ 
{ 
: 
{ 
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to the Ratio of Equality, than that intermediate Ratio; 


viz. the Ratio of the Difference of two Terms any 
where adjacent in a Series to either Term cou'd not be 
any further diminiſhed, and that Difference wou'd be in- 
viſible. Which is abſurd (a). 


334. But becauſe a Series can be exhibited, in which are 
placed the Terms m, n, of any given Ratio =, and alſo 
ſome Terms, whoſe Ratios to the Terms of any other 
given Ratio J. ſhall approach nearer to the Ratios of 


Equality, than by any definite Difference; it follows, 
that if any given Number whatſoever be put for the Loga- 


rithm of the Ratio —, the Logarithm of a Ratio, which 


Hall come nearer to the Ratio > than by any given Dif- 
ference can be exhibited (b). 


335. But the Logarithms of all Ratios, whoſe Analogy 
to the Ratio — can be accurately expreſſed, may be accu- 
rately found; viz. whoſe Terms are placed in the fame 


Series with the Terms m, and n, the intermediate Ratio 
of which is that of determinate Magnitudes. Thus if 2 
be put for the Logarithm of the Ratio of 5 to 3, that is, 


of the Ratio of the Fraction 2 to 1 ; the Logarithms 
of all Ratios, whoſe Terms are placed in the ſame Series 
with the Terms E and 1, will be effable, viz. the Lo- 
garithms of all the Ratios, which the Powers of the 
Number >, whoſe Indices are rational, have to Unity : 
4 | Becauſe 


"_ — 


(a) Definitions, (b) P. 1. 
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Becauſe, every one of thoſe Powers is placed in the ſame 
5 


Series, with the Terms = and 1, whoſe intermediate 


Ratio is that of determinate Magnitudes. As for Ex- 


9 -/ 
TTY 


5 


ample I, 2, and , are placed in a Series, whoſe in- 
termediate Ratio, is that of the determinate Magnitudes 
IT | | 
Z and I, Viz, the Ratio, which the Root of the Num- 
ber, 2 of the eleventh Power, has to Unity: Now 
9 


v @ 


becauſe the Number of the Ratios K to 1, of which 


the Ratio L to 1, is compounded, is 11; and the 


a * of 
Number of the ſame Ratios, of which the Ratio 2 to 
I, is compounded, is 93 and becauſe 11:9 :: 1 


and becauſe (by Hypotheſis) 2 is the Logarithm of the 
Ratio of 7 to 1; therefore 11 will be the Logarithm 


9 
TT 
to 


of the Ratio of ) I. And after the ſame Manner 


the Logarithms of the Ratios which the other Powers 
have to Unity will come out, by multiplying their re- 
ſpective Indices by the Logarithm of the Ratio which 


T has to 1. 


336. Thus alſo, if Unity be put for the Logarithm of 
the Ratios of 10 fo I, the Logarithms of all the Ratios, 
woich the Powers of the Number 10 whoſe Indices are rati- 

onal 


* 
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enal have to 1, vill be Fable. As for Example, the Lo- 


EL 


2 3 * 
garithms, will be effable of the Ratios _ =, — 


1 
tr | — 2 
10 10 . 100 1000 J 10 
—, —» Viz. of the Ratios —, —, —, —, 
I I I I I 1 
11 : 
4 100000 and theſe Logarithms will be 2, 3, 5 5 3, 
I 2 <4 T1 


reſpectively; becauſe 1, 10, and all thoſe Powers are 

placed in a Series, whoſe intermediate Ratio is that of 
66 

the determinate Magnitudes / 10 and 1; viz. the Ra- 

tio, which the Root of the Number 10 of the ſixty- ſixth 

Power, has to Unity: And the natural Numbers, 1, 2, 3, 

Sc. will be the Logarithms of all Ratios, which are com- 


; 5 | 10 
pounded in the Ratio 71 Viz of the Ratios 2 "7b 


337. But the Logarithms of all the other able Ratios 
ewill be ineffable. Example, the Logarithm of the Ratio 
of 6 to 1 will be ineffable, becauſe no Series can be ex- 
hibited, in which 1, 10, and 6, are placed; but 6 is a 
Power of 10, whoſe Index is the ineffable Logarithm of 


the Ratio =; that is, Becauſe 1 and 10 are placed in the 


ſame Series with ſome Number u, whoſe Ratio to 6 can 


come nearer to the Ratio of Equality than by any aſſigned 


Difference, and thence, becauſe the Logarithm of the Ratio 


1 can always be accurately exhibited, if there be taken a 


Power of 10, whoſe Index is that Logarithm, the Number n 
will come out (c): And if again there be taken the Logarithm 
of 


(c) Number 331. 
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of a Ratio which comes fill nearer to the Ratio of - vz. 
if (as it is uſually expreſſed, the Logarithm of the Ratio 
of = be to be found more accurately) there be taken a 


Pawer of the Number 10, whoſe Index is the laſt faund Lo- 
garithm, there will come out a Number n nearer to the 


Number 6 than before, and ſo on to Infinity. 


338. But in the hyperbolic Syſtem the Logarithm of no 
a Ratio is aſſumed : But * — all to be nad Or 
from their Ratios to the infinitely ſmall Logarithm of 
that Ratio, of which all Ratios are ſuppoſed to be com- 
pounded (d). ro. | | 


339. tn this Syſtem therefore the : Logarithm of no given 
Ratio can be accurately found, Let the Ratio 75 be given, 


and between 1 and Qlet there be taken ever ſo many mean 
Proportionals: And if the firſt of thoſe mean Proportionals 
be s and the Number of the Terms of the Series be N, viz. 
if 5 be the Root of the Power of the Number Q whoſe 
Index is N — 1, and if 5 — £ be put for the Logarithm 


of the Ratio —, then 5 — 1 x N 1 will be: the Lo- 
garithm of the Ratio Tec. 


340. After the ſame Manner the Logarithms of any given 
Ratios whatſoever may be accurately determined, but in dif- 
ferent Sy/lems: And the Indices of the Powers being indefi- 
nitely increaſed, all thoſe Syſtems will verge to Identity, and 
at laſt coaleſce into one, viz. the Hyperbolic (JJ. 
py W = | 341. 


= pn 8 Al C - 
ä 2 the 8 PF 


Ia Cor, 11. (e) Car. It. (f) Cor. 7. 


12, 0 


tio 
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341. Therefore i there be taten the Noot 4 any Number 
whatſoever, ef a Power whoſe Index is ſufficiently great; 
and the Exceſs by which the Root exceeds Unity (g), be mul- 
tiplied by the Index of the Power ( h) ; the hyperbalic Laga- 
rithm of the Ratio of that Number to Unity will come out 
very nearly (i). And the Logarithm found after this Manner 
of the decuple Ratio, is 2.302585, Sc. Kale 


This Hyperbolic Sy/tem-was the firſt, which Lord Napier 
the moſt ſagacious Inventor of Logarithms hit upon. 
He afterwards found out others more .commodious for 
practical Uſes: byt, whilſt he was intent upon bringing 
them to Perfection, he changed this Life for a better. 
Mr. Henry Briggs the firſt of the Savilian Profeſſors of 
Geometry at Oxford perfected and publiſhed bis Logarithms 
leſs than the hyperbolic by more than Half. 


For he put Unity for the Logarithm of the decuple Ratio, 
to the End that the Logarithms correſponding to the Numbers 
continued in the decuple Ratio, viz. I, 10, 100, 1000, &c. 
might be o, 1, 2, 3, &c. which are called Charafteriflics, 
becauſe they ſhew how many Places the Numbers corre- 


{ponding go beyond the Place of Unity. 


Therefore, the Logarithm correſponding ta every Number, 
greater than Unity and leſs than Ten, will be leſs than Unity ; 
viz. a Fraction; and the Logarithm correſponding te every 
Number, . placed between 10 and 100, will be between 1 and 
2; viz. Unity with a Fraction adjoined, and /o on can- 


tinually. 


342. And becauſe the Diviſion of any Number whatſo- 
ever (whether integer, decimal, or mixed) by any Power of 
Ten, may be done by moving the ſeparating Line ſo many 
Places toward the ſoft Hand, as. there are Units in the 
Index of the Power (4); and becauſe the Logarithm of 

ors the 


52 ——— 2 ** 2 


(g) Cor. 12. (Y) 330. (i) 340. (I) 133. 
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the Ratio of a Quote to Unity, is the Difference of the 
Logarithms of the Ratios of the Dividend and Diviſor to 
Unity (J); therefore the Logarithms, which correſpond to 
Decimals, or mixed Numbers, are found from the given 
Logarithms of Integers by ſubdufling ſo many Units from 
the Characteriſtic, as there are decimal Places cut off. As 
may be ſeen in the following Series. 


Numbers 83749 4. 922979 Logarithms 
83749 | 3- 922979 
837,49 | 2: 922979 
$3,749 | 1.922979 
8.3740] . 922979 
583749 —I. 922979 
„083749 —2. 922979 


343. The Legarithms of Decimals thus emerging will 
bave their integral Parts, viz. their Characteriſtics negative ; 
and the other Parts affirmative. And if the laſt Figure to 
the left be a Decimal, or a Centeſimal, &c. the Cha- 
racteriſtic will be —1, or —2, &c. (m) 


344. Whence f the Number 1s fought which agrees to a 
given Logarithm, having rejected the Characteriſtic, let the 
gruen Logarithm, or the Logarithm next to the given one, be 
fought in the Table, (and it will be moſt certainly found 
at the laſt Characteriſtic in the Table, for if it be at the 
lefs Characteriſtic, it will without Doubt be at the greater; 
but not converſely, becauſe that in every ſubſequent Claſs 
are placed all the Numbers which are produced by multi- 
plying the Numbers of the next preceding Claſs by 10, 
and moreover, the other intermediate Numbers,) and the 
Number which is ſet over againſt it will be either accurately, 
or very nearly, that which is ſought, whoſe laſt” Figure to the 
teft will proceed ſo many Places beyond that of Unity, as the 
given Charadteriſtic indicates. Thus if the Number is m_— 

whoſe 


— 


(0 329. (m) XXVII. 


r 0 nn __ 
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whoſe Logarithm is 2.922979. To the Part of it 922979 
there ſtands oppoſite in the Table the Number 83749, 


whoſe laſt Figure is in the Place of Hundreds, viz. two 


Places beyond the Place of Units, becauſe of the Cha- 
racteriſtic 2; and ſo the Number is 837,49. But had the 
Characteriſtic been — 2, the laſt Figure muſt have been 
in the Place of hundredth Parts; viz. two Places ſhort of 
the Place of Unity, becauſe of the negative Characteriſtic 
—2; and the Number ſought wou'd have been ,083749. 
Whence the following Rule is given, to wit. F the 
Characteriſtic of the given Logarithm is — 1, the Number 
correſponding will be wholly decimal; if the Charatteriftic be 
—2, it will be wholly decimal, and alſo one Cypher is to be 


prefixed ; if it be — 3, two Cyphers are to be prefixed, and 


ſo on continually. 


345. But if the given Logarithm which rg to the 
Fraction whith is ſought be wholely negative, let the given 
1 changed into affirmative be ſought in the Table, and 


a Fraction, whoſe Denominator is the Number correſponding 
to it, and whoſe Numerator is Unity, will be that which is 


ſought. For Example let the Logarithm — 2 + 922979 
be reſumed, which is equal to the totally negative Loga- 
rithm — 1.077021 (n) . I ſeek at the laſt CharaQteriltic 
in the Table the Part ,077021 of 1,077021, and I find 
the next to it to be 077040, to which correſponds the 
Number 11941, whoſe laſt Figure to the left will be in 
the Place of Tens, becauſe of x the Characteriſtic of the 
Logarithm 1.077021; and therefore the Number corre- 
ſponding to the Logarithm 1.077021 will be 11,941 very 
I 
11,941 
nearly that which is ſought; to wit, which correſponds 
(Cor. 2. P. 2.) to the negative Logarithm —1.077021 (o). 


nearly, whoſe Reciprocal ( = ,083749) will be 


346. But 


= — 


(n) For. 1 — 9229790 = — 1, r (XXVI) & - 
ſubducted from — 2 leaves — 1. (9) Cor. 10. 
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346. But if @ Decimal equal to the ſought Fraftion is to 
be found, let the given Logarithm changed into affirmative be 
ſubducted from the next greater Characteriſtic, or (which is 
the fame) let the fractional Part of it be ſubducted from 
Unity, and the Number, whith in the Table correſponds to 
the Reſidue will be the Decimal which was to be found, 
having ſo many Cyphers prefixed to it, as there are Units 
in the Characleriſtic of the given Logarithm. For Example, 
Let the negative Logarithm — 1.077021 be reſumed, if 
this be added to the Characteriſtic 2 (p), viz, the Lo- 
garithm, which correſponds to the Power of the' Number 
10, or (which is the ſame) if with the Sign changed- it 
be ſubducted from 2; there will reſult o, 922979. the Lo- 
garithm correſponding (Cor. 2. p. 2.) to the Product of 
the Decimal to be found into the Power of the Number 
10: Therefore the ſignificant Figures of the Decimal to 
be found will correſpond in the Table to the Part 922979, 
but the Number correſponding is 83749, to which one 
Cypher is to be prefixed upon Account of the Cha- 
racteriſtic — 1, of the Logarithm —1.077021. For the 


Logarithms of the Ratios 2, — — Kc. being 
ſuppoſed to be 1, 2, 3, &c. the Logarithms of their 


I I I | | | 
Reciprocals —, —— — Ac. Wil be — r, 2 
* 10 IOO 1000? OY n 


—3 &e. And as the Logarithm correſponding to every 
Number, which is greater than 10 and leſs than 100, 
is Unity with a Fraction adjoined ; ſo the negative Lo- 
garithm- correſponding to every Fraftion, which is leſs 


than 75 and greater than 17055 will be Unity with 2 
Fraction adjoined ; and the negative Logarithm corre- 
ſponding to every Fraction, which is leſs than — and 

greater 


* 2 


(p) XXIV. 
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: 1 od 2 . | _ FS, 
greater than A 2 with a FraQtion adjoined 


and ſo on continually, But every Fraction, which is 

placed between L and — when changed into a Deci- 
10 100 

mal, will have one Cypher prefixed to it's ſignificant Figures; 


8 I I . | 
and which is placed between _ and 8 will have 


two Cyphers prefixed; and ſo on continually: Therefore, 


ſo many Cyphers are to be prefixed to the Number found, 
as there are Units in the Characteriſtic of the given Lo- 
garithm. And ſhould the given Logarithm conſiſt entirely 
of a Characteriſtic, tis manifeſt, that the Decimal ſought, 
will be Unity with ſo many Cyphers prefixed, as is in- 
dicated by the CharaQteriſtic diminiſhed by Unity, 


From what has been ſaid it appears, that the Method 
n mentioned is fur the beſt, to'wit, that which ſuppoſes the 
Logarithm correſponding to a Fraction” to be partly affirmative, 
and partly negative : becauſe it at once exhibits a decimal 


| Fraction equivalent to the ſought Fraction. Wherefore. 


that this Form may always be followed. 


347- IF a. greater Logarithm is to be ſubducted from a 
leſs, let the Operation be performed in the ſame Manner, as 


if the Subtrahend was greater than the Minuend (g): And. 
if any Thing is to be transferr'd to the Characteriſtic of the. 


greater Logarithm, the Difference hetween it's Characteriſtic 
thus increaſed and the Chara#teriſtic of the leſs Logarithm 
will be negative; and the reſt of the Reſidue affirmative. 
Example, let the Logarithm 2.89265 be ſubducted from, 
the Logarithm 1.32221 - vs | 


the Reſidue will be — 2.+42956: for the Part 89265, 
| . ſubducted 


— — 
— 
— — 


(2) XXV. 
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ſubducted from the Part 32221 augmented by Unity, leaves 


the affirmative Reſidue 42956, and the Characteriſtic 2 


augmented by Unity and ſubducted from the Characte- 
riſtic 1, gives the negative Reſidue — 2. 


348. In Addition, Subduttion, or | Multiplication, if any 
thing is to be transferred to a negative Characteriſtic, that 
which 1s transferred (being affirmative) diminiſhes the nega- 
tive Value of the Chara&eriſtic (r). Thus, if the Logarithm 
— 2, 42956 is ſubducted from the Logarithm 1: 32221 
| — 2. 42956 


the Remainder is 2. 89265 


becauſe Unity transferred to — 2 makes — 1, which ſub- 
ducted from 1, leaves the Characteriſtic 2. or, if the 
Logarithm — 1. 66847118 be multiplied by 5, the Pro- 
duct will be — 2. 3423559; for 3 transferred to the 


Fu wo Product 5 x — 1 from the next preceding Pro- 
du | 


5 x 6, makes the negative CharaQteriſtic — 2. 


9. In Diviſian, if the Diviſor cannot meaſure a ne- 
gatrve Characteriſtic, let the Chara&eriſtic be increaſed until 
the Diviſor can | meaſure it, and the Number by which it 
meaſures it will be the negative and ay” 25 of the * ; 
and the Augment togethcr with the next Figure of the Divi- 
dend, adjoined to it on the right Hand, will conflitute the 
next Dividual, For thus the Logarithm to be divided will 
be diminiſhed, and again augmented, which will make 
no Change. Example, let the ſurſolid Root of the 


Fraction =, be required, 


the Logarithm of the Numerator is 1. 11394335 
the Log. adjoin'd to the Denominator is 2. 77158748 


— — 


the Difference of theſe Logarithms is — 2. 34235587 the 
Logarithm correſponding to the Fraction . Let the Lo- 


591 
garithm — 2. 34235587 be divided by 5, and the Quote 
will be — 1. 66847117: for the Characteriſtic — 2 in- 
creaſed 
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creaſed by the Negative — 3 and divided by 5 gives — 1 
the Quote ; and the other Part 3423 &c. augmented by 
the Affirmative 3 prefixed and divided by 5, gives the 
Quote 66847117 ; therefore the Logarithm correſpond- 
ing to the Root ſought is — 1. 66847117 : I look for the 


Part 66847117 at the laſt Characteriſtic of the Table, 
and find the next leſs 66846978, to which the Number 


46609 correſponds, which will be wholly decimal, becauſe 


of the Characteriſtic — 1 of the given Logarithm; and 
therefore the Root required is o, 46609. 


350. F having rejected the Characteriſtie the given Loga- 
rithm cannot be accurately found in the Table, let the next 
greater, and the next 5 s be taken, and their Difference 
found: This Difference will be to the Difference of their 
correſponding Numbers, viz. Unity, as the Exceſs of the given 
Logarithm above the next leſs Logarithm, to a fourth Number; 
which is uſually called the proportional Part : And which being 
added to the 45 Number will very nearly give the Number 
ſought, if the Table be ſufficiently extenſive, viz. that the Dif- 
erence of contiguous Logarithms may be ſmall enough, or 
(which comes to the ſame) that the correſponding Numbers 
be ſo great that they come very nearly to an Equality: For 
great Numbers, whoſe Difference is not greater than Unity, 
approach to an Equality, and (Cor. 14. P. 3.) the Ex- 
ceſſes by which two exceed a third, are as the 1 
of their Ratios to the third; that is, as the Exceſſes, by 
which their correſponding Logarithms exceed the Loga- 
rithm correſponding to the third: Thus, if the ſurſolid 


Root of the Fraction - be to be found more accurately, 


59 
the Logarithm correſponding to the Root is — 1. 66847117, 
the one next leſs, rejecting their Characteriſtics, is 
£6846978, and next greater 66847910, their Difference 
cocooꝗ 32 is to Unity, as coco0139 (to wit the Exceſs 
of 66847117 above 66846978) is to the decimal Fraction 


D 149 
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149 (5), therefore 149 is the proportional Part, to be an- 
nexed to 46609 ; and. therefore the ſignificant Figures, 
which correſpond to the Part 66847117 of the given 
Logarithm, are 46609149; whence, becauſe of the 
Characteriſtic — 1, the Root required is o, 46609 149. 


351. F the Logarithm correſponding to a given Number is 
ſought, and the Number is not contained within the Limits 6 
4 pretty extenſrve Table; let the given Number be changed 
into a mixed, by cutting off the redundant Figures for Deci- 
nals; and let there be taken the Logarithm correſponding to 
the Figures remaining to the left, and = the Logarithm next 
greater: Then Unity will be to the Difference 0 theſe, as 
the Decimal ta a fourth Number, which is called a % the 
proportional Part; and which added to the leſs Logarithm, 
makes the required Logarithm very nearly. Example, Let 
the Logarithm be required correſponding to the Number 
46609 149, the Logarithm, rejecting the Characteriſtic, 
N to the Number contained in the Table 
46609, is 6684697852, and that which is the next grea- 
ter, is 668479102), and their Difference is 0000093177 ; 
and Unity is to 0000093177, as 149 (f) to 000001 3883, 
which 


(s) for (139) 932) 1390 (, 149 
| 932 

458 

372 


86 
81 


— ͤ —ꝓ—ä— 


(t) (55) 0000093177 
941 


0000013883 
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which added to 6684697852 makes 6684711735; which 
correſponds to the Figures of the given Number. 
Whence, becauſe that given Number is an Integer con- 
_ of eight Figures, the Logarithm required will be 
7.60684711735 (. "IM 


352. The Logarithm thus found ought to be ſomething 


leſs than the true one. But it will come out accurate enough 


for Practice, eſpecially if the laſt Figure to the left of the 


correſponding Number be 8 or 9 (w). 


353. And it will be found more accurately by the 
following Method. Let double the aforeſaid Frattion be di- 
vided by the Sum of the Fraction and 7 the Integer ſquared, 
and the Quote multiplied into the Module of the vulgar 
Sy/tem, to wit, into the decimal Fraction 0,4 342944819 &c. 
and the fractional Product added to the leſs Logaruhm ; and 
the Logarithm required will come forth, | 


Becauſe all Logarithms, and conſequently alſo the 
correſponding Numbers cannot be accurately found 
in the Table, and becauſe an intermediate Number 
correſponding to a given Logarithm may be to be 
found, tis neceſſary to make a Correction by a pro- 
portional Part: Doctor Wallis obſerved, that as a Re- 
medy to this Inconvenience; there was wanting an 
antilogarithmic Canon, in which the Logarithms being wrote 
in Order, from 1 to 100000, the Numbers correſponding to 
them, ſhould be wrote oppoſite ; fo that by the Aſſiſtance of this 
Canon the Number correſponding to a given Logarithm might 


be ſound with the ſame Eaſe, as we are uſed to find by the 


Aſſiſtance of the vulgar Tables the Logarithm correſponding 
to a given Number. But in the vulgar Syſtem the Num- 
bers correſponding to thoſe Logarithms are 10, 100, 
1000, &c, which it wou'd be both uſeleſs and impoſſible 
to annex: therefore this mo/t learned Perſon mean d with- 
out Doubt, that to the Logarithms from .o0001 to Unity, 

af D 2 | there 


— . 


8 


(2) Number 341. (w) Number 344. 


. 
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there ſhould be annexed the correſponding Numbers, to wit, 
tLat there ſhould be exhibited 99999 mean Proportianals be- 
tween Unity and 10. | 


354. He has told us moreover, that ſuch a Canon was 
many Years fince made, and was either begun by Harri, 
or was both begun and finiſhed by Malter Warner, who had 
Harrizt's Papers, and publiſhed his Algebra. That he 
had theſe. Accounts from Doctor John Pell, who was 
Tarner's Friend and Aſſiſtant in that Calculus; and that 
he had only a View of this Work among Harriot's 
Papers; but that afterwards this Canon was in the 
Hands of Richard Buſbey the Schoolmaſter, who gave 
Hopes of publiſhing it under the Care of Doctor Pell, 
provided that Vallis wou'd, if Pell ſhou'd die, ſucceed 
him in the Care of it, but that he ” ro leaſt the Wark 
fhou'd be entirely loft, efpectally as no Perſon wou'd take upon 
himſelf the Expence of an Edition. And in Truth tho ſuch 
a Canon had been made public, yet it wou'd have been neg- 
keaed; for 1 cannot fee to what Uſe it wou'd ſerve. For 
the Logarithms which uſually occur in arĩthmetical Ope- 
rations are irrational, (to wit, reſulting from the Addi-— 
tion, Subdution, Multiplication, and Diviſion, of the 
Logarithms correſponding to the Numbers which are in 
the Table,) agreeing with thoſe rational ones to five 
Places of Figures: Therefore the Numbers in ſuch a 
Canon, alths' exhibited ts an infinite Number of Places of 
Figures, (for they wou'd be rrrational) wou'd be always leſs 
than the required Numbers; amd weu'd agree with them, often 

ot ta five Places of Figures, very ſeldom to ſix, but c ver, 
if the firſt redundant Fignres of the given Logarithm fhou'd 
mute a Number, net leſs than the Number 44429, confiſting 
of the firſt fa Figures in the Aodule of the vulgar Syſtem. 
Example, tis certain that the Numbers correiponding to 
the Logarithms.01240 and 12404343 v not agree to 
fix Places of Figures, becauic 43430 is not leis than 
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cgmmonly to five Places of Figures; and to four always. 
For the Difterence of any two Logarithms whatſoever is 


the Logarithm of the Ratio of their correſponding 


Numbers, and the Difference of two contiguous Num- 
bers in the ſecond Claſs (Cor. 3. 5. P. 3.) viz. of thoſe 
which proceed from 10 to 100, divided by the leſs 


Number, is greater than the hyperbolic Logarithm of the 


Ratio of thoſe Numbers, and therefore much greater 
than the vulgar Logarithm of the ſame Ratio. Example, 


75 is greater than the hyperbolic Logarithm, and there- 
fore greater alſo, than the vulgar Logarithm, of the 
Ratio 15 But every Fraction, whoſe Numerator is 
Unity, and whoſe Denominator is placed between 10 and 
100, is leſs than _ ; therefore the Difference of any 
contiguous Logarithms whatſoever, which are annexed 


to the Characteriſtic 1, is leſs than 75 But in aſcending 


theſe Logarithms come to the Logarithm 2; (for 1, and 


2, are the Logarithms correſponding to 10 and 100) and 
therefore *tis plain, that in the Initials of theſe Lagarithms, 
neglecting their Characteriſtics) there will be ſingle Figures 
of every Kind, 0, 1, 2, &c. Alſo the Difference of two 
contiguous Numbers in the third Claſs divided by the 
leſs, is greater than the hyperbolic Logarithm of the Ra- 
tio between the Numbers, and therefore greater alſo than 


the vulgar Logarithm of the ſame Ratio. Example, — 
is greater than the hyperbolic Logarithm, and therefore 
greater than the vulgar Logarithm, of the Ratio Sy 


But every Fraction, whoſe Numerator is Unity, and 
whoſe Denominator is placed between 100 and 1000, 1s 


Jeſs than — therefore the Difference of any conti- 


auous Logarithms whatſoever, which are annexed to the 
Chara#teriſti; 


: „ 


| 
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Characteriſtic 2, is leſs than — But in increaſing 


thoſe Logarithms attain to the Logarithm 3; and there- 
fore it appears, that in the Initials of theje Logarithms, 
there will be Binaries of Figures of all Kinds, oo, or, 02, 
&c. 10, 11, 12, &c. After the ſame Manner; in the 
Initial: of thoſe which are annexed to the Characteriſtic 3, 
there will be Ternaries of Figures of all Kinds, and ſo on 
continually. And therefore every Logarithm can be found ta 
one Place of Figures, at the Cbaracteriſtic 1; to two Places, 
at the Chara@eriſtic 2; to three Places, at the Characteriſtic 
3: and ſo on to Infinity. 


356. Moreover, in the Table alſo may be found 14 
fue Places of Figures every Logarithm, which is not lej; 
than the Logarithm which correſponds to the Number 43429; 
to wit, the firſt fue Figures in the Module of the vulgar 


Sy/lem. For 100000 is to 4.3429, as = 9 


and the F raction - exceeds b very little the hyper- 
„„ - , => 13 * 


bolic Logarithm of the Ratio £3432 ; (for it muſt neceſ- 
13420 


ſarily differ from it, by a Quantity, which is more than 
twice leſs than a Fraction, whoſe e is Unity, to 
wit, the Square of the Difference of the Terms 43430 
and 43429, and whoſe Denominator is the Square of 
the Term 43429, yet, if it be ſuppoſed equal to it, the 
Error thence ariſing will be more than compenſated by a 
contrary Error, which will ariſe by ſuppoſing, for the 
Ratio of tne hyperbolic Logarithm to the vulgar, a Ratio, 
which is ſomething greater; that of 100000 to 43429: 


So that the vulgar Logarithm of the Ratio _ viz, 
the Difference of the Logarithms correſponding to the 
Numbers 4.3430, and 43429, will be ſomething leſs than 
the Fraction —=— : And the Differences of the ſub- 

100000 | 5 
fequent contiguous Logarithms are perpe: ually ä 
. | 37-4 But 
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But thoſe Logarithms in aſcending attain to the Logarithm 
5; and therefore in their Initials will be Duinaries of Fi- 
gures of every Kind, which are not leſs than the firſt Qui- 
nary of Figures, in the Logarithm which correſponds to 
43429. But the Limit alſo will be leſs than that Logarithm ; 
for it will ſooner come to paſs, that the Difference be- 
-tween any contiguous Quinaries whatſoever ſhou'd not be 
greater than Unity, than that the Differences of the Lo- 
garithms in decreaſing ſhou'd become not greater than 
I 


100000 


Mr. Henry Briggs publiſhed Logarithms computed to 
fourteen Places of Figures for all Numbers from 1 to 
20000, and from goo000 to 100000. Theſe diminiſhed 
of their four Figures to the right Hand, together with the 
Logarithms from 20000 to g0000 computed to ten 
Places, Adrian Vlacgue had printed, and publiſhed the 
Table compleated. He gave his Reaſon for omitting the 
four Figures, that beſide the remaining being ſufficient 
for common Uſe, the Table might not require more 
Space, and thereby become more expenſive, which wou'd 
be an Injury to him, becauſe the Number of Buyers 
wou'd be diminiſhed. But he wou'd have done better, if 
he had publiſhed the Logarithms for all Numbers from 
T0000 to 100000 computed to fourteen Places, and 
omitted all the reſt; becauſe they are ſuperfluous, and 


: increaſe the Bulk of the Table. 


But Briggs endeavour'd to explain the two Methods of 
computing Logarithms, which were found out by Napier. 
The former 1s after this Manner. 


357. Let the Number to which the correſponding Lo- 
garithm is required, be ſuppoſed to be involved to the Power, 
whaſe Index is 100 000 000 ©00 000 3 and the Number of 
Figures in this Power diminiſhed by Unity is the Logarithm 
required, But becauſe it wou'd be impoſſible to arrive at 
ſo great a Power, by a continued Multiplication by the 


Root; to avoid that inſuperable Labour, many interme- 
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diate Numbers being omitted, ſuch Powers are to be mul- 
tiplied into each other, whoſe Indices added together will make 
the Index of the Power required. But it is neither poſſible, 
nor neceſſary, to exhibit theſe Powers perſetlly, but ſo many 
Figures only to the left Hand in each, as are ſufficient to ſhrw 
the Numbers of Places in the Powers following ; to the End 
that the Number of Places in the laſt Power may be com- 
puted. For there will be as many Places in any Product, 
as there are in both Factors taken together, . unleſs it 
ſhou'd happen, that the Product of the laſt Figures to the 
left, increaſed by the Increment of the Figures to the 
right, can be expreſſed by a ſingle Figure; in which 
Caſe, the Number of Places in the Product is equal to 
the Number of Places in the Factors leſs by Unity (a). 
That all thoſe Things might more eaſily appear, He diſ- 
 tinguiſhed the Powers with their Indices and Numbers of 
Places into Tetrads, in the Manner following 


4 C4 7 

16 &3.:.4 
. 256 8.4 3 
1024 10| 4 


1099511627776 4o | 13 
120892581961403] 8025 
126765060022823] 100 | 31 "x 
16069 3804425899] 200 | bx 

25822498780868«,| 

66680144 3287940| 800 241 
 107150860718618| 1000 [302 | 
Powers Indices Numbers of Places 


2 multiplied into itſelf makes 4, whoſe Index is 2; 4 
multiplied into itſelf makes 16, whoſe Index is 4; 16 
into itſelf makes 256, whoſe Index is 8; and 256 multi- 
plied into 4 makes 1024, whoſe Index 10 is —_— the 

c | 8 


(a) Number 54. 
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Indices of the Factors. The Number of Places in this 
laſt Product is 4. Now theſe four Numbers 4, 16, 256, 


1024, conſtitute the firſt Tetrad. Another Tetrad is 


then to be made, whoſe firſt Number is produced, by 
multiplying the laſt Number of the preceding Tetrad 
into itſelf; the ſecond is the Square of the firſt ; the third 
the Square of the ſecond; but the fourth is the Product 
of the third multiplied into the firſt. And the Indices of 
theſe four are 20, 40, 80, 1003 and the Number of 
Places 7, 13, 25, 31. After the ſame Manner the re- 
maining Tetrads are finiſhed. So that the Index of the 
laſt Member of every Tetrad may be 1000, or 10000, &c. 
untill the fourth Member of the laſt Tetrad may have it's 


Index 100 000 000 000 000 ; but the Number of Places in 
this fourth Number will be 30102999566399 ; and there- 


fore the Logarithm agreeing to the Number 2, will be 
30 102999566398. 


In Order to explain this Method, he premiſed the three 
following Lemmas. 


Firſt, In @ Series of Numbers continually proportional 
from Unity, any two Terms involved according to their al- 
ternate Indices give equal Powers, Which is true, becauſe 
either Power is equal to the ſecond Term of the Series 
raiſed to a Power whoſe Index is the Product of the In- 
dices (b). 


Second, If any Term be continually divided by it's Side, 
viz. the Second Term of the Series, as often as it can be, viz. 
untill the Quote is Unity, the Number of Diviſions will be 
the Index of the Term. Which is alſo true, being the De- 


 finition of the /ndex of any Term whatſoever in that Series. 


Third, IF any Term whatfnever A be raiſed to a Power, 
whoſe Index is the ſame with the Index of any other Term 
whatſoever B, and the Power be divided as long as it can be 


by : 


— 
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byB, the Number of Diviſions will be the Index of the Term 
A an the ſame Series (c). And this is alſo true, for it is 
contained in the two preceding. By the Aſſiſtance of 
theſe Lemmas he explained the Method, as follows. 


If in a Series whoſe Beginning is Unity, the Index ap- 
pointed to the Number 10 be 100 000 000 ooo ooo, Viz. if 
between 1 and 10 there are 99 999 999 999 999 mean 
Proportionals ; all Numbers will very nearly be placed in 
this Series. And any two Terms involved according to their 
alternate Indices give equal Powers ; whence if any Number 
zuhat ſoever, for 2 xample, 2, be * to a Power whiſe 
Index is 100 ooo 000 ooo 000, there will come out that 
Power of the Number 10 whoſe Index is the fame with the 
Tndex of the Number 2 in that Series; whence if that Power 
be continually divided as often as it can be by 10, the Number 
of Diviſions will be the Index of the Number 2; but the 
Number 7 Diviſions by 10 is the Number of Places in the 
Dividend leſs by Unity (d); therefore the Number of Places 
diminiſhed by Unity 1s the Index of the Number 2 in that 
Series; or, is the Logarithm correſponding to 2; if the In- 
dices be put for the Logarithms. *Tis to be obſerved how- 
ever, that the Number 2 is not placed in that Series, but 
ſome Number n, which, tho it is but a little exceeded by the 
Number 2, . nevertheleſs n and 2, involved according to fo 
great an Index, will give Powers not equal, but very differ- 
ent: But n and 10 involved according to their alternate 
Indices, give equal Powers ; therefore thoſe Powers of the 
Numbers 2 and 10 will be unequal, And altho the Index 
appointed to the Number 10 ſhau'd be mcreaſed indefinitely, in 
order that n may always approach nearer to 2, and that there 
ſbou d be always taken Powers of n and 2 involved according 
to the increaſed Indices, theſe Powers will not upon Account of 
the Indices thus increaſed verge to an Equality. 


But if n and 2 verge to an Equality, their Powers alſo 
raiſed according to any tnvariable and finite Index whatſoever 
will 


_—— 
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will verge to an Equality. I berefore if in the Place of the 
Index of the Number 10 there is always ſubſtituted ſome 
invariable Number r, and in the Place of the Index of the 
Number n there is always put a Number, which has the 
ame Ratio to r, which the Index of the Number n has to the 
Index of the Number 10; n and 10 involved alternately 
according to thoſe Numbers proportional to their Indices will 
give equal Powers ; and the ſimilar Powers of 2 and 10 will 
verge to an Equality; that is, 2 and 10 involved according 
10 their alternate Logarithms give equal Products. Example, 
Tf the Index of the Number 10 be 1000, viz. if between 
1 and 10 there be 999 mean Proportionals, the Index of 
the Number u will be 301; now for the Index of the 
Number 10, let ro be ſubſtituted, and in the Place of 
the Index of the Number u there will be 3,01; for 1000 
is to 301, as 10 to 3,01. Let the tenth Power of the 
Number 2 be taken, viz. 1024, and if that Power of the 
Number 10 be taken, whoſe Index is 3,01, viz. if the 
Cube of 10 be multiplied into its Root of the hundredth 


Power; a Number will come out ſomething leſs than 


1024. And if the Index of the Number 10 be 10000, 
the Index of the Number z will be 30102; let 10 be put 
for the Index of the Number 10, and in the Place of the 
Index of the Number 7, there will come out 3,0102 : 
And if there be taken a Power of the Number 10 
whoſe Index is 3, 0122, there will come out a Number 


| nearer to the Number 1024 than before; and fo on to 


Infinity. Therefore if 2 be raiſed to any Power what- 
ſoever whoſe Index may be the Logarithm correſponding 
to the Number 10, there will come out a Power of 10, 
whoſe Index is the Logarithm correſponding to the Num- 
ber 2. And if any Number A (greater than Unity) ſbou d 
be conceived as the Power of any other Number (greater than 
Unity) B, and A ſbou d be divided continually by B untill the 
Quote becomes leſs than the Diviſor, the Number of Divifons 
zoull be the integral Part of the Index. I bence if any Inte- 


ger p be put for the Logarithm of the Ratio 5 and the 


Pewer of the Number 2 whoſe Index is p, be continually di- | 


vided 
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vided by 10 until the Dnote is Iiſi than the Diviſr, the 
Number of Diviſions will be the integral Part of the Lega- 


rithm of the Ratio 7 3 but the Number of Diviſions of 


any Integer whatſoever by 10 is the Number of Places in the 
Dividend leſs one; therefore the Number of Places in the 
aforeſaid Power leſs one will be the integral Part of the Lo- 
garithm correſponding to the Number 2. Example, if 1000 


be put for the Logarithm of the Ratio -- „and 2 be raiſed 


to the thouſandth Power, the Number of Places in that 
Power leſs by Unity, viz, 301 will be the integral Part 
of the Logarithm correſponding to 2: And if for the 


| -- 0 
Logarithm of the Ratio = be put 100 oo ooo ooo ooo, 


and 2 be raiſed to a Power whoſe Index is that Logarithm, 
the Number of Places leſs one viz. 30102999566398 
will be the integral Part of the Logarithm correſponding 
to the Number 2. L 


358. But the {ome might have been more briefly proved by 
the Aſſi/tance of the followoing Lemma, to wit. If there be a 
Series beginning from Unity 7 Numbers increaſing in con- 
tinued Proportion, aud any Number whatſoever A greater 
than Unity, which is nat in the Series, ſhou'd be raiſed to a 
Power whoſe Index is * with the Index of any Term o 
that Series whatſoever B, and that Power of A ſhou'd be 
arvided by B untill the Quote ſbou d be leſs than the Diviſor ; 


the Number of Diviſions will be the Index of that Term of 


the Series which is next leſs than A. Example, Let the 
0 9 3 4 5 ; 
Series be 1, 3, 9, 27, 81, 243; and let 25, which is 
not in the Series, be raiſed to a Power whoſe Index is the 
ſame with the Index of the Term 243, viz. to the 5th 
Power, this Power will be 9765625 ; let 9765625 be 
divided by 243 until the Quote be leſs than the Diviſor, 
and the Number of Diviſions will be 2, to wit, the Index 
of the Term 9 in the Series, which is next leſs than the 
Number 25. The ſame alſo appears from this, that if any 
integer Number whatſoever be raiſed to any integer Power 
| | | h hatſeevery 
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whatſoever, the Number of Figures in the Power diminiſbel 
by Unity will be the integral Part, to wit, the Cbaracteriſtic 
of the vulgar Logarithm correſponding to the Power ; but the 
ſame Logarithm will "alſo correſpond to the Root, if the 
Index of the Power be ſubſtituted for the Logarithm of the 
decuple Ratio; that is, if the Syſtem be changed by multiply- 
ing all the vulgar Logarithms by that Index; which, if it be 
10, 100, or 1000, &c. will not change the Figures of the 
Logarithms by Multiplication. If it be 10, the integral 
Part of the Product will conſiſt of the Cbaracleriſtic of the 
vulgar Logarithm correſponding to the Root, and of one 
Ngure of Decmals : If it be 100, the integral Part of the 
Product will conſiſt of the Characteriſtic, and two Figures of 
Decimals : If it be 1000, the integral Part of the Product will 
confift of the Chara#teriſtic, and three Places Decimali, and 
fo on continually. And therefore if any integer Number what/s- 
ever be raiſed to the tenth Power, the Number of Places in the 
Power diminiſhed by Unity will exhibit the Figures of the vul- 
gar Logarithm correſponding to the Number, to one Place of 
Decimals And if it be raiſed to the hundredth Power, the 
Number of Places leſs one will exhibit the Figures of the Lo- 
garithm 10 two Places of Decamals : If to the 2 the 
Number of Places leſs by Unity will give the Figures of the Lo- 
garithm to three Places of Decimals ; and ſo on to Infinity. 


359. How troubleſome it muſt be to exhibit the Lo- 
R correſponding to a given Number to fourteen 
laces of Figures, by the Method above treated of, every 
Perſon muſt ſee: And as this Method contains the Indo- 
lution, fo again the other, which is ſcarce eaſter, requires the 
Evolution of a Power ſufficiently hig; This Mr. Briggs 
performed by the continued Extraction of the Square Root. 


For he extracted the ſquare Root of the Number 10, 
and the ſquare Root of this Root, viz. the biquadratic 
Root of the Number 19, and the Root of this Root, viz. 
the Root of the Number 10 of the eighth Power; and ſo 
on continually ; until after having fuiſbe fifty-four Ex- 
trations, he attained the Root of the Numer 10 of te 
Power, whife Tries 15 180143938529481534, exprejj-. 
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rd to thirty two Places of Decimals. That Root is 


I, oo o oοο C00 000 012781 914932 003235, and the 


Logarithm correſponding to it is 


o, COO o oο ©00 000 ˖ 555111512312 578270 211875, 


which, he found by the continual Biſection of Unity (as 
being the Logarithm correſponding to ten, for fifty- four 
Limes, or (which is the ſame) by dividing Unity by 


18014398509481984 the Index of the evolved Power, 


And he exhibited in @ Table, together with their Logarithms 
oppoſite ta them, all the aforeſaid jifiy-four Roots, which he 
called continued Means; and when he had obſerved in thoſe 
continued Means toward the End of the Table, that the Ex- 
cefſes by which they exceeded Unity, (being jo ſmall as to have 
Fourteen or fifteen Cyphers prefixed to their figmficant Figures) 
nept the _ Ratio among themſelves which their correſponding 
#,ogarithms did, (the Cauſe of which we have explained in 
Gor. 8. P. 3.) he. conjectured that the ſame wou'd come to 
fajs in all Numbers not more remote from Unity. 


That theſe Things may diſtinctly appear. to the 
Reader, I will here adjoin the Exceſſes of three continual 
Means at the End of the Table, together with the Lo- 
garithms adjoined, omitting, as well in the continued 
Means, as in the Logarithms, fifteen Cyphers. 


Exceſſes omitting 15 Cyphers. Logarithms omitting 15 Cyphers. 

51127659728012947 | 22204460492 5031 3080847263 
2556 3829864006470 | 1110223024625 150540423631 
12781914932003235 | 0555111512312578270211815 


zwhere it may be obſerved, that the Exceſſes no leſs than the 
Logarithms decreaſe in a double Ratio; and therefore that 
the Extraction of the Roots might have been continued by a 
cgutinual Biſectian. He alſo tried the Thing in a Series be- 


iuning ſrom Unity of continual Proportionals, whoſe inter- 


rediate Ratio is that of Unity to | 

„, co 002000 000000012781914932 003235 the leaſt mean 

Pr pertional, and continued for nine Terms: Theſe he found 

nearly equidifferent. Whence becauſe the Logarithms of 

the Ratios of theſe Terms to Unity increaſe (by Def. of 

Lozarithms) in the Ratio of the natural Numbers, it 
follows, 


am. = mh, uw. * OQ& Mr # 


13 


4 
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follows, that the Exceſſes by which the Terms exceed 
Unity, are nearly as the correſponding Logarithms. 


Induced by theſe Reaſons he concluded, that in all Numbers 
not much remote from Unity altho' not placed in that Series, 
the Exceſſes were nearly in the Ratio of the correſponding 
Logarithms. I bich being certain, (Cor. 8. P. 3.) 


360. The Logarithm correſponding to any given 
Number can be accurately enough found by the following 
Method. Let mean Proportionals between Unity and the 
given Number be continually ſought, until the laſt is ſo near 
to Unity that it's Exceſs may have fifteen Cyphers prefixed to 
it's ſignificant Figures, then by the Golden Rule, as the 
2 between the Root which ꝛuas found before and 
Unity ts ito the Logarithm correſponding to that Root, or 
as oo ooo ooo 000 000 012781 914932 003235 to 
ooo ooo 000000000 555111512312578270211815, /othe 
Difference between the Root now found and Unity, is 10 a 
fourth Number; which will be the Logarithm correſponding 
to this Root: And which being continually doubled as often as 
the Number of mean Proportionals indicates, or (which is the 
ſame Thing) being once multipled by the Index 4 the Power 
evolved will give the Logarithm required. But that the 


Trouble of dividing by the firſt Term of the Proportion may 


be avoided, let there be taken a Number which is to Unity, as. 
the Logarithm correſponding to the Root, is to the Exceſs 7. 
the Root above Unity ; and that Number multiplied into the 
third Term of the Proportion will produce the fourth Term 
ſought. And ſince that Exceſs is nearly the hyperbolic Laga- 
rithm correſponding to the Root, "tis evident, that the Number 
fo to be aſſumed is the Module of the vulgar Syſtem, to wit 


43429, Sc. 


And after this Manner did Mr. Briggs compute his Loga- 
rithms with a Labour ſcarce to be born. But many Ma- 
thematicians have ſince invented much eaſier Conſtruc- 
tions, who have taught to expreſs the Logarithms of given 
Ratios by infinite Series converging ſwiftly. And they 
all, except Doctor Halley, hive done this, either by the 

Methods 
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Methods of Fluxions, or by certain geometrical Lines, 
Wherefore we have not ſo nicely examined their Princi- 
ples, and the Validity of the Concluſions. But Halley, 
who is the only Perſon, as far as I know, that has at- 
tempted to deduce arithmetically theſe Conſtructions from 
the Nature of Logarithms, publiſhed (in Philoſoph. Tranſ, 
N. 216) a Method of Computation eminent above all 
ethers, and moſtly celebrated. Wherefore it ſeemed 
proper faithfully to tranſeribe what he has ſaid concerning 
the Nature of Logarithms, 


The old one (viz. Definition of Logarithms) Nume— 
rorum proportionalium æquidifferentes Comites, /cems 
frarty to define them fully. They may more properly be ſaid 
73 be Numeri Rationum Exponentes: herein wwe confrder 
Ratio as @ Quantitas ſui Generis beginning from the Ratio 
of Equality, or 1t01 = 0; being affirmative when the 
Ratio is iucreuſing, as of Unity to à greater Number, but 
negative, when detrraſing; and theſe Rationes we ſuppoſe to 
be meaſured by the Number of Ratiuncule contained in each. 
Nav theſe Ratiuncule are ſo to be underſtood as in a con- 
tinucd Scale of Proportionals infinite in Number between the 

wo Terms of the Ratio, which infinite Number of mean 


Propartioals is to that infinite Number of the like and equal 


Ratiunculæ berwern any other two Terms, as the Logarithm 
of the one Ratio is to the Logarithm of the other. Thus, if 
there be ſuppsſed between 1 and 10 an infinite Scale of mean 
Proportionals, whoſe Number is 100000, Cc. in infinitum ; 
between 1 and 2 there fhall be 30102, &c. of ſuch Propor- 
licnals, and bettueen 1 and 3 there wilt be 47712, Sc. of them ; 
which Numbers therefore are the Logarithms of the Rationes 


i 1 6 10, 1402, and 1 fe 3; and not jo properly to be 


led the Logarithins of 10, 2, and 3. 


But if injtcad of fuppeſng the Logarithms cempeſed of a 
Number of equal Katiunculæ froporizoral 79 each Ratio, we 
foril take the Ratio of Unity i any Number to conjift clerays 
of the fame infinite Number of Ratiuncule, Hir Aagnitnite, 
is ths Coir, will be as their Number in ihe formen; x- 
{ire if beteten Unity aud any Number jropojed, there de 
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thlen any Infinity of mean Proportionals, the infinitely little 
Augment or e of the firſt of theſe 1 —— rom 
Unity, will be a Ratiuncula, that is the Momentum or Hux- 
jm of the Ratio of Unity to the ſame Number: Aid ſeeing 
rhat in theſe continual Proportionals all the Ratiuncule are 
equal, their Sum or the whole Ratio toill be as the ſaid Mo 
mentiim is directly; that is, the Logarithm of each Ratio will 
be as the Fluxion thereof. Wherefore if the Root 4. any 
infinite Power be extracled but of any Number, the Differen- 


tiola of the ſaid Root Pata Unity, ſhall be as the Logarithm if . 


that Number. So that the Logatithmi thus produced may be 
of as many Forms as you 55 to aſſume infinite Indices of 
the Power whoſe Root you ſeek : as if the Index be ſuppoſed 
t00000, Ec. infimtely, the Roots ſhall be the Logarithms 
invented by the Lord Napier; but if the ſaid Index were 
2302585, Cc. Mr. Bri 
be produred, c. 


Thus wrote Halley, in which 1 4m not only unable to 
mer the Force of the Arguments, but I cannot even 
from the Language extract any conſiſtent Meaning. And 
that I may begin with the Definition: The Expreſſion 
Rationithi ſeems hete to ſigtiify the ſame as Logarithinorum, 
and I think I may collect this from his ſaying that Ratio 
is affirmdtive and negative, and that Ration?s are meaſured 
by the Nuinbet of Ratiunculz contained in each; where by 
Ratiuncul& he ſeems to mean the Logatithm of the inter- 
mediate Ratio in 4 geotnettical Series; although the Words 
which infinite Number of mean Proportionals is to that in- 
finite Number of the like and equal Ratiunculz between any 
other two Terms, as the Dogarithin of the one Ratio is 10 
the Logarithm of the other ſeem to mean the ſaine, as if he 
had called the Ratiunculz the mean Proportionals them- 
ſelves, (at leaſt if the Word equal wou'd permit it) and 
had ſaid, the Ratiuncul# wete in the Scale of Proporti- 
onals; but this he does not ſay, only that they are to be 
underſtood as in a continued Scale; for he calls the infinitely 


little Augment or Decrement à Ratiuncula, and the Fluxion” 


of the Ratio; and the Sum of the Ratiungule, the whale 
| E Ratia 


gg Logarithnis would immediately 


So MEASURES OF RATIOS. 


Ratio, and the Logarithm. But if Ratio and Logarithm 
ſignify the ſame, to what End is it to define Logarithms 
to be Numeri rationum Exponentes ® This is to - that 


Logarithms are the numeral Exponents of Logarithms, or to 


admoniſh us (whatever be the Force of the Words) that 
therein we conſider Ratio as a Duantitas ſui Generis? For 
as the Senſe of thoſe who write by, Cyphers is uſed to be 
extorted, by ſeeking, in various. Trials upon the moſt 
convenient Parts of the Writing, what Words are ne- 
ceſſarily implied by the Characters; and by transferring 
thoſe, when they are found, to the ſame Characters in other 
Parts, that the Words fignified by the nejghbouring Cha- 
raters may alſo be more eaſily detected: ſo we, who now 
explore Things which are hidden, are obliged to diſtin- 
guiſh, in the Places. which ſeem to give ſome Light, 
what Ideas may be implyed by the Words, that thoſe 


being found out, and transferred to the ſame Words in 


Places more obſcure, we may trace, if it may be done, 
the Senſe in them alſo, and fo at length the Senſe of the 
continued Diſcourſe. This however we can by no 
Means accompliſh, for perhaps. we are ourſelves rather 
flow, and there is ſome Obſcurity in the Expreſſions. 
Nor is this extraordinary: For nothing is more uſual, than 
molt ſucceſsfully to — Calculations from. Principles, 
as if they were underſtood, and proved, (than which 
often times nothing is more eaſily done) when neverthe- 


Fels the Principles themfelves are opened to us in ſuch a 
Manner, that the Mind is blunted in conſidering and ex- 


amining them. 


But the following Words beginning from the Ratio of” 
Equality, or 1 to1 = ©; being affirmative when the Ratio, 


xs increaſing, as of Unity to a greater Number, but negative 
when decreaſing ſeem to ſignify, that there is ſomething in 
the Nature of Logarithms, which ſhou'd cauſe that Lo- 


garithms of Ratios of leſſer Inequality ſhou'd be affir- 


mative, and of greater Inequality, negative; which is 
nevertheleſs intirely arbitrary. as 


But 
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; But the Words which Numbers therefore are the Loga- 
rithins of the Rationes of 1 ta 10, 1 to 2, and 1 to 3; and 
not ſo properly ta be called the Lagurithms of 10, 2, and 3, 
what can they ſignify, if not, that thoſe Numbers are not 
properly called the Logarithms of the Numbers 10, 2, 
and 3, but the Ratios of the Ratios, or, the Legarithms of 
the Logarithms of 1 to 10, of 1 to 2, of 1 to 3? 


Or is the Import of the Word Ratio vague in this 
Treatiſe? now tho', we ſhou'd agree to this, and let that 
Word denote one Thing now, and another then, as the 
Senſe ſhall require, yet certainly in the Definition, it will 
denote. the ſame as Logarithm. For Logarithms are Nu- 
meri Rationum-Exponentes : and thoſe ſame Ratios are 
ſuppoſed to be meaſured by the Number z Ratiunculæ con- 
tained in each : therefore they contain Ratiunculæ, and are 
ſaid to be their Sums or whole Ratios which are as their Flux- 
ions, that is, the Logarithm of any Ratio whatſoever 15 as its 
Fluxion, Th us we are reconducted by one unbroken Thread 
to this; that we muſt conclude the Word Ratios in the 
Definition to fignify the fame as Logarithms, 


But if any one ſhou'd be of Opinion, that by Ratzosg 
the Meaſures of Ratios ate there denoted, ſo as that the 
Definition ſhou'd import the ſame, as if he had ſaid that 
Logarithms are the numeral Exponents of the Meaſures of 
Ratios, that wou'd be, not to define the Thing, but after 
a Manner to declare the Signification of a Name. And 
thoſe Words, wherein we conſider Ratio as a Quaatitas ſul 
Generis, beginning from the Ratio of Equality, &c.. wou'd 

equivalent to the following, In hich the 1 3: of a 
Ratio (that is, by exhibiting the Meaſures) the Logarithm 
1s conſidered as a Quantity of its orun Kind, beginning from 
the Meaſure of the Ratio or the Logarithm, of Equality, or, 

1% 1 So, being affirmative when the Ratio is increaſing, 
but negative when decreaſing, &c. whereas it is manifeſt, that 
whatever that is, which in theſe Words is called Ratia, is 
the ſame with that Ratio, whatever it may be, which is 
calted Ratia in the Detinition, 
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But what that Diverſity of infinite Numbers can he, 
in what it may conſiſt, or whence it can ariſe, when hz 
fays, that if there be ſuppoſed between 1 and 10 an infinite 
Scale of mean Proportionals whoſe Number is 100000 &c, 
in infinitum ; between 1 and 2 there ſhall be 30102 &c. f 


ſuch Proportionals, and between 1 and 3 there will be 


47712 Sc. J am intirely at a Loſs to know. I know in- 
deed that 1 and 10 can be placed in the ſame Series with 
any Number, which ſhall differ from the Number 2 by 
any Difference ever ſo fmall; if that Number be always 
called indehnitely , and there be between 1 and 10 
taken 999 mean Proportionals, there will be 300 mean 
Proportionals between 1 and 7; and if between 1 and 
10 there are taken 9999 mean Proportionals, there will 
be zoo mean Proportionals between 1 and n; that if 
between 1 and 10 there are taken 99999 mean Proporti- 
onals, there will be 30101 mean — between 
1 and 7, and fo on to Infinity. 


But theſe Words, if inſtead of ſuppoſing the Logarithms 
| „ of Number f equal Ratiunculæ, proportional to 
each Ratio, we ſhall take the Ratio of Unity to any Number 
15 conſiſt always of the ſame infinite Number of Ratiunculæ, 
their Magnitude, in this Caſe, will be as their Number in 
the former; wherefore if between Unity and any Number 
propoſed, there be taken an Infinity of mean Proportionals, 
the infiritely little Augment or Decrement of the fir/t of thoſe 
Means from Unity, will be a Ratiuncula, that is, the Mo- 
mentum or Fluxion of the Ratio of Unity to the ſame Num- 
ber : and ſeeing that in theſe continued Proportionals all the 
Ratiunculæ are equal, their Sum, or the whole Ratio will be 
as the ſaid Momentum is directly; that ts, the Logarithm 
each Ratio will be as the Fluxion thereof; wherefore if t 
Rost of any infinite Power be extracted out of any Number 
the Nifferentioia of the ſaid Root from Unity, ſhall be as the 
Logarithm of that Number. 


Let him who- pleaſes attempt to explain, and deduce 


4 


from the Premiſes. 
But 


zut 
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But in the following, /o that Logarithms thus produced 
may be of as many Forms as you pleaſe to aſſume infinite In- 
dices of the Power whoſe Root you ſeek, the Expreſſion, thus 
produced, is ſomething obſcure, for the Particle thus ſeems 
to ſignify a Relation to ſome Method heretofore men- 
tioned ; but it has not yet been told, by what Method 
Logarithms might be produced. 


But if Logarithms may be underſtood to be produced, 
by aſſuming for the Logarithms of the Ratios which the 
Roots have to Unity, the Differences, by which they exceed 
Unity It appears (Cor, 8. P. 3.) that there is no Diver- 
ſity between thoſe Indices to diverſify the Species of Lo- 
garithms. If the Indices be determinate, there will ariſe 
Logarithms in different Syſtems; but if the leaſt of the 
Indices be ſufficiently great, the Ratio between the Lo- 

arithms of any given Ratio whatſoever, in any two 
dyltems whatſoever, will come nearer to the Ratio of 
Equality than any predefinite Ratio of Inequality ſhall 
come, Whence as the Indices, to wit, Numbers, differ 
from each other by Exceſſes only, a Thought moſt difficult 
to me occurs; Of what Kind may that Diverſity be which 
is between infinite Indices? if infinite may be defined that 
than which there is no greater, 


And if Logarithms may be underſtood to be pro- 
duced, by aſſuming for the Logarithms correſponding to 
Powers the Differences by which the Roots exceed Unity 
multiplied into any given numeral Quantity, that is, by put- 
ting for the Logarithms which correſpond to the Roots, 
not the Exceſſes themſelves, but thoſe Exceſſes variouſly 
multiplied according to the various Syſtems : there is no 
Doubt, but that the Logarithms thus produced, may be 
of ſo many Forms as you pleaſe to aſſume Indices indefi- 
nitely great of the Power whoſe Root is ſought, to wit, 
If the Indices be aſſumed ſufficiently great, the Syſtems 
will be various according to the various Indices: But all 
the Logarithms which will come out by uſing any one 
Index in one Syſtem, ſhall remain without a Deviation, 
which is not leſs than any predefinite one. Thus, if the 

E 3 Index 
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Index be 2 302 585c92 994045, and the Exceſſes by 
which the Roots exceed Unity be always multiplied into 
1, ooo ooo ©00 000 0C0, there will come out the Lo- 
garithms, very nearly, which correſpond to the Powers 
in the vulgar Syſtem; for to multiply thoſe Ex- 
ceſſes into 1, ooo 000 ooo ©00 000, is to multiply by 
2 302 585092 994045 the Products of thoſe Exceſles 
into the Quote of 1000 ooo 000 000 0860 divided by 
2 302 585092 994045; and this Quote is nearly the Mo- 
dule of the vulgar Syttem : For 1 is the vulgar Logarithm 
of the decuple Ratio, and 2 302 585092 994045 is, very 
nearly, the hyperbolic Logarithm of the ſame Ratio. 
But theſe Exceſſes by which the Roots exceed Unity 
multiplied into the Module of the vulgar Syſtem give the 
vulgar Logarithms correſponding to the Roots ; and there- 
fore theſe Logarithms multiplied into the Index of the 
Power give the vulgar Logarithms correſponding to the 
Powers. But it is evident in the ſame Manner, that the 


Index remaining unchanged, the Logarithms will come 


out in any other preaſſigned Syſtem whatſoever ; if inſtead 
of 1, ooo ooo ooo 000 ooo, any other proper Multiplier 
TT ts ET Sf 7558 


But the following Words if the Index be ſuppoſed 
To00000, Cc. infinitely, the Roots ſhall be the Logarithms 
invented by the Lord Napier; but if the ſaid Index were 
2.302585, &c. Mr. Briggs's Logarithms wou'd immediately 


be produced, are altogether erroneous. 


Halley proceeds, and when (by Newton's Theorem for 
finding the Coefficients of Powers) he had extracted the 
Root of an infinite Power, be deduces from the reſulting 
Series logarithmic ones, by rejecting Numbers divided b 
a Number infinitely infinite; that is, by a Number infintely 
greater, than a Number infinitely great. Retaining however 
thole, divided by an infinite Number. "ff 

But we ſhall endeayour to derive the ſame Series from 


another Fountain, 


Prop. 
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75 „5 4 us , *, 
UT) d, e, h 2g 
A, B, C, D, E, F, G, E, 


To find the Logarithm of any given Ratio whatfaever in a 
given Sy/lem. 


Let A, B, C, &c. be continual Proportionals; a, b, , 
&c. the firſt Differences; r, 5, t, &c. the ſecond ; m, i, 4, 
&c. the third Differences; and ſo on continually, If & 
be affirmative, then A, a, r, &c, will be continual Pro- 
portionals ; if a be negative, viz. if B be leſs than A, then 
a, m, u, &c. viz. intermitting one will be negative, and 
being changed into affirmative, A, a, r, &c, will be con · 
tinual Proportionals ; 


Therefore in both Caſes if (A = 1) A be Unity, we ſhall 
have r = a*, m =&", Z = a*; and fo on continually ; 
and conſequently if the Number of Terms in a Series, 
whoſe Beginning and End are A and H, 'be called N, then 


(Prop. 3.) 1+ = x @ + 2 


„Ei 


X 4² 


x , &c. = H. Let N 
1 2 


be increaſed to Infinity; and the Terms of the Series | 
N—1,N—2, N — 3, &c. being continued to any 
finite Number whatſoever, will verge to an Equality among | 
— I —1 


one another; and the Series x + 


2 4 4 Bt Ben 
will be infinite: And N — 1 x@ will be (Cor. 11. P. 3.) 
the hyperbolic Logarithm of the Ratio of H to 1; 

E 4 and 
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and therefore if that Logarithm be called Ls then 
1 . 1 * 
1 T 7772 n ded 
Which Series is a general Expreſſion of the Number H, 
whoſe Ratio to 1 is that, of which L is the hyperbolic 
Logarithm, whether that Number be greater, or leſs, 
than 1. If it is leſs, viz. if L be negative, for L let i it's 
negative Value be particularly exhibited, and .it will be 


Bika L L* 
TT FIR EFF eee _ 


And if L. be put for the Logarithm of the Ratio 
= in any Syſtem wagtoevery whoſe Modnty is M, it 
will be Def. of Module) M- 1 * 4 = ji and 

L* L 
thence 151 e es Ts 


L* 
3 = = H. 
Fe &c And if L = = M, viz. if 


the Logarithm of the Ratio 3 be the Module of the 
een. that on if that Ratio ART Modular, it will be 


1 +— + — 1 5 + 2 +5 \&c. =H=2,71828r, 


* Fon WM A modular Ratio i is that of 2,7182812, Kc. 


fo Unity, 
But to return to what was —_ Let H =1= =h, 
and if the Series L. += 7 += Ke. — — 


verſed, according to the Method of the wel Jer 
De Moivre (a), there will be found a Series exhibiting 


* 
— — ” 1 
. — * 3 * . . * 4 - 1 , 


(4) Number 321. 
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the Quantity L, viz. the hyperbolic Logarithm of the 
Ratio 1 +hto 1. Therefore let there be put 
L =Rh + SNR +TÞ TV + WI c. 


L* Ra 

— 2 +—þ RS +28* „ +RW 
1 2 * . 
And 5 * + . he. 

a FF g RS: 

| "P.M 2 
And _ 4 Ra de. 
therefore R 5 1 e 
+ v +£ e, . Kc. =b=b 
+oxÞ+0 xh + oO x Sc. And thence, by 
R 


equating the  cqrreſponding Terms, R=1;5S + 7 


=8+==9, therefore 8 = allo T + RS 


"0 os 1 I 1 
+ 72 1＋ F So, — ane alſo V 


Oy x 1 I "07.5 
+ AST 1 * 7 R 7 


+5 = whence U = = =p therefore the 


Law of the Continuation is known; and conſequently 
r 

12 11 12 &c. which is the 

Series which Nicholas Mercator formerly found out for the 

Quadrature of the Hyperbola; and which indiſcriminately 


face the Logarithm of the Ratio 1 + þ to 1, whe- 
ther 


— — 
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ther þ be affirmative or negative, viz. whether the Quan- 
tity added to Unity in the Binome 1 + h be affirmative 
or negative, that is, whether H be greater or teſs than 1. 
If it be leſs, let for þ it's negative Value be ſpecially ſub- 
ſtituted, and L = — —4 3 —4 &c; and there- 
fore in a Syſtem whoſe Module is M, the Logarithm of 
the Ratio, which 1 + h greater than Unity has to 1, will 

a 8; AG ER 


be M into — b — — Þ& 7 6 © * &c. and the 


Logarithm of the ae which 1 oP leſs than Unity 


has to 1, will be M imo 4 &c. 


Cor. 1. Let x be the Dj ference of two Duantities, of 


ih a ts 1 ſmaller and b the greater : » ecauſe b—x= ay 
che Ratio — * viz. the Ratio ef b - — x to b, will be the 


ſame with the Rt of 1 — 13 and the Ratio of b (to 
wit, a + x) 13 a, will be the ſame with the Ratio of 
1 n Therefore ag in the Series M into —þ 


IT de. be F. * be fuftitared and. M inte 


X IX” x3 | | 
1 35 755 Ec. will be the Ligarithm of 
he hi 


the Ratio F. Alſo if in the Series M into 3 25 


— 4 Sc. = be ſubſittuted for h, then M into — — — = 


+ _—_ — 75 Sc. will be the Logarithm of the Ratio -2 — 
7 8 * 
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But the ſame Legarithm (to wit that of the Ratiq which ig 
the Reciprocal of the Ratio * will be (Cor. 2. Prop. 2.) 


R x x 
PE ny Aue &s, 


Cor. 2. Becauſe the Ratio * is compounded of the Ratia, 


which b has to the arithmetical Mean between b and a, and 
of the Ratio of that Mean to the * that ky (if | 


a + b be called 2) compounded of the Ratios — > and EZ —(b) 


therefore the Sum of their TYNE Ein will be 


the Logarithm of the Ratio - — (6) ; ; and becauſe æ x is the 

Difference between the Terms of either 25 12 , 2 in 0 

Series of the foregoing Corollary be pur 22 = — = for > 
FE | 


and; the Logarithm of the Ratio 0 M inte | 
S 

x ian x * x* 
Ts Te ap ee de 
Ratio = will be M into — + — 3 += 

2 + &c. the Sum of which, to wit, 2 M into 
= - 

. 1” — + ay &c. will be the PEAS 
2 323 , 52? 7:33 2 f 

of the 
k Number 40. (c) Number 238. 

| 42 + 34 
(4) fo r= = THe 7 x. 4% = = - 


by the fame 
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of the Ratio LY and this Series converges moſt ſwiftly 


when the Ratio = is not much diſtant from the Ratio of 
Equality, 


SCHOLIUM, 


The Logarithms of compoſite Numbers may be found fram 
the Addition 4 the Logarithms correſponding to the prime 
Numbers which compound them. 


I. And the Logarithm correſponding to rime Num- 
3 a ah e Expedition b found, if 
the Logarithms be given which correſpond to the Numbers next 
adjacent on each Side. For let the Produtt of the adjacent 
Numbers be taken, and the Square y the Number itſeif, 
which will gxceed the Product only by Unity (e), and to the 
Legarithm of the Ratio of the Square to the Product, found 
by the Series of the 2d Cordllary, let there be added the Sum 
of the Logarithms correſponding to the adjatent Numbers, 
to wrt,” the Logarithm of the Ratio of the Produg to Unity, 
and there will come out the Logarithm of the Ratio of the 
Square to Unity, the half of whieh. will be the Logarithm 
required 7). Thus, if the Logarithms are given, which 
correſpond to the Numbers 2, 3, 5, and the Logarithm 
correſponding to the Number 19, be required. The 
Square of 19 is 361, and the Product of 18 and 20, the 
Numbers next adjacent, is 360; but the Logarichms of 


the Ratios _ and = are given; (for 2 x 3 * 3 = 18. 
and 2 & 2 X 5 = 20) to the Sum of which let the Loga- 
rithm of the Ratio 365 be added, and the half Sum will 
be the Logarithm required. | 

The 


ü 9 * 


(Number 330, 


— 


(e) Number 29. 
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The Series in thoſe Corollaries verge more ſwiftly to 
the Logarithms of Ratios, which are more near to the 
Ratio of Equality : Wherefore the Logarithms which 
correſpond to the leſs prime Numbers being compleated, 
there can be found very expeditiouſly, as well the Loga- 
rithms which correſpond to the greater Numbers, as thoſe 
alſo, after the Table is compleated, which correfpond 
eicher to intermediate Fractions, or to Numbers, which 
run out beyond the Limits of the Table. 


362. And there is an Artifice given by Cotes ®, which 
makes the Computation of the Logarithms correſponding 
to the Primes 2, 3, 5, 7, ſomething lighter: to wit, 

; . 126 225 2401 
If the hyperbolic Logarithms of the Ratios . 
=, be found, (which may be done, becauſe the Series of 
Cor. 2. will converge moſt fwiftly,) and called p, q, r, s, 
the hyperbolic Logarithm of the decuple Ratio will be 239 p 
+ 90q—6zr + 103s, which being found, the Module 
of the vulgar Syſtem will be given; which let be called M, 
then M into 72p + 27q —1gr + 31s; M int 114 p 
+ 434 — 39r + 498; M into 167p + 63q — 44 
+ 728; M into 202p + 76 q —53r +878; will be the 
vulgur Logarithms. of the Ratios =, 2, 2, —— For 
126 _2XPX7, 225 3, 2900 7+ | 
ns”. $5 "224 "B 7s” Fong” 
and #375 .; and thence, if the Logarithms of 
4374 2 XJ 


the Ratios 5 3 n 2, 2 be called, a, 6, c, a, the 


following Equations will come out, 


* _— 
_— 


vw * — 


* Harmonia Menſurarum, Prop. 1. Schol. 3. 
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„ ge. 
— 5a + 2b — 4 + 2c 
— Ga — b + 4d — 264 
— 4 76 + &@ + 4c _ thence, 
by Analyſis 


e 


3 72 þ + 274 — 197 + 318 

b = 114p + 439 — 30 +499 
e = 1679p + 637 — 44r + 72s 
1 ee, 7 and there- 
fore & + c viz. the Logarithm of the decuple Ratio will 
be 239 p-+ 90 f — 637 + 1035. 


63. The Number torreſponding to, a giben vulgar Logd- 
aa may bb found, if e e is at nad 
by the proportional Part; but more accurately in the following 
anner, Let the Nuniber required be n, and (neglecting 
the Characteriſtic) the Number correſponding to the next lefs 
Logarithm (io be diſtinguiſped by the Character: ic of the 
given Logartthm) be a; and the We Logarithm (which 


we ſuppoſe given;) of the Ratio — (viz, the Difference by 
which the given Logarithm exceeds the Logarithm of the 
Ratio r divided by the Module of tht Syſtem be called Lz then 


1 + :L 
1— L 


tio — differs little from the Ratio 6f Equality, if u — 


will x a = n very nearly. For fince the Ra- 


and u + a be called # and 2, the Fraction - will be 


fmall, and thence (Cor. 2.) = = — bs - 


nearly ; therefore 1 = 444 xa. But if a more perfect 
| | 1 +L — L 

— 2 L* 
abundantly accurate. And if you would! have the as} | 
| aur 


= L, very 


Computation is requiſite, it will be # = 
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ſtill more accurate, take = 2 I— L. belt + a. 


I — L+ 2 2 L — 
ce, 364. The Number correſponding to any given Logarithm 
is whatſoever may be found hy the Series 1 + — + Ms 
+ 2 Sc. which will converge the ſlower, if 4 (viz. the 
ha hyperbolic Logarithm of the required Ratio) be not ſmall. 
lt It muſt be obſerved however, that if the given Logarithm be 


a vulgar one (or if the Module of the vulgar Syſtem be 
at hand, ſo that the given Logarithm may be readily 
reduced to a vulgar one) the Operation will generally be- 
come ſufficiently eaſy; to wit, always eaſier, than if the 
= a r was the hyperbolic one of the decuple 
atio. 
rithm diminiſhed of its Characteriſtic be found; the 
Figures of the Number which correſponds to the given 
Logarithm will come out; whence (becauſe the Cha- 
y racteriſtic is known) the Number required will itſelf be 


known. 


F 14 NU 63 


INI. 


or if the Number correſponding to the Loga- 


11 . 


AGE 5, line 10, f:r Numerators read Denominators. 
P. 8, 1. 11, f. Numerators r. Denominators. P. 10, 
I. 36, J. Binominal r. Binomial. P. 12. 1. 29. f. often to be 


taken 7. often taken. P. 12,1. 7, f. y—2bXy+br. y—2b 
X y+b. P. 23, I. ult. f. effected v. affe&ed. P. 28, l. 3, 
F- nearer any Part r. nearer any leſter Part. l. 12, f. any 
adjacent r. the adjacent. P. 40,1. 30, f. 3,0925 r. 3, 9025. 
I. 33, J. 25060 r. 25090. b. 43, 1. penult. f. (48) r. (47) 


| of 52,1. 14. F. v X14, r. /X—14+ P. 5, l. 27. f.— 


bers r. Numbers. P. 140, 1. 4 and 6, J. xxy Leer. 
— I . 
XxXy—Z. P. 143, I. 22, f. cis even r. and c even, 


P. 146, I. 5, f.8 r. 12. 1.18, f. : — P. 183, 1. 18, 


J. 10% r. 103. P. 199, I, antepenult, f. aec r. ae ce. 
P. 192, I. laſt, /.: r. P. 197, l. 7, %, Mb ser. 
Sy/tb—ZLss. P. 208, 1. 18, f. reaion r. reaſon. P. 226, 


I. 20, f, 2v bb—xx”*Xy bb—xx, l. 21, . (Eucl. 
+ b 
. . Cor;) 'F. 236, 1. 25, , 


B C*?—D C* r. BD— D Ca. P. 247, I. 22, /. * 5 5 
| 4+ 


7 Yo P. 268, I. 12, dele it. P. 279, l. 17, J. G 
4 


7. E. P. 322, J. 20, f. L 4br—8 aa r. LA br S aa. 
P. 325, l. 20, F. — 143 b r. — 143 b. P. 361, Po 
by 
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V. by the Square r. by a poſitive Quantity exclufive of the 
Square. P. 364, 1. 16, f. deſcending or aſcending to 7. 


deſcending ta or aſcending from. P. 365, 1. 16, f. Fractions 


r. Fraction. P. 375, l. penult, f. yer. ye. P. 384. 
L 10, f. ViSp*—5q . rb 3. P. 385, J. 28, f 


A . Ay. P. 387,1 Ve r 
N. 387, 1. 21, F. P/U ESP P4 . 


3 4+ 2 
pare PY/Pq- l. 25, f. pig r&A r. piqiris*A 
396, I. 3, F. zintozyn r. 2 into xy n. P. 399, 1. 
15, J. x*Xy# r. x*þy*, I. 17, F. x*x y* into x4 x y$ 
; Rte Rare 
r. x*+y* into x,y“. P. 405, 1.15, J. * S, 
P. 409, l. 16, /. Square 7. Squares. P. 415, l. 20, * 
Sign 7. Signs. P. 423, I. 3, T. ' r. 27“. P. 425 
I. 8, / f. 7, fs. 8. I. 26, J. Bear. 773857. 
P, 428, l. 4, fe r p—z ay, &c. 1. 42 P- ay, 
&c. I. 20, F. nk®* X Xr 7. nk x 21-2, P. 429, 
J. laſt and P. 430, l. 2, f. þ =2R—zpnk*+2nkl 7. 
B=2R+;jpnk*—2nkl. P. 430, 1.5, F. *£=xr 
r. i8=<r. l. g and 11, f. ip*nk*F2nm-pal 
—anXxk r. Lp:n—zanxk'+2nm—palxk. I. 
—2ank _—2ank, 


16, F. —Lank r. — ank“. I. 17, J. * 8 

P. 432, 1. 6 Da I, laſt, F. (2—r++1 r ray 

432, J. 6, J. C +1 7.( | 
3 5 


P. 442, l. 19, J. —058 r. — 50 8 P. 444. l. 25, 


f 2, pk r. z pk. P. 446, l. 12, f. 2 P. 506, 


I. 12, f. x*6x r. X -x. P. 507, J. laſt, dele = . 
P. 50, l. laſt, J. 36 fa r. 36f. P. 510, 1.1, J. 12f5 


l 1% þ +# 1 511, J. 8, /. f=. 
9 


e RS . P. 513, f 
A =” ku, & 
— n e. — — 

- — 3 P 6 * 


1 
f 


EN r 


A- ks, &c. Ak", &c. | 
FR &c. 4 * &c. F. 524» * 75 J 
y*x5 r. y*x* ibid. F. y+y*x? SO r. y1+y*x3 = 0. 
P. 526, J. 9, F. —Dy' r. Dy'. P. 528, I. 29, fe (by 
310, r. (by 309. 
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P. 13, I. 1, . B- B r. B— A: P. 20, I. 26, 
F. by (Prop. 2.) r. (by Prop. 2.) P. 22, 1. antepenultz 
V. nearer to 3 than 2) becauſe 2,718, &c. is greater than 
2,5=2+ to Unity r. nearer to 3 than to 2, becauſe 2,718, 
&c. is greater than 2,5=2 +) to Unity. P. 23, 1.9, f 
Ratios r. Ratio. P. 29, I. penult, F. 1, % i (XXVI) 
& Vr. +0,077021 (XXVI) XI. P. 32 at bottom, r. 


(r) XXIV. P. 33, I. 29, J. * P. 48, 1. 13, J. ſeems 
L* 


ſcanty r. ſeems too ſcanty. F. p. 59, r. p. 56, I. 2, J. 


IX2X 3 
„N „ M= Nia 


P. 57, 1. r „ S The. P. 58, l. 8, J. Minto-h 
r. M into h. P. 62, 1. penult, ＋ 2 7 _— 


+24 
P. 64, MULTIPLICATION, I. 8 
— 1 ——1 — — —_— 
R H&E ab IX x BT x x2, f 


— ſ -. — 
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1 +iL—4L' TAL 
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364. The Number correſponding to any given Lagarithm 


whatſoever may be found by the Series 1 +1 + 19 8 


ill more accurate, take # = a. 


+ 97 8 Sc. which will converge the ſlower, if = (viz, the 


erbolic Logarithm of the required Ratio) be nit ſmall 
t muſl be obſerved however, that if the given Loga ithm be 
a vulgar one (or if the Module of. the yulgar Syſtem be 
at hand, ſo that the given Logarithm may be readily 
reduced to a vulgar one) the Operation will generally be- 
come ficient) eaſy; to wit, always eaſier, than it the 
2 "m— was the hyperbolic one of the decuple 
atio. For if the Number correſponding to the Loga- 
rithm diminiſhed of it's Characteriſtic be foutid ; the. 
Figures of the Number which correſponds to he given 
Logarithm will come out; whence (becauſe t he Cha- 
— is known) the Number required will itſelf be 
nown, 
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Fig. 407. 
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